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Bound entangled states invariant under Ux
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This paper obtains an entangled condition for isotropic-like states by using an atomic map. It constructs a class

of bound entangled states from the entangled condition and shows that the partial transposition of the state from the

constructed bound entangled class is an edge bound entangled state by using range criterion.
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Quantum entangled states have played very
important role in quantum information pro-
cessing and communication, such as quantum
teleportation,[1] cryptography,[2] dense coding[3] and
parallel computation.[4] Although there is a clear def-
inition of what an entangled state is,[5] it is still dif-
ficult to discriminate entanglement from separability
for high dimension and multipartite mixed states.

A significant necessary and sufficient criterion
used to testify the separability of a bipartite state was
developed by Horodecki et al.[6] It applies the posi-
tive but not completely positive maps. Now we define
B(H) to be the set of operators on a Hilbert space H.
Let Φ : B(H) → B(H) be a linear map. Φ is said
to be a positive map if, for all Hermitian σ ∈ H such
that σ ≥ 0, then Φ(σ) is Hermitian and Φ(σ) ≥ 0.

Φ is completely positive if, for all Hilbert spaces K,

the map I ⊗ Φ : B(H ⊗ K) → B(H ⊗ K) (where
I is the identity map) is also positive. We say Φ is
completely copositive if Φ ◦ T is completely positive,
where T is transposition operator. The simplest exam-
ple of positive but not completely positive map is the
transposition operator T . The action of transposition
on one of the subsystem is called partial transposi-
tion. It provides a strong condition for separability,
namely, ρ is entangled if it has a nonpositive partial
transposition. This criterion is the well-known Peres
criterion.[7] Horodecki et al show that it is also a suffi-
cient condition for separability of a state in 2⊗ 2 and
2 ⊗ 3 systems in Ref.[6]. However, in higher dimen-
sions, there exists entangled states which are positive
partial transposition (PPT). The latter states have the
interesting property that their entanglement is undis-

tillable and belong to the class of bound entangled
states. On physical ground, Horodecki proposed the
first example of bound entangled state,[8] following
Woronowicz construction.[9] Since then, many exam-
ples of bound entangled states have been introduced
in Refs.[10–15]. It has been shown that most of these
states are part of a same family of PPT states in
Ref.[16]. A first systematic method to construct PPT
bound entangled states was provided[17] and based on
the concept of unextendable product basis.

The main result of this paper is to construct a
class of bound entangled states. Our first step is to
find a class of PPT states. After taking PPT states,
we only need to give the entangled condition for these
PPT states by use of some available separability crite-
rion, e.g. range criterion,[8] realignment criterion[18,19]

and indecomposable positive maps.[9,20] Thus we ob-
tain a class of bound entangled states according to the
entangled condition. In general, PPT structure is un-
known, that is, one may check whether a given state
is PPT but we do not know how to construct a gen-
eral quantum state with PPT property. Fortunately,
Chruściński and Kossakowski proposed a method of
constructing PPT symmetric states in Ref.[16]. Re-
call that these states are invariant under the maximal
commutative subgroup of U(d), i.e. the d-dimension
torus T d = U(1)× . . .×U(1). This commutative sub-
group is generated by d mutually commuting opera-
tors

tk = |k〉〈k|, k = 1, . . . , d,

where |k〉 denotes an orthonormal basis in Cd. The
following element in T d is generated by any vector
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x ∈ Rd:
Ux = e−ix·t,

where t = (t1, . . . , td). Obviously, UxUy = Ux+y. The
new family of symmetric states includes two classes of
bipartite states invariant under Ux. One is Ux ⊗ Ux-
invariant state which is named Werner-like state

(Ux ⊗ Ux)ρ = ρ(Ux ⊗ Ux),

for all x ∈ Rd. It can be written in the following form:

ρ =
d∑

i,j=1

bij |ij〉〈ji|+
∑

i 6=j

cij |ij〉〈ij|, (1)

where bij = b∗ji, cij ≥ 0, bii ≥ 0, cijcji − |bji|2 ≥ 0.

