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1. Introduction

The nonlinear differential equations (NDEs) in
mathematical physics are a major subject in many
fields of physics and nonlinear sciences, and seeking
exact solutions to NDEs is now playing a more and
more important role in understanding these fields.
To deal with these problems, various methods have
been proposed, such as inverse scattering theory,[1]

Hirota bilinear transformations,[2] truncated Painlevé
expansion,[3] homogeneous method[4,5] and direct
ansatz method.[6−10] For the last method many at-
tempts such as Jacobi elliptic function expansion[11,12]

and sine–cosine method[13] have been used but there
appears no general rule.

In this paper, we intend to develop a two-step
ansatz and apply this method to some nonlinear dif-
ferential equations and coupled ones for obtaining new
types of solutions.

Roughly speaking, the general idea of this ansatz
method can be described below. For example, if a
given nonlinear partial differential governing equation
of physical interest is written as

F (u, ut, ux, uxx, uxt, ...) = 0, (1)

where F is a polynomial in its variables, and its trav-
elling wave solution u(x, t) = u(ξ), where ξ = x − λt

with λ denoting the wave speed, is considered, then

Eq.(1) will become an ordinary differential equation

G(u, u′, u′′, ...) = 0. (2)

First, our method assumes that the solution to
Eq.(2) can be obtained by using the following two-
step ansatz:

u(ξ) =
p∑

i=0

hiz
2i(ξ), (3)

and (
dz

dξ

)2

= lz2(ξ) + mz4(ξ) + nz6(ξ), (4)

in which hi(i = 0, 1, . . . , p) , l, m, n are all real con-
stants, and p is a positive integer to be determined.
Some particular solutions of Eq.(4) are listed in Table
1. It should be noted that a similar ansatz is employed
in Refs.[14,15].

Then, we substitute expression(3) and Eq.(4) into
Eq.(2) and equate the coefficients of powers of z(ξ) to
zero. Thus, we obtain a group of algebraic equations
for unknowns l, m, n, λ, hi(i = 0, 1, . . . , p).

Finally, we use Mathematica to solve the above
algebraic equations and know l, m, n, λ, hi (i =
0, 1, . . . , p). Hence, we have the solutions of Eqs.(2)
and (1).

In what follows, we present some applications of
this method to single and coupled NDEs.
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Table 1. Solutions of Eq. (4) with ∆ = m2 − 4ln and ε = ±1.

l m n ∆ z(ξ)

> 0 sech(
√

lξ)

„
− lm

m2 − ln(1 + ε tanh(
√

lξ))2

« 1
2

> 0 csch(
√

lξ)

„
− lm

m2 − ln(1 + ε coth(
√

lξ))2

« 1
2

> 0 > 0

„
2l

ε
√

∆ cosh(2
√

lξ)−m

« 1
2

< 0 > 0

„
2l

ε
√

∆ cos(2
√−lξ)−m

« 1
2

> 0 < 0

„
2l

ε
√−∆ sinh(2

√
lξ)−m

« 1
2

< 0 > 0

„
2l

ε
√

∆ sin(2
√−lξ)−m

« 1
2

> 0 > 0 sech(
√

lξ)

„
− l

m + 2ε
√

ln tanh(
√

lξ)

« 1
2

< 0 > 0 sec(
√−lξ)

„
− l

m + 2ε
√−ln tan(

√−lξ)

« 1
2

> 0 > 0 csch(
√

lξ)

„
l

m + 2ε
√

ln coth(
√

lξ)

« 1
2

< 0 > 0 csc(
√−lξ)

„
− l

m + 2ε
√−ln tan(

√−lξ)

« 1
2

> 0 0

„
− l

m
(1 + ε tanh(

√
l

2
ξ))

« 1
2

> 0 0

„
− l

m
(1 + ε coth(

√
l

2
ξ))

« 1
2

> 0 4

„
le2ε

√
lξ

(e2ε
√

lξ − 4m)2 − 64ln

« 1
2

> 0 0 4

„ ±le2ε
√

lξ

1− 64lne4ε
√

lξ

« 1
2

> 0 0 − 2
√

le
√

lξ

e2
√

lξ −m

< 0 > 0 0 ±
r−l

m
sec(

√−lξ)

2. Application of the method to

some coupled equations

Here we will use the above-mentioned method
to construct our simple ansatz between the unknown
functions to obtain explicit solutions to the following
three coupled equations:

(a) The coupled Korteweg–de Vries KdV
equations[16]

ut + 6αuux − 2bvvx + αuxxx = 0, (5)

and
vt + 3βuvx + βvxxx = 0, (6)

which are derived to model the interaction of water
waves. Here α and β are constants.

