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Thermal entanglement in a two-qubit Heisenberg XY
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This paper investigates thermal entanglements of a two-qubit Heisenberg XY chain in the presence of the

Dzyaloshinskii–Moriya anisotropic antisymmetric interaction. By the concept of concurrence, it is found that the effects

of spin–orbit coupling on the entanglement are different from those of spin–spin model. The analytical expressions of

concurrence are obtained for this model.
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1. Introduction

One of the amusing properties of quantum me-
chanics is entanglement. Entangled states of compo-
nent systems and their unique properties have drawn
a lot of attention since the early days. Entangle-
ment is responsible for the non-local correlations,
which can exist between spatially separated quantum
systems.[1−3]

The quantum entanglement in solid state systems
such as spin chains is an important emerging field.
Spin chains are natural candidates for the realization
of entanglement in comparison with other physics sys-
tems. In recent years, quantum Heisenberg models
with anisotropic interactions have attracted a great of
theoretical and experimental interest.[4−14]

But only spin–spin interaction is considered in
those studies, the effects of spin–orbit coupling on
the entanglement is rarely included. In this pa-
per we investigate the effects of the Dzyaloshinskii–
Moriya (DM) interaction on the entanglement prop-
erties of quantum spin chains. This interaction has
a number of important consequences and may cause
a number of unconventional phenomena. Interest-
ingly, the DM interaction may appear while the non-
equilibrium steady states of quantum spin chains with
currents[15,16] are analysed.

In our study we restrict ourselves to a simpler

model, i.e., two qubit Heisenberg anisotropic XY

chain, whose entanglement properties are amenable
to detailed analytical analysis.

2. General formalism

To be specific, we consider N spins, one-half is
governed by the following Hamiltonian:

H =
∑

n

J
(
(1 + γ)sx

nsx
n+1 + (1− γ)sy

nsy
n+1

)

+
∑

n

D
(
sx

nsy
n+1 − sy

nsx
n+1

)
+

∑
n

Bsz
n. (1)

Here γ (−1 ≤ γ ≤ 1) is the anisotropic parameter and
equals 0 for the isotropic XX model and ±1 for the
Ising model respectively. J(1+γ) and J(1−γ) are the
anisotropic XY exchange interaction constants, D is
the z component of the DM interaction and B is the
transverse magnetic field. We assume periodic bound-
ary conditions, i.e., N + 1 ≡ 1, and J > 0, B > 0.

The state of a typical condensed-matter sys-
tem at thermal equilibrium (temperature T ) is ρ =
exp(−βH)/Z, where H is the Hamiltonian, Z =
tr(exp(−βH)) is the partition function, and β =
1/(kT ), where k is the Boltzmann’s constant. The
entanglement associated with the thermal state ρ is
referred to as thermal entanglement.[17]
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To quantify the amount of entanglement associ-
ated with ρ, we consider the concurrence, which is
defined as[18,19]

C = max
[
0, 2max(λi)−

∑
λi

]
, (2)

where λi are the square roots of the eigenvalues of the
matrix R = ρSρ∗S, in which ρ is the density matrix
S = σy ⊗ σy, and the asterisk stands for the complex
conjugate.

It is also easy to check that the commutator [H,
Sz] = 0 (rotation symmetry about the z axis) which
guarantees that the reduced density matrix for the
subspace of any two qubits has the form[20−23] in the
standard basis {|00〉, |01〉, |10〉, |11〉},

ρij =




aij 0 0 cij

0 xij zij 0

0 z∗ij yij 0

c∗ij 0 0 bij




(3)

with real a, b, x, y and complex c, z. For translational
invariant systems: x = y; for real Hamiltonians and
stationary states: c, z ∈ R . Then we can get a simple
form for Eq.(3)

ρij =




a 0 0 c

0 x z 0

0 z̄ x 0

c̄ 0 0 b




. (4)

These non-zero matrix elements in Eq.(3) can be cal-
culated through

aij = Tr(|00〉〈00|ρ),

bij = Tr(|11〉〈11|ρ),

cij = Tr(|00〉〈11|ρ),

xij = Tr(|01〉〈01|ρ),

zij = Tr(|01〉〈10|ρ). (5)

Then by the standard procedure mentioned in
Refs.[18] and [19], the corresponding concurrence
quantifying the entanglement of two qubits is readily
obtained as[20]

Cij = 2 max
{

0, |cij | − √xijyij , |zij | −
√

aijbij

}
(6)

As usual for entanglement measures, C ranges
from 0 (no entanglement) to 1, when the two qubits
are maximally entangled.

