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Starting from an improved mapping approach and a linear variable separation approach, a new family of exact

solutions (including solitary wave solutions, periodic wave solutions and rational function solutions) with arbitrary

functions for a general (2+1)-dimensional Korteweg de Vries system (GKdV) is derived. According to the derived

solutions, we obtain some novel dromion-lattice solitons, complex wave excitations and chaotic patterns for the GKdV

system.
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1. Introduction

As is well known, many dynamical problems in
physics and other natural fields are usually charac-
terized by nonlinear evolution of partial differential
equations known as governing equations. Searching
for an analytical exact solution to a nonlinear system
has long been an important and interesting topic in
nonlinear science both for physicists and mathemati-
cians, and various methods of obtaining exact solu-
tions of nonlinear system have been proposed, for ex-
ample, the bilinear method,!!! the standard Painlevé
truncated expansion,? the method of ‘coalescence of

3] the homogeneous bal-

eigenvalue’ or ‘wavenumbers’,|
ance method, [ and the mapping method,®=7 etc. In
the past, we have solved the exact solutions of some
nonlinear systems via improved mapping method,
such as (1+1)-dimensional related Schrodinger equa-
tion, (2+1)-dimensional Broer-Kaup—Kupershmidt
system, (2+1)-dimensional Generalized Breor-Kaup
system, (3+1)-dimensional Burgers system, (3+1)-
dimensional Jimbo—Miwa system, (2+1)-dimensional

(241)-
[8—15]

modified dispersive water-wave system,

dimensional Boiti-Leon—Pempinelli system, etc.

In addition, solitons and chaos are two most im-
portant notions of nonlinear science, which have been
widely applied in natural sciences'6~8! such as chem-

improved mapping approach, GKdV system, complex wave excitations, chaotic patterns

istry, biology, mathematics, communication, and par-
ticularly in almost all branches of physics like fluid
dynamics, plasma physics, field theory, optics, con-
densed matter physics, etc.['92% Usually, these two
aspects are treated independently since one often be-
lieves that solitons are the basic excitations of an inte-
grable model while chaos is the elementary behaviour
of a non-integrable system. In other words, one does
not analyse the possibility of existence of chaos in a
soliton system. However, the above consideration may
not be complete especially in higher dimensions. In
the recent study of soliton systems, scientists!2!—27]
have found that some characteristic lower-dimensional
arbitrary functions exist in the exact excitation of
some two-dimensional integrable models. This means
that any lower-dimensional chaotic solutions can be
used to construct the exact solution of a higher-
dimensional integrable model, which also implies that
any exotic behaviour may propagate along this char-
acteristic. To verify the above viewpoint, we take a
(241)-dimensional GKdV system as a concrete exam-
ple, which reads

Ut — Uggy — OUUy — buxagluy =0, (1)

where a and b are arbitrary constants. Many re-
searchers have investigated some interesting proper-

ties of Eq.(1). For instance, the GKdV system has
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been proved to be integrable by Calogero,?® and
the Painlevé property test for the equation has been
proved to be completely integrable only when a = 2b
by Clarkson and Manshield.l?! Some variable separa-
tion solutions for the special model for a = b have also
been obtained by Lou and Ruan.[?! Zheng and Chen
found some semifolded localized coherent structures
by using a multilinear variable separation method.?"
In the following parts of the paper, we will discuss
its new exact solutions and the dromion-lattice soli-
tons, the complex wave excitations and the chaotic
patterns for the integrable GKdV system (a = 2b).
For simplicity, we first introduce a transformation
v = 8;'u, and change the GKdV system into a set of
two coupled nonlinear partial differential equations

Ut — Uggy — 200y — bvuy =0,

and

Uy — Vg = 0.

As is well known, in order to search for the soli-
tary wave solutions for a nonlinear physical model, we
can adopt different approaches. One of the most effi-
cient methods of finding soliton excitations of a physi-
cal model is the so-called modified mapping approach
with variable coefficients. The basic ideal of the algo-
rithm is as follows. For a given nonlinear partial dif-
ferential equation (NPDE) with the independent vari-
ables x = (zg = t,x1, 2, ..., Zy), and the dependent
variable u, in the form

) =0, (3)

P(u>ut7umi7uwiwj; .

where P is, in general, a polynomial function of its ar-
guments, and the subscripts denote the partial deriva-
tives, the solution can be assumed to be in the form

u=A(x) + Z{Bz(fﬂ)W [q()]

+Ci(2)¢" Ma(@)]Vo + @?la(@)]}  (4)

with

¢ =0+ ¢7, (5)
|

where o is a constant and the prime denotes the first
derivative with respect to ¢q. To determine u explic-
itly, one may substitute expression (4) and Eq.(5) into
the given NPDE and collect coefficients of polynomi-
als of ¢, then eliminate each coefficient to derive a set
of partial differential equations of A, B;, C;, and g,
and solve the system of partial differential equations
to obtain A, B;, C;, and ¢. Finally, Eq.(5) possesses
the general solution (the tanh-type and tan-type so-
lutions are neglected here) as follows:

(a) ¢ = —v/—ccoth(v/—aq), when o <0;
(b) ¢ = —/ocot(v/oq), when o > 0;

(c) o= e when o = 0. (6)

Substituting A, B;, C;, ¢ and expression (6) and into
expression (4), one can obtain the exact solutions of
the given NPDE.