(b) The generalized nonlinearly coupled Langmuir
and dust-acoustic wave equations

3aE′′ = λE + GE + rG2E, (7)

and
G′′ = a2fG + apG2 + aqG3 − aE2, (8)

where λ, r, a, f , p and q are specific physical parame-
ters. When r = 0, Eqs.(7) and (8) are reduced to the
case in Ref.[17].

(c) The generalized Hirota–Satsuma coupled
equations[18]

ut =
1
2
uxxx − 3uux + 3(vw)x, (9)

vt = −vxxx + 3uvx, (10)

and
wt = −wxxx + 3uwx. (11)

In the following subsections, explicit and new so-
lutions of these coupled equations will be given.

2.1. Exact solutions to Eqs.(5) and (6)

Here we consider the travelling wave solution in
the form of u(x, t) = u(ξ), v(x, t) = v(ξ), and ξ =
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x− λt.
Let

u = a0 + a1v + a2v
2, (12)

in which a0, a1 and a2 are undetermined real con-
stants, then,

u′′ = 2a2v
′2 + (2a2v + a1)v′′, (13)

In what follows we choose the nonzero integration con-
stants in order to take into account more possible
cases. Inserting Eq.(12) into Eq.(6) and integrating
the resulting equation once yield

v′′ = e1 +
λ− 3a0β

β
v − 3

2
a1v

2 − a2v
3, (14)

and

v′2 = d + 2e1v +
λ− 3a0β

β
− a1v

3 − a2

2
v4, (15)

where e1 and d are integration constants. Let

v(ξ) =
p∑

i=0

hiz
2i(ξ),

where z(ξ) satisfies Eq.(4).
Balancing v′′ with v3 yields p = 1. Therefore, we

have
v(ξ) = h0 + h1z

2(ξ). (16)

From Eq.(4), we know

zz′′ = lz2 + 2mz4 + 3nz6. (17)

Inserting Eqs.(4) and (17) into Eq.(16) yields

v′′ = 4h1lz
2 + 6h1mz4 + 8h1nz6. (18)

From Eqs.(14), (16) and (18), we balance the coef-
ficients of the same power of v and obtain the following
algebraic equations:

−a2h
3
1 = 8h1n,

e1 + h0
λ− 3a2β

β
− 3

2
a1h

2
0 − a2h

3
0 = 0,

h1

β
(λ− 3a0β)− 3a1h0h1 − 3a2h

2
0h1 = 4h1l,

and
−3

2
a1h

2
1 − 3a2h0h

2
1 = 6h1m (19).

Keeping in mind that u(x, t) = u(ξ), v(x, t) =
v(ξ) and ξ = x− λt, and integrating Eq.(5) once give

−λu + 3αu2 − bv2 + αu′′ = e2, (20)

where e2 is an integration constant. Substituting
Eqs.(12), (13), (14) and (15) into Eq.(20) arrives at

−λa0 + 3αa2
0 + a1αe1 + 2αa2d = e2,

−λa1 + 6αa0a1 + 6αa2e1 + a1α
λ− 3a0β

β
= 0,

and

−λa2−b+
3
2
αa2

1 +6αa0a2 +4αa2
λ− 3a0β

β
= 0. (21)

Now, we solve Eqs.(19) and (21) by using Math-
ematica to get the following cases:

Case a.1 α = β, a1 = 0, h0 = 0, b = a2(−6a0β+

3λ), d =
a0

(
− 3a0 +

λ

β

)

2a2
, l =

−3a0β − 3a1h0β + λ

4β
,

m = 0, n = −a2h
2
1

8
and a2β 6= 0.

