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A new simplified formula is presented to characterize genuine tripartite entanglement of (2 ⊗ 2 ⊗ n)-dimensional

quantum pure states. The formula turns out equivalent to that given in (Quant. Inf. Comp. 7(7) 584 (2007)), hence it

also shows that the genuine tripartite entanglement can be described only on the basis of the local (2⊗ 2)-dimensional

reduced density matrix. In particular, the two exactly solvable models of spin system studied by Yang (Phys. Rev.

A 71 030302(R) (2005)) are reconsidered by employing the formula. The results show that a discontinuity in the first

derivative of the formula or in the formula itself of the ground state just corresponds to the existence of quantum phase

transition, which is obviously different from the concurrence.
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1. Introduction

Quantum entanglement is one of the most fasci-
nating features of quantum mechanics and is a cru-
cial physical resource in much quantum information
processing. It has attracted much attention in re-
cent years. Even though a great deal of effort has
been made to characterize quantitatively the entan-
glement properties of a quantum system,[1−12] how-
ever, good understanding is still restricted to low-
dimensional systems. The quantification of entangle-
ment for higher-dimensional systems and multipartite
quantum systems remains an open question.

It has been shown that there are some good
reasons to study entanglement in multipartite quan-
tum systems.[13−16] In particular, quantum entangle-
ment in the ground state of strongly correlated sys-
tems has attracted many physicists’ interest.[17−28]

Most of the works focused on the spin models.
They employed the remarkable bipartite entanglement
measure-concurrence[1] to measure the entanglement
of a pair of nearest-neighbour particles (in this pa-
per, ‘concurrence’ always refers to the concurrence of
a pair of nearest-neighbour particles for simplification,
if there are not other statements), and attempted to
understand the connection between quantum entan-
glement (QE) and quantum phase transitions (QPT).
Even though it has been found in some works (for

example, Refs.[22,25]) that the critical behaviours of
the concurrence such as a discontinuity in concurrence
or its first derivative of the ground state can signal a
QPT (first-order QPT (1QPT) or second-order QPT
(2QPT) may be included), they are usually not uni-
versal. A lot of examples[17,19−21,29] have shown that
the critical behaviours of concurrence of the ground
state cannot faithfully reflect the QPT of the given
models. In particular, in Ref.[21], the author found
that the discontinuity of the first derivative of con-

currence for the exactly solvable quantum spin-
1
2
XY

model with three-spin interactions[30] does not signal
any quantum critical points. They also showed that
the discontinuity of the first derivative of concurrence
for the XXZ spin chain corresponds to a 1QPT in-
stead of 2QPT. Hence, concurrence may not be a good
candidate to connect QE with QPT, even though con-
currence indeed does well in some models. In fact,
QPT should be an embodiment of some collective be-
haviours of a multipartite systems, while concurrence
only describes some relation (entanglement or separa-
bility) between a pair of local particles. It is an in-
evitable shortcoming for concurrence to capture some
collective behaviours.[13]

In this paper, we present a simplified formula to
characterize the entanglement of tripartite (2⊗2⊗n)-
dimensional quantum pure states. It has been proved
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to be an equivalent expression to that in Ref.[31].
That is to say, not only can the formula here char-
acterize the properties of genuine tripartite entangle-
ment, but also it can be considered as a ‘good’ entan-
glement measure if one does not consider local opera-
tions in the higher-dimensional subsystem (local uni-
tary transformations excluded). However, the distinct
advantage of the current formula is that it can signif-
icantly simplify that formula in Ref.[31]. To measure
the genuine tripartite entanglement, it is not necessary
to obtain the total density matrix of the (2⊗ 2⊗ n)-
dimensional quantum pure states, but only the local
(2⊗2)-dimensional reduced density matrix. As an ex-
ample, we reconsider the two models of spin system
presented in Ref.[21] and employ our measure to calcu-
late the genuine tripartite entanglement by consider-
ing the whole spin chain as a (2⊗ 2⊗ n)-dimensional
quantum pure state. The results indicate that our
measure can faithfully signal the 2QPT point of the

spin-
1
2
XY model and the 1QPT point at ∆ = −1 of

the XXZ model. The paper is organized as follows.
We first introduce the new formula for genuine tripar-
tite entanglement and then apply the measure to the
two spin models. The conclusion is drawn at the end.