Another is Ux ⊗ U∗
x -invariant state which is called

isotropic-like state

(Ux ⊗ U∗
x)ρ = ρ(Ux ⊗ U∗

x), (2)

for all x ∈ Rd, where U∗
x denotes complex conjugation

of Ux. It has the following form:

ρ =
d∑

i,j=1

aij |ii〉〈jj|+
∑

i 6=j

cij |ij〉〈ij|,

where A = (aij) is Hermitian and positive, cij ≥ 0.

Here it still needs to satisfy

TrA +
∑

i 6=j

cij =
d∑

i=1

aii +
∑

i 6=j

cij = 1. (3)

It is obvious that the positivity of the partial transpo-
sition of an isotropic-like state in Eq.(2) is equivalent
to the following condition

cijcji − |aij |2 ≥ 0. (4)

One can easily find that PPT is not a necessary and
sufficient condition for the above two families of invari-
ant states. So there exist bound entangled states in
both classes of invariant states. Thus we can construct
bound entangled states from the above two families of
symmetric states.

In this paper we construct a class of bound en-
tangled isotropic-like states by using an atomic map at
the beginning and then prove that the partial transpo-
sition of the state from the constructed bound entan-
gled class is an edge-bound entangled state by using
a range criterion.

From Ref.[6] we know that a bipartite state ρ is
separable if and only if for any positive map Φ the op-
erator (I⊗Φ)ρ is positive. In other words, if (I⊗Φ)ρ
is not positive then ρ is entangled. Now we will give
an entangled condition of isotropic-like state by use
of an atomic map according to the above statement.
An atomic map is a map which can not be decom-
posed into the sum of 2-positive linear maps and a
2-copositive maps.[21] From Ref.[22] we know that the
map Φ ∈ P (Mn) is an atomic map for n ≥ 3, where

Φ(X) =




(n− 2)x11 + xnn −x12 −x13 . . . −x1n

−x21 (n− 2)x22 + x11 −x23 . . . −x2n

−x31 −x32 (n− 2)x33 + x22 . . . −x3n

...
...

...
...

−xn1 −xn2 −xn3 . . . (n− 2)xnn + xn−1,n−1




,

X = (xij) is an n×n matrix. So for any isotropic-
like state in Eq.(2) if (I ⊗ Φ)ρ is not positive then ρ

is entangled.

(I ⊗ Φ)ρ =




ΦX11 ΦX12 . . . ΦX1d

ΦX21 ΦX22 . . . ΦX2d

...
...

...

ΦXd1 ΦXd2 . . . ΦXdd




,

where the matrix Xii is a d × d diagonal matrix
whose (i, i)-th element is aii and (j, j)-th elements are
cij , j 6= i, Xij is a d×d matrix whose (i, j)-th element
is aij and the other elements are 0.

Thus we can get the following proposition.

Proposition For an isotropic-like state in
Eq.(2), if
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M =




(d− 2)a11 + c1d −a12 −a13 . . . −a1d

−a21 (d− 2)a22 + c21 −a23 . . . −a2d

−a31 −a32 (d− 2)a33 + c32 . . . −a3d

...
...

...
...

−ad1 −ad2 −ad3 . . . (d− 2)add + cd,d−1




is not positive and cijcji−|aij |2 ≥ 0, then ρ is a bound
entangled state.

Proof One can easily show that the positivity of
(I ⊗Φ)ρ is determined by the positivity of the matrix
M and (d−2)c12+a11, (d−2)c13+c12, . . . , (d−2)c1d+
c1,d−1, . . . , (d−2)cd1 +add, (d−2)cd2 +cd1, . . . , (d−
2)add + cd,d−1. From the positivity of ρ we get that
aii > 0, cij > 0. SinceM is not positive ρ is entangled.
Because ρ satisfies the condition cijcji − |aij |2 ≥ 0,

then ρ is a bound entangled state.