Substituting it with the solutions given by Table
1, we have:

Case a.1.1 when l > 0,

ua1 = a0 +
256a2h

2
1l

2 e±4
√

lξ

(1− 64ln e±4
√

lξ)2
,

and

va1 =
±16h1l e±2

√
lξ

1− 64ln e±4
√

lξ
;

Case a.1.2 when l > 0 and n < 0,

ua2 = a0 − 4a2lh
2
1

n
sech2(2

√
lξ),

and
va2 = ± 2h1l√−ln

sech(2
√

lξ);

Case a.1.3 when l > 0 and n > 0,

ua3 = a0 − 4a2lh
2
1

n
csch2(2

√
lξ),

va3 = ± 2h1l√−ln
csch(2

√
lξ),

ua4 = a0 +
a2h

2
1l sech4(

√
lξ)

4n tanh2(
√

lξ)
,

va4 =
−h1l sech2(

√
lξ)

±2
√

ln tanh(
√

lξ)
,

ua5 = a0 +
a2h

2
1l csch4(

√
lξ)

4n coth2(
√

lξ)
,

and

va5 =
−h1l csch2(

√
lξ)

±2
√

ln coth(
√

lξ)
.
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Case a.2 α = β, a0 = 0, h0 = 0, 2b = 3a2
1β +

6a2λ, d = 0, l =
−3a1h0β + λ

4β
> 0, m = −a1h1

4
,

n = −a2h
2
1

8
and a1a2β 6= 0,

ua6 =
2a1h1l

±√m2 − 4ln cosh(2
√

lξ)−m

+
4a2h

2
1l

2

(±√m2 − 4ln cosh(2
√

lξ)−m)2
,

and

va6 =
2h1l

±√m2 − 4ln cosh(2
√

lξ)−m
.

Case a.3 a1 = 0, b = a2(−6a0α+12a2α−3a2β+

4a2h
2
0α − a2βh2

0), 2d = a0

(
− 3a0

a2
+

3β

α
+

h2
0β

α

)
,

l =
−3a0 − 3a1h0 + 3a2 − 2a2h

2
0

4
> 0, m = −a2h0h1

2
,

n = −a2h
2
1

8
, λ = a2β(3 + h2

0) and αh0a2β 6= 0.

ua7 =a0 + a2h
2
0 −

2a2lmh0h1 sech2(
√

lξ)
m2 − ln(1± tanh(

√
lξ))2

+
a2l

2m2h2
1 sech4(

√
lξ)

(m2 − ln(1± tanh(
√

lξ))2)2
,

va7 = h0 − lmh1 sech2(
√

lξ)
m2 − ln(1± tanh(

√
lξ))2

,

ua8 =a0 + a2h
2
0 −

2a2lmh0h1 csch2(
√

lξ)
m2 − ln(1± coth(

√
lξ))2

+
a2l

2m2h2
1 csch4(

√
lξ)

(m2 − ln(1± coth(
√

lξ))2)2
,

and

va8 = h0 − lmh1 csch2(
√

lξ)
m2 − ln(1± coth(

√
lξ))2

.

Case a.4 a1 = 0, b = a2

(
−6a0α−λ+

4αλ

β

)
, d =

a0(−3a0α + λ)
2a2α

, h0 = 0, l =
−3a0β − 3a1h0β + λ

4β
>

0, m = 0, n = −a2h
2
1

8
, αβa2 6= 0 and α 6= β.

ua9 = a0 +
256a2l

2h2
1 e±4

√
l(ξ)

(1− 64ln e±4
√

l(ξ))2
,

and

va9 = ± 16lh1 e±2
√

l(ξ)

1− 64ln e±4
√

l(ξ)
;

Case a.5 α = β, a0 = 0, a2 = 0, 2b = 3a2
1β,

h0 = 0, l =
−3a1h0β + λ

4β
, m = −a1h1

4
, n = 0 and

a1 6= 0.

Case a.5.1 when l > 0,

ua10 =
4a1h1l e2

√
lξ

(e2
√

lξ −m)2
,

and

va10 =
4h1l e2

√
lξ

(e2
√

lξ −m)2
;

Case a.5.2 when l < 0 and m > 0,

ua11 = −a1lh1

m
sec2(

√
−lξ),

and
va11 = − lh1

m
sec2(

√
−lξ).

Case a.6 a0 = 0, a2 = 0, α = β, 2b = 3a2
1α,

2λ = 3a1h0α, l = −3a1h0

8
, m = −a1h1

4
, n = 0 and

αa1h0 6= 0.
Case a.6.1 when l > 0,

ua12 = h0a1 +
4a1h1l e2

√
lξ

(e2
√

lξ −m)2
,

and

va12 = h0 +
4h1l e2

√
lξ

(e2
√

lξ −m)2
;

Case a.6.2 when l < 0 and m > 0,

ua13 = a1h0 − a1lh1

m
sec2(

√
−lξ),

and
va13 = h0 − lh1

m
sec2(

√
−lξ).