2. The new formula of genuine

tripartite entanglement mea-

sure

Consider a tripartite (2⊗ 2⊗ n)-dimensional
pure state given in computational basis by

|ψABC〉 =
1∑

i,j=0

n−1∑

k=0

aijk |i〉A |j〉B |k〉C , (1)

with
1∑

i,j=0

n−1∑
k=0

|aijk|2 = 1, and the reduced density ma-

trix by tracing over party C is denoted by ρAB , a
(2⊗ 2)-dimensional matrix. Based on the Pauli ma-

trix σy =


 0 −i

i 0


, the spin-flipped state denoted by

ρ̃AB can be obtained by

ρ̃AB = (σy ⊗ σy) ρ∗AB (σy ⊗ σy) , (2)

where ρ∗AB stands for the complex conjugate of ρAB .
Theorem 1 The τ(|ψABC〉) that characterizes

the genuine tripartite entanglement of |ψABC〉 defined
in (2⊗ 2⊗ n)-dimensional Hilbert space can be given

by

τ(|ψABC〉)

= 4

√
[tr (ρAB ρ̃AB)]2 − tr

[
(ρAB ρ̃AB)2

]
, (3)

where tr(·) denotes the trace operation of a matrix.
Proof For a pure state |ψABC〉, the correspond-

ing reduced density matrix ρAB can usually be ex-
pressed as a bipartite mixed state as

ρAB =
∑

i

pi |ϕi〉 〈ϕi| ,
∑

i

pi = 1, (4)

according to any decomposition of ρAB (Note that
ρAB may be a pure state, which can be considered
as a special case of Eq.(4) with p1 = 1 and pi 6=1 = 0).
The matrix notation of Eq.(4) can be given by ρAB =
ΨWΨ †, where the columns of Ψ corresponds to |ϕi〉
and W is a diagonal matrix with its diagonal entries
corresponding to pi respectively. Therefore, Eq.(3)
can be rewritten by

τ4(|ψABC〉)
=

{
tr

[
ΨWΨ † (σy ⊗ σy)Ψ∗WΨT (σy ⊗ σy)

]}2

−tr
[
ΨWΨ † (σy ⊗ σy)Ψ∗WΨT (σy ⊗ σy)

]2
,

(5)

with the superscript T denoting transpose operation.
By a small change of Eq.(5), one can obtain

τ4(|ψABC〉)
= {tr[

√
WΨ † (σy ⊗ σy)Ψ∗√W

·
√

WΨT (σy ⊗ σy)Ψ
√

W ]}2
−tr[

√
WΨ † (σy ⊗ σy)Ψ∗√W

·
√

WΨT (σy ⊗ σy)Ψ
√

W ]2, (6)

where
√

W stands for the square root of the entries of
W .

Recalling the procedure of constructing the gen-
uine tripartite entanglement in Ref.[31], one has to
project |ψABC〉 onto the subspace of Party C and ob-
tain a set of unnormalized bipartite pure states. If as-
suming that every element of the set just corresponds
to
√

pi |ϕi〉 given by Eq.(4), in other words, Ψ
√

W is
just the matrix notation of {√pi |ϕi〉}, one can easily
find that

τ4(|ψABC〉)
=

[
tr

(
MM†

)]2

− tr
[(
MM†

)2
]

, (7)

where M =
√

WΨT (σy ⊗ σy)Ψ
√

W . Equation (7) is
consistent with that in Ref.[31]. Therefore, τ(|ψABC〉)
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is an entanglement semi-monotone of genuine tripar-
tite entanglement.

The distinct advantage of current version given
in Eq.(3) is that τ(|ψABC〉) can be easily obtained
from the reduced density matrix instead of obtaining
the total pure state |ψABC〉 by following the compli-
cated procedure given in Ref.[31]. In fact, Eq.(3) is
also a simplification of the genuine tripartite entangle-
ment measure of (2⊗ 2⊗ 2)-dimensional pure states
given in Ref.[5]. The advantage is something like the
case of bipartite entanglement measure, i.e. the lin-
ear entropy (or its analogue[12]) of a bipartite entan-
gled pure state can be considered as an analogous
simplification[1] of the length of concurrence vector.[3]

One will find that the simplification makes the appli-
cation of our measure more convenient. Furthermore,
for the extension of Eq.(3) to mixed states, one will
have to turn to the procedure given in Ref.[31].