3. Thermal entanglement

For the two-qubit case, after a straightforward
calculation, the eigenvalues and eigenvectors of the
system are analytically obtained as

|ψ1〉 = |+〉, |ψ2〉 = |−〉,
|ψ3〉 =

Jγ|11〉+ (B + ∆)|00〉√
M

|ψ4〉 =
Jγ|11〉+ (B −∆)|00〉√

N
, (7)

E1 =
√

J2 + D2, E2 = −
√

J2 + D2, E3 = ∆, E4 = −∆, (8)

where |± >= (1/
√

2)(|10 > ±eiα|01 >) in which α = arctan(D/J) and ∆ =
√

J2γ2 + B2, M = 2B2 + 2J2γ2 +
2B∆, N = 2B2 + 2J2γ2 − 2B∆. We see that the four eigenvalues are independent of the angel α. The state at

thermal equilibrium is described by the density matrix ρ =
1
Z

exp(−βH) =
1
Z

4∑

k=0

exp(−βEi)|ψk〉〈ψk|.

ρ =
1
Z




e
−∆
T

M
(B + ∆)2 +

e
∆
T

N
(B −∆)2

Jγ sinh

0
@∆

T

1
A

∆

cosh
√

J2 + D2

T
− sinh

√
J2 + D2

T
e−iα

− sinh
√

J2 + D2

T
eiα cosh

√
J2 + D2

T

Jγ sinh
(

∆
T

)

∆
J2γ2

(
e
−∆
T

M
+

e
∆
T

N

)




. (9)
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The square roots of the eigenvalues of the matrix R are

λ1,2 = |x± z|, λ3,4= |
√

ab± c|. (10)

Based on the definition of concurrence, we can obtain the concurrence at finite temperature

C =
2
Z

max




0,




∣∣∣∣∣sinh
√

J2 + D2

T

∣∣∣∣∣−

√
2J2γ2

(
cosh

(
2∆
T

)
+ 1

)
+ 4B2

2∆
,

∣∣∣∣∣∣∣∣

Jγ sinh
(

∆
T

)

∆

∣∣∣∣∣∣∣∣
− cosh

(√
J2 + D2

T

)

 , (11)

where Z = e−β∆+eβ∆+e−β
√

J2+D2+eβ
√

J2+D2 . The
concurrence C = 0 indicates vanishing entanglement.
From the analytical expressions of C, we also see
that entanglement does not depend on the sign of the
anisotropic parameter D. The critical temperature Tc

above which the concurrence is zero is determined by
the equation of C.

Figure 1 demonstrates the dependence of ther-
mal entanglement on B and T . Figure 1(a) shows the
concurrence versus magnetic-field for different temper-
atures. The parameters J = 1, γ = 0.5, D = 1.

From the figure we see that there is evidence of phase
transition for low temperature by increasing magnetic
field. And the value of entanglement decreases with
the increase of temperature T . Figure 1(b) shows the
concurrence versus temperature for different magnetic
fields. The parameters J = 1, γ = 0.6, D = 0.5. As
T increases, the concurrence decreases as seen from
Fig.1(b) due to the mixing of other states with max-
imally entangled state. The critical temperature Tc

is independent of magnetic field B. We can find that
Fig.1 has different features in comparison with the two
qubits XY model without DM interaction.[8]

Fig.1. The concurrence is plotted as a function of the magnetic fields (a) and temperatures (b).

Figure 2 demonstrates the dependence of thermal
entanglement on T for different D (a) and γ (b). The
parameters of Fig.1(a) are J = 1, γ = 0.6, B = 1.
Apparently, the critical temperature increases with
the increase of the absolute value of the anisotropic
parameter D, which can be seen in Fig.2(a). When
the temperature is higher than the critical tempera-

ture, the entanglement disappears. The parameters
of Fig.1(b) are J = 1, D = 0.6, B = 1. The fig-
ure shows that the critical temperature decreases as
the anisotropic parameter increases form 0 to 1. And
they have fluctuation respectively in the Fig.2(a) when
D = 0 and in the Fig.2(b) when γ increases. It also
can be found that the concurrence is 1 when T = 0.
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Fig.2. The concurrence is plotted as a function of the temperature T for different D (a) and γ (b).

4. Conclusion

In this paper, we have studied the pairwise en-
tanglement in a two-qubit Heisenberg XY chain with
the DM interaction. We obtain the analytical expres-
sions of the concurrence C. Since thermal entangle-
ment is a natural type of entanglement for a system
embedded in a thermal environment, we expect that
the present results could be useful for solid-state ap-

plications. Our results show some evidences that the
quantum phase transition appears in this model. The
entanglement is not completely determined by the par-
tition function, i.e., by the usual quantum statistical
physics. The entanglement is the same as the antifer-
romagnetic and ferromagnetic Heisenberg XY model
with DM interaction. In this paper, we’ve only stud-
ied the two-qubit case. It is also worthwhile to study
thermal entanglement in the multi-qubit models with
DM interactions.
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