Case a.7 a0 = 0, a2 = 0, 2b = 3a2
1α, h0 = 0,

λ = −3a0βα

α− β
, l = −3a1h0

4
, m = −a1h1

4
, n = 0,

αβa1 6= 0 and α 6= β.
Case a.7.1 when l > 0,

ua14 =
4a1h1l e2

√
lξ

(e2
√

lξ −m)2
,

and

va14 =
4h1l e2

√
lξ

(e2
√

lξ −m)2
;

Case a.7.2 when l < 0 and m > 0,

ua15 = −a1lh1

m
sec2(

√
−lξ),

and
va15 = − lh1

m
sec2(

√
−lξ).

The coupled KdV (a) with α = −a and β = 1
was proposed by Hirota and Satsuma.[16] Since then
it has attracted the attention of some authors. In
Refs.[19,20] the authors obtained the Lax pair of the
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CKdVE (a) with α = −a and β = 1 for a =
1
2
. Lu[21]

proved that when α = −1 and β = 1, Eqs.(3) and (4)
have N -soliton solutions for all b. Feng[22] established
the global well-posedness of the initial value problems
for the CKdVE. Recently, the bell-shaped soliton so-
lutions to the CKdVE with α = β, b = 3 and α = −a,
β = 1 were obtained in Ref.[4, 5, 23] by using the so-
called homogeneous balance method and the ansatz
u = A + Bv, v = My/(1 + y)2 and y = ekξ, respec-
tively. In Ref.[24] the bell-shaped solution for u and
the kink-type solution for v were found by using the
ansatz method. Our ansatz differs from those used
formerly, and can produce the existing types of solu-
tions as well as some new ones such as ua1, va1, ua10,
va10, ua11 and va11.

Fig.1. Travelling wave solution ua1 of Case (a.1.1) with

λ = −3, l = 0.25, a0 = 1, n = −0.05, h1 = 0.75 and

a2 = 2/9.

Fig.2. Travelling wave solution va1 of Case (a.1.1) with

λ = −3, l = 0.25, a0 = 1, n = −0.05, h1 = 0.75 and

a2 = 2/9.

In order to display the property of the new solu-
tions, (ua1, va1) in Case (a.1.1) is given in Figs.1 and 2.
Here, λ = −3, l = 0.25, a0 = 1, n = −0.05, h1 = 0.75

and a2 = 2/9. From these figures, it can be seen that
(ua1, va1) behaves like a standard bell-shaped solitary
wave.

2.2. Exact solutions to Eqs.(7) and (8)

In order to solve Eqs.(7) and (8), we assume

E2 = bG + cG2 + dG3, (22)

where b, c and d are real constants to be determined.
Thus

2EE′′ + 2(E′)2 = bG′′ + 2c(G′)2 + 2cGG′′

+ 6dG(G′)2 + 3dG2G′′. (23)

Inserting Eq.(22) into Eq.(8) yields

G′′ = (a2f −ab)G+(ap−ac)G2 +(ad−aq)G3, (24)

and

(G′)2 = (a2f −ab)G2 +
2
3
(ap−ac)G3 +

1
2
(ad−aq)G4.

(25)
We use

G(ξ) =
p∑

i=0

hiz
2i(ξ),

where z(ξ) satisfies Eq.(4), and hi, l, m and n are un-
determined. Balancing G′′ and G3, we have p = 1,
i.e.

G(ξ) = h0 + h1z
2(ξ), (26)

and
G′′ = 2h1(z′)2 + 2h1zz′′. (27)

Inserting Eqs.(4) and (17) into Eq.(27) yields

G′′ = 4h1lz
2 + 6h1mz4 + 8h1nz6. (28)

From Eqs.(24), (26) and (28), we balance the co-
efficients of the same power of z(ξ) and obtain the
following algebraic equations:

(a2f − ab)h0 + (ap− ac)h2
0 + (ad− aq)h3

0 = 0,

(a2f−ab)h1+2(ap−ac)h0h1+3(ad−aq)h2
0h1 = 4h1l,

(ap− ac)h2
1 + 3(ad− aq)h0h

2
1 = 6h1m,

and
(ad− aq)h3

1 = 8h1n. (29)