Example Consider the following one-
parameter state of a d⊗ d system:

ρ =
2

4d− 5
P+

d +
(4d− 7)− (d− 2)a

4d− 5
σ+

+
(d− 2)a
4d− 5

σ−,

2 ≤ a ≤ 4 +
1

d− 2
,

where P+
d denotes a projector onto the canonical max-

imally entangled state and

σ+ =
1
d

d∑

i=1

|i⊕ 1〉〈i⊕ 1| ⊗ |i〉〈i|,

σ− =
1

d(d− 2)

d∑

i=1

d−1∑

j=2

|i〉〈i| ⊗ |i⊕ (j − 1)〉

×〈i⊕ (j − 1)|.

In the above formulas ⊕ denotes addition modulo
d. Obviously, ρ is an isotropic-like state with aij =

2
d(4d− 5)

, c1d = c21 = c32 = . . . = cd,d−1 =

(4d− 7)− (d− 2)a
d(4d− 5)

and other cijs are
a

d(4d− 5)
.

According to Eq.(4), we know that ρ is PPT for
a ≤ 4. By a direct calculation the eigenvalues of

M are
(6d− 9)− (d− 2)a

d(4d− 5)
(with multiplicity d − 1)

and
(4d− 9)− (d− 2)a

d(4d− 5)
. So ρ is entangled for a >

4 − 1
d− 2

. Thus ρ is a bound entangled state for

4− 1
d− 2

< a ≤ 4.

Remark The state ρ in the above example is

separable for 2 ≤ a ≤ 4 − 1
d− 2

. For d = 3 it is

the Horodecki state[23] (constructed on the basis of
Stømer matrices).[24] Recently, the Horodecki state is
generalized for d⊗ d systems:

ρ =
a1

d
P+ +

d∑

i=1

d∑

j=2

aj

d
|i, i + j − 1〉

×〈i, i + j − 1|, (5)

where positive numbers ai satisfy
∑

i ai = 1 in
Ref.[15]. Notice that our example is a one-parameter
state which belongs to the class of states in Eq.(5).
And it is a direct generalization of the Horodecki state.

Now we give a class of unnormalized bound en-
tangled states satisfying the conditions of the above
proposition. Set

ρa =
d∑

i,j=1

a|ii〉〈jj|+
∑

i 6=j

cij |ij〉〈ij|,

where a > 1, c21 = c32 = c43 = . . . = cd,d−1 = c1d =
1, c12 = c23 = c34 = . . . = cd−1,d = cd1 = a2 and the
other cijs satisfy either of the following conditions

(a) cij = cji = a,

(b) cij = 1 and cji = a2. (6)

In fact, by a direct computation detM = −[(d−1)a+
1]d−1(a− 1) < 0, and cijcji− |aij |2 = 0 shows that ρa

is PPT. Notice that the bound entangled states con-
structed in Ref.[25] are included in our examples. For
d = 3ρa is the edge PPT entangled state in Ref.[26].
It is known that the partial transposition of a PPT
isotropic-like state is a Werner-like state. We conjec-
ture that the partial transposition of ρa is an edge
bound entangled state. In the following we denote the
partial transposition of the bound entangled state ρa

on the second subsystem as the state ρb, i.e ρTB
a = ρb.
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Thus

ρb =
d∑

i,j=1

a|ij〉〈ji|+
∑

i 6=j

cij |ij〉〈ij|,

where c21 = c32 = c43 = . . . = cd,d−1 = c1d = 1, c12 =
c23 = c34 = . . . = cd−1,d = cd1 = a2 and the other
cijs satisfy either of the conditions (6). Here we only
consider the state ρb satisfying the condition (a). In
the following we will show that ρb is an edge bound
entangled state by using range criterion. Obviously,
every vector in the range of ρb can be written as

V = (A11, aA12, A13, . . . , A1,d−1, A1d,

A12, A22, aA23, . . . , A2,d−1, A2d,

A13, A23, A33, . . . , A3,d−1, A3d,

. . . . . .