3. The signal of quantum phase

transition

Now, let us reconsider the isotropic spin-
1
2
XY chain with three-spin interaction presented in

Refs.[18,27], which is an exactly solvable quantum spin
model. The Hamiltonian is

H = −
N∑

i=1

[
σx

i σx
i+1 + σy

i σy
i+1

+
λ

2
(
σx

i−1σ
z
i σy

i+1 − σy
i−1σ

z
i σx

i+1

) ]
, (8)

where N is the number of sites, σα
i (α = x, y, z) are

the Pauli matrices, and λ is a dimensionless parame-
ter characterizing the three-spin interaction strength.
Here the periodic boundary condition σN+1 = σ1 is
assumed. Reference [27] has shown that the three-
spin interaction can lead to a 2QPT at λ = λC = 1.
However, Ref.[18] has shown that the discontinuity of
the first derivative of the ground-state concurrence of
the nearest–neighbour spins cannot dependably sig-
nal a QPT, because there does not exist any QPT
at λ = 2/(

√
2 − 1)π, but the first derivative of the

ground-state concurrence shows discontinuity here.
Furthermore, Ref.[18] has shown that the von Neu-
mann entropy[23] as an entanglement measure, defined
as S = −tr(ρj log2 ρj), also fails to detect the QPT of
the current model, where ρj is the one-particle reduced
density matrix. It is natural to wonder whether the
entanglement measure given by Eq.(3) can well detect

the QPT of the model.
Since the total ground state can be considered as

a tripartite (2⊗ 2⊗ n)-dimensional pure state, and
in particular, it is not necessary to introduce local
operations to such as Positive Operator Values Mea-
sure and so on for a given spin system, the entan-
glement measure presented previously can be safely
employed to measure the entanglement by which we
will investigate the QPT in the model. Due to the
entanglement measure given by Eq.(3), it is necessary
to only obtain the two-nearest-neighbour-particle re-
duced density matrix which has been in fact given in
Ref.[21]. On the basis of the Hamiltonian given in
Ref.[21], the two-nearest-neighbour-particle reduced
density matrix by tracing over other spins can be given
by[24]

ρi,i+1 =




ui,i+1 0 0 0

0 wi,i+1 zi,i+1 0

0 zi,i+1 wi,i+1 0

0 0 0 ui,i+1




(9)

in the standard basis {|↑↑〉 , |↑↓〉 , |↓↑〉 , |↓↓〉}, where

ui,i+1 =
1
4
(1−G2),

wi,i+1 =
1
4
(1 + G2),

and

zi,i+1 = G/2, (10)

with

G =





2
π

, λ < 1,

2
πλ

, λ ≥ 1.

(11)

Hence, the entanglement measure τXY can be easily
obtained in terms of Eq.(3), which is given in Fig.1.
Figure 1 shows that τXY is continuous for all λ and
the first derivative of τXY is only discontinuous at
λ = λC = 1, which indicates the 2QPT only at λC .

Another model considered in Ref.[21] is the one-
dimensional XXZ model,

HXXZ =
N∑

i=1

[
σx

i σx
i+1 + σy

i σy
i+1 + ∆σz

i σz
i+1

]
. (12)

The model has shown that there exist a 1QPT instead
of 2QPT at the critical point ∆ = −1. However, the
concurrence of the nearest-neighbour-two-particle re-
duced density matrix is continuous at ∆ = −1, while
the first derivative of the concurrence is not continu-
ous at the critical point. This behaviour of concur-
rence associated with its derivative shows a 2QPT of



2798 Yu Chang-Shui et al Vol. 17

the model, which is, in this sense, opposite to the fact
concluded in Ref.[21] that the nonanalyticity would
mislead in detection of a QPT. However, one will find
that the nonanalyticity of our measure τ can just show
a 1QPT of the model at ∆ = −1.