From Eq.(22) it follows that

E = ±
√

bG + cG2 + dG3. (30)

Then

(E′)2 =
(b + 2cG + 3dG2)2(G′)2

4(bG + cG2 + dG3)
. (31)
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From Eq.(7) we have

3aEE′′ = (λ + G + rG2)E2. (32)

Insert Eqs.(22), (24), (25), (31) and (32) into
Eq.(23) and balance the coefficients of the same power
of G, then we will obtain the following algebraic sys-
tem:

4λ

3a
b2 = b2(a2f − ab),

−6bc(a2f−ab)− 4
3
b2(ap−ac)+

4b

3a
(λc+b)+

4λ

3a
bc = 0,

(−4c2 − 14bd)(a2f − ab)− 6bc(ap− ac)

− 3
2
b2(aq − ad) +

4b

3a
(λd + c + rb)

+
4c

3a
(λc + b) +

4λ

3a
bd = 0,

− 14cd(a2f − ab)− (4c2 + 12bd)(ap− ac)

− 6bc(aq − ad) +
4b

3a
(d + rc)

+
4c

3a
(λd + c + rb) +

4d

3a
(λc + b) = 0,

− 9d2(a2f − ab)− 38
3

cd(ap− ac)

− (4c2 + 11bd)(aq − ad) +
4
3a

bdr

+
4c

3a
(d + rc) +

4d

3a
(λd + c + rb) = 0,

−8d2(ap−ac)−12cd(aq−ad)+
4
3a

rcd+
4d

3a
(d+rc) = 0,

and
4
3a

rd2 =
15
2

d2(aq − ad). (33)

By solving Eqs.(29) and (33), we can have lots of
solutions, for instance,

lb1 =
h0(1− 6a2h0q)

12a
, mb1 =

h1(1− 9a2h0q)
18a

,

nb1 = −ah2
1q

8
;

lb2 =
h0(15− 32h0r)

360a
, mb2 =

h1(5− 16h0r)
180a

,

nb2 = −rh2
1

45a
;

lb3 =
h0(9− 16h0r)

36a
, mb3 =

h1(3− 8h0r)
18a

,

nb3 = −rh2
1

9a
.

According to Table 1, we can obtain many groups
of exact solutions of Eqs.(7) and (8) related to these
three groups of solutions of coefficients l, m and n.

2.3. Exact travelling wave solutions to

Eqs.(9), (10) and (11)

We apply the same method to Eqs.(9), (10) and
(11) and obtain lots of exact solutions. For instance,

when l =
ad2h2

0

2
, m =

ad2h0h1

6
, n =

ad2h2
1

8
, 9c =

−2ad2h2
0, 5a2d3h2

0 = 9, 3λ = −ad2h2
0, a > 0, d > 0,

we have

wc1 = h0
17± 18tanh(

√
lξ)− 3tanh2(

√
lξ)

(3tanh(
√

lξ)± 5)(3tanh(
√

lξ)± 1)
,

vc1 = dh0
17± 18tanh(

√
lξ)− 3tanh2(

√
lξ)

(3tanh(
√

lξ)± 5)(3tanh(
√

lξ)± 1)
,

uc1 =−3dh2
0(17± 18tanh(

√
lξ)− 3tanh2(

√
lξ))2

5λ(3tanh(
√

lξ)± 5)2(3tanh(
√

lξ)± 1)2
+

2λ

3
;

wc2 = h0
−7± 18coth(

√
lξ) + 21coth2(

√
lξ)

(3coth(
√

lξ)± 5)(3coth(
√

lξ)± 1)
,

vc2 = dh0
−7± 18coth(

√
lξ) + 21coth2(

√
lξ)