A1,d−1, A2,d−1, A3,d−1, . . . ,

Ad−1,d−1, aAd−1,d, aA1d,

A2d, A3d, . . . , Ad−1,d, Add), (7)

where Aij ∈ C for any i and j. While every vector in
the range of ρTB

b (i.e. ρa) takes the form

V = (A, A12, A13, . . . , A1,d−1, A1d,

A21, A, A23, . . . , A2,d−1, A2d,

A31, A32, A, . . . , A3,d−1, A3d,

. . . . . .

Ad−1,1, Ad−1,2, Ad−1,3, . . . , A, Ad−1,d,

A1d, A2d, Ad3, . . . , Ad,d−1, A) (8)

where A, Aij ∈ C for any i and j. In the next step one
will use the divide and conquer technique from Ref.[8]
generally. However, the divide and conquer technique
does not work so well as there are no zeros to start
with. Fortunately Clarisse[27] gives us a good way to
solve it. Now we are going to show directly that if the
product vector

V = (ξ1, ξ2, . . . , ξd)⊗ (η1, η2, . . . , ηd)

belongs to the range of ρb, then V ′ =
(ξ1, ξ2, . . . , ξd) ⊗ (η∗1 , η∗2 , . . . , η∗d) does not belong
to the range of ρTB

b . Comparing Eqs.(7) and (8) with
their product form we get the following equations:

ξ1η2 = aξ2η1, ξ1η3 = ξ3η1, . . . , aξ1ηd = ξdη1,

ξ2η3 = aξ3η2, ξ2η4 = ξ4η2, . . . , ξ2ηd = ξdη2,

. . . . . .

ξd−2ηd−1 = aξd−1ηd−2, ξd−2ηd = ξdηd−2,

ξd−1ηd = aξdηd−1, (9)

and

ξ1η
∗
1 = ξ2η

∗
2 = ξ3η

∗
3 = . . . = ξdη

∗
d. (10)

We consider the following subcases:
(1) ξ1η1 6= 0, and it follows that all parameters

are different from zero. Without loss of generality, set
ξ2 = 1 then Eq.(10) implies

η2 = ξ∗1η1 = ξ∗3η3 = . . . = ξ∗dηd. (11)

On one hand, applying Eq.(11) and ξ2 = 1 to ξ1η2 =
aξ2η1, ξ2η3 = aξ3η2, ξ2η4 = ξ4η2, . . . , ξ2ηd = ξdη2 in
Eq.(9) we get

|ξ1| =
√

a, |ξ3|2 =
1√
a
,

|ξ4| = 1, . . . , |ξd| = 1. (12)

Obviously, ξd−2ηd = ξdηd−2 implies that |ξd−2| ·
|ηd| = |ξd| · |ηd−2|. Thus from Eq.(12) we get
|ηd−2| = |ηd|. On the other hand, from the last
three equations of Eq.(9) one can obtain ξd−2ηd−1 =
aξd−1ηd−2, ξ∗d−2η

∗
d = ξ∗dη∗d−2, ξd−1ηd = aξdηd−1. Con-

sider the products of the three equations we get the re-
lation |ξd−2|2|ηd|2ξd−1ηd−1 = a2|ξd|2|ηd−2|2ξd−1ηd−1.

It follows that |ηd| = a|ηd−2| from the assumption and
|ξd−2| = |ξd| = 1. Thus a = 1 which contradicts a > 1.

(2) ξ1 = η1 = 0, in this case it is straightforward
to obtain that ξi = 0 or ηi = 0 from Eq.(9) for any i.

(3) ξ1 6= 0, η1 = 0, following from the first d

equations of Eq.(9) we can get ηi = 0 for any i.
(4) ξ1 = 0, η1 6= 0, similar to the Subcase (3) we

obtain ξi = 0 for any i.
Thus ρb is a bound entangled state. Similarly, one

can show that ρb satisfying the condition (b) of Eq.(6)
is an edge bound entangled state. Thus we construct
a class of edge bound entangled Werner-like states.
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