2. New exact solutions of the
(2+1)-dimensional GKdV sys-

tem

First, we make a transformation for Eq.(2): v =
Q. and v = Q. Substituting the transformation into
Eq.(2) yields

th - Qmmgy - 2mesz - mezQy =0. (7)

Now we apply the improved mapping approach to
Eq.(7). Through the balancing procedure, the ansatz
(4) becomes

Q=f+gp+h\vo+¢? (8)

where f, g, h, and ¢ are functions of (z,y,t) to be de-
termined. Substituting expression (8) and Eq.(5) into
Eq.(7) and collecting coefficients of polynomials of ¢,
then setting each coefficient to be zero, we have

bgqzhqy + 2hqyqs =0, (9)

bh*qZqy + bg*q>qy + 499,45 =0, (10)

— 4bhq§gy — 8b9quheGy — 1842 Queqy — 4bgqghy — 8b9.hayqe — 2b9q22hay
— 18h2q2qy — 4b9G:hqay — 18hq2qay — 6hyqs =0, (11)

— 69400 — 18924ya> — 189q2 0wy — 2b9°AxGzy — b9 Quuy — 26K QuGuy — WA Quugy
— 4bgq2 g, — 8bhyhqyq, — 4bhq>hy — 8b94.9:ay — 1894y q2qzs = 0, (12)
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- thIQsz + 2hQIQt - GhQEq:vzy - 12hz‘]m‘]zy - 6thyq$z - 6hnysz - 6thszz - 2hqzxmqy
- bgthqy - 2bgqgchxy - bhq;cacgy - 4bhxgy%c - 2bhx9%¢y - 27bgq32cth0' - 2bh%:gacy - bg%cachy

- bhmeQy - 2bgth:vy - 4bfa:thQx - 52hqiq?¢0 - 4bhzngy - 4bngxhy - 6hzyq3 = 07

- 699mq;gq:c - 69‘]90Q3:9cy - QQQyQ:Cxa: - 6gachQ3ca: - 129ququ - 6gacyq32c - bhx;chq;/ - bhqgcxhy
- 2bnggzy - 2bhmhqu - bgCImxgy - bnggqy - ngngIa:y - 2thzhzy - 12b92qy0 - 4bfzg(quz

— 4bhyhy Gy — 6902y Gee — 40929y Gz — M q2qy0 — 409q, o0
— 2bg2qy, — 2bh2qy + 29420 — 694w Gze = 0,

- Qbhxgxy - bha:xgy - ngachy - 2ngh:cy - 11hyq9%0' - 3hacy%c:c - th%ca:y + hqut — thqugc
+ haqy — 2bfrhyqr — 14bg,hq.qy0 — 16bgq,hyq,0 — 8bgq>h,o — Tbhq2g,o — 2bf.haq,

- 33h3c‘]yq92¢0' + hqe — hquy - hqux - hx;c:ch - 3ha:xqgcy - 4bg%ca:thU
- 33hqua:szU - 33hqiqu0— - bfzzh/qy - 2bfthzy - 8bQthC]ny =0,

— 392920y — 2bg:cgacy = GyQeze + 9tGz — 39zayGe — 3YzeGey + 99zt — Goezaly — 39zyQez
— 99zazy T 92 qt — bga::rgy - 249‘];,20%;;0 - bf:r:vg(Zy - 2bhwhzy - Qbfmg%cy - thq:r(Zsz

- 2bg2qgr:chU - 4bg2qxq$y0' - QthQmQxyo' — 2494y Qs Qza0 — bhxachy
— 89,450 — 6bgq3g,0 — 5bhqzhyo — 2bf0gaqy — 24920y 420
- Qbfxgyllr - 1259%%%0 - 1ObhthmQyU =0,

— bfuahy — 2bfohgy — 4b9qzhayo — ey @io — 3hGezeqyo — YNaGyleao

— NGy Geet — Mae@y@eo — 18h2G2qey0 — NG Quayo — 209Gz hyo

— 2bha29qy0 — 2692 hquy0 — 20hqgryo — 4bhy9Gryo — bgzahqyo — bhqzegyo
— 9y 424020 — Naaay + Pt — 33hq3qy0° — 6bhygy .0 — 6bhygeqy0