(3coth(
√

lξ)± 5)(3coth(
√

lξ)± 1)
,

uc2 =−3dh2
0(−7± 18coth(

√
lξ) + 21coth2(

√
lξ))2

5λ(3coth(
√

lξ)± 5)2(3coth(
√

lξ)± 1)2
+

2λ

3
;

wc3 = h0
±2
√

2 sinh(2
√

lξ) + 5
±2
√

2 sinh(2
√

lξ)− 1
,

vc3 = dh0
±2
√

2 sinh(2
√

lξ) + 5
±2
√

2 sinh(2
√

lξ)− 1
,

uc3 =−3dh2
0(±2

√
2 sinh(2

√
lξ) + 5)2

5λ(±2
√

2 sinh(2
√

lξ)− 1)2
+

2λ

3
;

wc4 = h0
3tanh2(

√
lξ)± 3tanh(

√
lξ)− 2

1± 3tanh(
√

lξ)
,

vc4 = dh0
3tanh2(

√
lξ)± 3tanh(

√
lξ)− 2

1± 3tanh(
√

lξ)
,

uc4 =−3dh2
0(3tanh2(

√
lξ)± 3tanh(

√
lξ)− 2)2

5λ(1± 3tanh(
√

lξ))2
+

2λ

3
;

wc5 = h0
−3coth2(

√
lξ)± 3coth(

√
lξ) + 4

1± 3coth(
√

lξ)
,

vc5 = dh0
−3coth2(

√
lξ)± 3coth(

√
lξ) + 4

1± 3coth(
√

lξ)
,

uc5 =−3dh2
0(−3coth2(

√
lξ)± 3coth(

√
lξ) + 4)2

5λ(1± 3coth(
√

lξ))2
+

2λ

3
;

wc6 = h0
9e±4

√
lξ + 60e±2

√
lξ − 32

(3e±2
√

lξ − 8)(3e±2
√

lξ + 4)
,

vc6 = dh0
9e±4

√
lξ + 60e±2

√
lξ − 32

(3e±2
√

lξ − 8)(3e±2
√

lξ + 4)
,

uc6 =− 3dh2
0(9e±4

√
lξ + 60e±2

√
lξ − 32)2

5λ(3e±2
√

lξ − 8)2(3e±2
√

lξ) + 4)2
+

2λ

3
.

Here uc6, vc6 and wc6 are new solutions and the others
are similar to those in Ref.[7].
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3. Application of the method to

some single equations

Here we will use this method to solve two kinds
of single partial nonlinear differential equations:

(d) The combined KdV–MKdV equation:

ut + µuux + δu2ux + uxxx = 0, (34)

where µ and δ are specific parameters. This equa-
tion may describe the wave propagation of the bound
particle, sound wave and thermal pulse.[25−27]

(e) The (2+1)-dimensional Caudrey–Dodd–
Gibbon–Kotera–Sawda equation:

36ut + uxxxxx + 15(uuxx)x + 45u2ux − 5uxxy − 15uuy

− 15ux∂−1
x (uy)− 5∂−1

x (uyy) = 0, (35)

which was first proposed by Konopelchenk and
Dubovsky. Much work about this equation has been
done.[28−30]

3.1. Exact solutions to equation (34)

For Eq.(34), let u(ξ) = u(x, t) and ξ = x − λt,
then we will have

−λu +
µ

2
u2 +

δ

3
u3 + u′′ = 0. (36)

Let

u(ξ) =
p∑

i=0

hiz
2i(ξ),

where z(ξ) satisfies Eq.(4).
Balancing u′′ with u3 yields p = 1. Therefore, we

have
u(ξ) = h0 + h1z

2(ξ). (37)

Inserting Eqs.(4) and (17) into Eq.(37) yields

u′′ = 4h1lz
2 + 6h1mz4 + 8h1nz6. (38)

From Eqs.(36), (37) and (38), we balance the coef-
ficients of the same power of z and obtain the following
algebraic equations:

−6λh0 + 3µh2
0 + 2δh3

0 = 0,

−λh1 + µh0h1 + δh2
0h1 + 4h1l = 0,

µh2
1 + 2δh0h

2
1 + 12h1m = 0,

and
δh3

1 + 24h1n = 0. (39)

Solving the above equations by use of Mathemat-
ica gives

l = − 1
24

h0(3µ + 4δh0),

m = − 1
12

(µ + 2δh0)h1,

n = −δh2
1

24
,

and

λ =
h0(3µ + 2δh0)

6
.