Fig.1. The genuine tripartite entanglement τXY (solid

line) and the concurrence C (dashed line) of the ground

state of the isotropic spin-
1

2
XY chain versus the three-

spin interaction strength λ. The figure (Dimensionless)

shows obviously that
∂τXY

∂λ
is discontinuous at λ = 1,

which signals only one 2QPT.

Based on Refs.[21,24], the nearest-neighbour-two-
particle reduced density matrix has the same form as
Eq.(9). The elements can be obtained from Ref.[21]
as

ui,i+1 =
1
4

(
1 +

∂E
∂∆

)
, (13)

zi,i+1 =
1
4

(
E −∆

∂E
∂∆

)
, (14)

where E =
〈
σx

i σx
i+1

〉
+

〈
σy

i σy
i+1

〉
+∆

〈
σz

i σz
i+1

〉
is the

ground-state energy per site in the XXZ model. At
∆ = −1, one has E|∆=−1 = −1.[21,32] Substituting
Eq.(9) associated with Eqs.(13,14) into Eq.(3), one
will obtain the corresponding genuine tripartite entan-
glement measure τXXZ , which can be formally written
by

τXXZ = f

(
∂E
∂∆

)
, (15)

where f(x) is a continuous function on x, which can
be found by Eq.(3). From Refs.[21,32], one can also

find that
∂E
∂∆

∣∣∣∣
∆→−1+

→ 0 and
∂E
∂∆

∣∣∣∣
∆<−1

= 1. That

is to say,
∂E
∂∆

is not continuous at ∆ = −1. Thus one

can conclude that τXXZ is not continuous at ∆ = −1
due to the property of f(x). This result indicates that
the discontinuity of τXXZ at ∆ = −1 signals a 1QPT.
However, the other critical point of the model at ∆ = 1
does not correspond to the discontinuous behaviour
of τXXZ or its first derivative, which is analogous to
the concurrence. In fact, numerical results based on
Refs.[33,34] can show that τXXZ reaches its minimum
at ∆ = 1. The result is not given here.

4. Conclusion and discussions

We have presented a simplified formula to char-
acterize genuine tripartite entanglement of (2 ⊗ 2 ⊗
n)-dimensional quantum pure states. It has been
proved that the formula is an equivalent description
of the genuine tripartite entanglement introduced in
Ref.[31]. The distinct advantage is that the cur-
rent formula can be obtained only by using the lo-
cal (2⊗ 2)-dimensional reduced density matrix, which
significantly simplifies the calculation of the genuine
tripartite entanglement introduced in Ref.[31] includ-
ing the original one in Ref.[5]. This is something
like the case of bipartite entanglement measure, i.e.
the linear entropy as a simplification of the length of
concurrence vector can be obtained by the reduced
matrix. By employing the new measure, we recon-
sider the two exactly solvable spin models presented in
Ref.[21]. The results have shown that a discontinuity
in the first derivative of the entanglement measure or
in the entanglement measure itself of the ground state
just corresponds to the existence of quantum phase
transitions. Of course, the measure cannot always
work well, for example, at the critical point ∆ = 1 for

XXZ model, neither τXXZ nor
∂τXXZ

∂∆
shows discon-

tinuous behaviour. From the block–block–block en-
tanglement point of view, it is implied that the spin
chain is considered as tripartite quantum states, in-
cluding two 2-dimensional blocks. The other treat-
ments such as three higher-dimensional blocks, even
multiple higher-dimensional blocks, may be more ef-
fective for the detection of QPT. In this sense, the
generalization of τ to higher-dimensional systems and
multipartite systems seems to be needed.

Acknowledgments

I would like to thank C. Li for his help.



No. 8 Genuine tripartite entanglement and quantum phase transition 2799

References

[1] Wootters W K 1998 Phys. Rev. Lett. 80 2245

Wootters W K 2001 Quantum Inf. Comp. 1 27

[2] Uhlmann A 2000 Phys. Rev. A 62 032307

[3] Audenaert K, Verstraete F and De Moor 2001 Phys. Rev.

A 64 052304

[4] Florian M, Marek K and Andreas B 2004 Phys. Rev. Lett.

92 167902

Florian M, Carvalho André R R, Marek Kuś and Buch-
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