— 6b9:q.hyo — 6bfrhgeqy0 — 18bgq§hqya2 + 3hq.qi0 =0,

= b92290y0 — 2b9q2GuyT — 2b92992y0 — 6992y a0 — 6992 Gzay0 — 2bhyhqry 0
— bf2ady — 12920200y — bhaahqy0 — gozay + gut — 169q,450 — 2bhqy0

— 6bg®q2qy0° — 6gay @20 — 4bf294yqa0 + 2902010 — Abgagyqeo — 3bh*q2qy0”
— 2bg2qy0 — 4bhyhyqeo — 2bf ey — DRGushyo — b9G020y0 — 60020y qu0

= 09yq2qua0 — 2bhqsheyo — 294y Quaa0 — 692Gy qaao = 0,

he@t0 = 3haGeey0 — 269G hqy0” — 2bg:hayo — 2bheGeyo — bhawgyo + hquo
— 150y 420200 — 3haylea0 — bfoah@yo — 3haaley0 — Msoay0 — 3hoay@eo
— baahyo — 2bfohqeyo — 4b9quhieyo” — 15RG2qey0> + hiGe0 — Rugadyo

— hyurz0 — 2bfshyqz0 — 15haqyq; — 2bfuheqyo® — 2bfoheqyo — 4bgq;hy o
— GngChqwqya2 — 8bgqgghwqyo2 — 3bhq§gya2 — 5hyq202 =0,

= bf2eg@y0 + 920 — 2bhahqnqy0” — 29,430 — 2bfrgyq.0 — 2bgq’g,o”
— 2bf000qy0 — 45902920407 — 692044307 + 9t4x0 — 39alaay0 — bhqihyo”
+ 9420 — 269 f12G2y0 — 690y420z00° — 269° Q0 Gzy0” — bg°Quaqy0”

— 6942 ay0” — bhaghyo — 2bhahayo + fot — 9yluae0 — JraalyC

= 99z20y0 — 39z2yqs0 — 39xydsz0 — 3Yzaquyo = 0,

(14)

(15)

(16)

(17)

(19)

(20)
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thQtUQ - 2bhxgqu02 - 2bgm‘1zhy02 - bQQIzhyJQ - hCEIIyJ - Qbf:vhzyg

- 3hmcqgchO'2 - bfxxhya - thacocho'Q - 3hx¢]ngcafa'2 - 3hqgcha:yU2

- 5hq§qy03 - 2bhmqux<72 — 3bgq§,hqya3 - 2bhfggqmqya2 - 2bnghmy<72

- 2bghx%¢y02 - 6thway02 - 3hwaQxxU2 - 3h3:yq50'2

— bghmqyo2 + hgro — thIyq:,mU2 =0. (21)
According to Egs.(9) and (10), we have

g:—2%v, and hzz%‘”. (22)

Substituting expression (22) into Eq.(13) yields

1 / =202 Gazy — 200 Qoacaly + 200 oylos + (r0y0 + Culy + G0t de. (23)

f:7% a2qy

Substituting expressions (22) and (23) into Eqgs.(9)—(21) yields the following single equation:
— 3[—20262¢y Grray + G0y Gat — 205y G0 lee + 20ayLodeay — Qay Qo — 20y Qag ey
+ ZQnyqgmcngnx + 2szqxq.mchy]/(beQy) = 0. (24)

Obviously, it is very difficult to obtain the general solution to the above equation. Fortunately, in this special
case, one of particular solutions can be expressed as

q=x() + ¢y —ct), (25)

where x = x(z), and ¢ = ¢(y — ct) are two arbitrary variable separation functions of z and of (y — ct),
respectively. According to the solution of Eq.(5), one thus obtains an explicit solution of Eq.(2).

Case 1 For 0 = —1, we can derive the following solitary wave solution of Eq.(2):
=g | — XX : 3 Xow TX0C | 4y o (coth(x + ) + csch(x + 9))
2b X2
— 4x (esch(x + ¢)? + esch(x + ) coth(x + ¢)) |, (26)
and ]
v1 = — 57 [y Xa(eseh(x + ¢)* + esch(x + @) coth(x + ¢))]. (27)

Case 2 For o = 1, we can obtain the following periodic wave solution of Eq.(2):

1 _ QXZwaI B X;l B Xim + Xic

Uy =— 5 + dxzz (cot(x + @) + cse(x + ¢))
2b X2
— 43 (ese(x + @)% + esc(x + @) cot(x + ) | (28)
and 1
vy = =5 [ApyXa (cse(x +¢)* + ese(x + ) cot(x + ¢))]- (29)

Case 3 For o =0, we can derive the following variable separation solution of Eq.(2):