Substituting it with the solutions given by Table
1, we have:

Case d.1 when l > 0,

ud1 = h0 − lmh1 sech2(
√

lξ)
m2 − ln(1± tanh(

√
lξ))2

,

ud2 = h0 − lmh1 csch2(
√

lξ)
m2 − ln(1± coth(

√
lξ))2

,

and

ud3 = h0 +
16lh1e±2

√
lξ

(e±2
√

lξ − 4m)2 − 64ln
;

Case d.2 when l > 0 and n > 0,

ud4 = h0 − lh1 sech2(
√

lξ)
m± 2

√
ln tanh(

√
lξ)

,

and

ud5 = h0 − lh1 csch2(
√

lξ)
m± 2

√
ln coth(

√
lξ)

;

Case d.3 when l > 0 and µ + h0δ = 0,

ud6 = h0 − lh1

m

(
1± tanh

(√
lξ

2

))
,

and

ud7 = h0 − lh1

m
(1± coth(

√
lξ

2
));

Case d.4 when l > 0 and µ + 2h0δ = 0,

ud8 = h0 ± 16lh1 e±2
√

lξ

1− 64ln e±4
√

lξ
,

where ud3 and ud8 are new solutions for Eq.(34).

3.2. Exact solutions to equation (35)

For Eq.(35), let ξ = x + ey + dt, b = 36d − 5e2,
then

bu + u′′′′ + 15uu′′ + 15u3 − 5eu′′ − 15eu2 = 0. (40)
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Assume that

u(ξ) =
p∑

i=0

hiz
2i(ξ),

where z(ξ) satisfies Eq.(4).
Balancing u′′′′, uu′′ with u3 yields m = 2. There-

fore, we have

u(ξ) = h0 + h1z
2(ξ) + h2z

4. (41)

Then expand u′′′′, uu′′ and u3 to powers of z, in-
sert them into Eq.(40), and balance the coefficients of
the same power of z, and we will obtain the following
algebraic equations:

bh0 − 15eh2
0 + 15h3

0 = 0,

bh1−30eh0h1+45h2
0h1−20eh1l+60h0h1l+16h1l

2 =0,

− 15eh2
1 + 45h0h

2
1 + bh2 − 30eh0h2 + 45h2

0h2

+ 60h2
1l − 80eh2l + 240h0h2l + 256h2l

2

− 30eh1m + 90h0h1m + 120h1lm = 0,

15h3
1 − 30eh1h2 + 90h0h1h2 + 300h1h2l + 90h2

1m

− 100eh2m + 300h0h2m + 1040h2lm + 120h1m
2

+ 120h0h1n + 320h1ln− 40eh1n = 0,

45h2
1h2 − 15eh2

2 + 45h0h
2
2 + 240h2

2l + 390h1h2m

+ 840h2m
2 + 120h2

1n− 120eh2n

+ 360h0h2n + 1920h2ln + 480h1mn = 0,

45h1h
2
2+300h2

2m+480h1h2n+2688h2mn+384h1n
2 =0,

and
15h3

2 + 360h2
2n + 1920h2n

2 = 0. (42)

Solving the above equations by use of Mathemat-
ica yields

l =
1
8
(5e− 15h0 ±

√
5
√

5e2 − 18eh0 + 21h2
0),

m = −h1

2
, n = 0, h2 = 0,

b = 15(eh0 − h2
0), and 4e2 − 9eh0 + 6h2

0 6= 0.

Substituting it with the solutions given by Table
1, we have

Case e.1 when l > 0 and n = 0,

ze1 = − 2
√

l e
√

lξ

e2
√

lξ + h1
2

,

and

ue1 = h0 +
4h1l e2

√
lξ

(
e2
√

lξ +
h1

2

)2 ;

Case e.2 when l < 0, n = 0 and h1 < 0,

ze2 = ±
√
−l

m
sec(

√
−lξ),

and
ue2 = h0 − lh1

m
sec2(

√
−lξ).

These two solutions are obtained here for the first
time.

4. Remark and discussion

We have presented a direct method of obtaining
many new and generalized exact travelling wave so-
lutions for some nonlinear differential equations and
coupled ones. It is expected that this method can
be applied to many other equations or coupled equa-
tions. But in this two-step ansatz method, the second-
step ansatz can be used only for even rank equations
but not for odd ones.[31] For example, the well-known
Burgers–Korteweg–de Vries equations

ut + αuux + βuxx + γuxxx = 0

cannot be solved by using the present method, because
its rank is odd. According to Ref.[31], we can assume
u′ = f(u) or u = g(w), and w′ = f(w) to solve this
equation.

In summary, based on some simple ansatzes we
have generated many explicit solutions to many phys-
ical equations. It should be noted that in order to
ensure that the results are correct, the algebraic equa-
tions here are solved and verified by using Mathemat-
ica.
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