_1 _Xazcx + Xﬁc + 2XxX:caca: +4 Xzx _4 Xi
2 b2 bix+¢) blx+¢)?

us =

and

Py Xz
= 4 TYAT 31
o b(x +¢)? 81
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3. Dromion-lattice and complex
wave excitations in the (2+1)-

dimensional GKdV system

Owing to the arbitrariness of the functions x(x)
and o (y— ct) included in the above cases, the physical
quantities v and v may possess rich structures. In this
section, we mainly discuss some localized coherent ex-
citations in the (2+1)-dimensional GKdV system. For
simplicity, we discuss only the field vz of expression
(31), namely

4 Py Xz

V=u= b(x +¢)?

(32)

3.1. Dromion-lattice excitation

According to the solution V' of expression (32),
we first discuss its dromion-lattice excitation. If we
choose x and ¢ as

N
X = Z 0.1sech(z + 6n)
n=—N
and
M
0= Z 0.1sech(y — ct + 6m), (33)
m=—M
M =N =2,

we can obtain a 5x5 ‘dromion-lattice’ for the physi-
cal quantity V' under condition (33) presented in Fig.1
with fixed parameters b = —0.5, ¢ =1, and t = 0.

0.04
0.03
0.02
0.01
0
-0.01

S

10 %
20 —20

Fig.1. A dromion-lattice plot of the solution V' from ex-
pression (32) under condition (33) at time ¢ = 0.

3.2. Complex wave excitation: dromion
in a background wave

Now we focus our attention on the intriguing evo-
lution of a dromion in a background wave for the so-
lution V. For instance, if we choose x and ¢ as

X = 2+ 0.18tanh(0.52 — ¢) + 0.04sn(0.7z, 0.3),
and
¢ = 2+40.18tanh(0.5(y —ct))+0.04sn(0.7y, 0.3), (34)

where, sn is the Jacobi sine function, we can obtain an
evolutional profile of single-dromion in a background
wave for the physical quantity V of expression (32)
presented in Fig.2 with fixed parameters b = —0.5,
and ¢ = 1, at different times t = —8 (a), —4 (b), 4 (c)
and 10 (d). From Fig.2, we can see that the dromion
moves in a background wave, and the amplitude of
dromion changes with time because of the interaction
between the dromion and the background wave.

Fig.2. Evolutional profile of a single-dromion in a background wave for the solution V from
expression (32) with condition (34) at different times t = —8 (a), —4 (b), 4 (c¢) and 10 (d).
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4. Chaotic patterns in the (2+41)-
dimensional GKdV system

In this section, we mainly discuss some local-
ized coherent excitations with chaotic behaviour in the
(241)-dimensional GKdV system. For simplicity, we
discuss only the field vy of expression (27), namely

1
V =v1 = — [y xa(esch(x + )
+ csch(x + @) coth(x + ¢))]- (35)

4.1. Chaotic line soliton

If the functions x and ¢ are assumed to be so-
lutions of a chaotic dynamical system, we can derive
some localized excitations with chaotic behaviour. For
example, y is determined to be a solution of the fol-
lowing nuclear spin generator (NSG) system, [l

me = —1.3m+n, ne=-m—13n(1-3I),

and
le = 0.15 — 0.52] — 3.9n?, (36)

where m, n, and [ are functions of ¢ (§( = z or
& =y — ct). The NSG system is a high frequency os-
cillator which generates and controls the oscillations
of a nuclear magnetization vector in a magnetic field.
One of typical chaotic attractors for the NSG system
(36) is depicted in Fig.3 when

m(0) =1, n(0)=2 and I(0) =0. (37)

Now we take
x(@) =14+ m(z) and p=1+exp(y—ct), (38)
where m(x) is the solution of NSG system (36) with

Through this choice, the
dromion localized in all directions is changed into a

initial conditions (37).

chaotic line soliton, which presents chaotic behaviour
in the z-direction though it is still localized in the y-
direction. Figure 4 shows the corresponding plot of
the chaotic line soliton for the field V' of expression
(35) with fixed parameters b = 1 and ¢ = 1 at time
t=0.

100 200 300 400
X

Fig.3. (a) A typical attractor plot of the chaotic NSG system (36) with initial condition (37),
and (b) a typical plot of the chaotic solution m of system (36) related to (a).

Fig.4. A plot of the chaotic line soliton for the field V' de-
termined from expression (35) with condition (38), b =1,
c=1landt=0.

4.2. Chaotic pattern

Furthermore, if x and ¢ are both selected as
chaotic solutions of some lower-dimensional non-

integrable model, the field V' of expression (35) will
behave chaotically in all directions and yield a chaotic
pattern. For example, x and ¢ may be chosen as

x=14+m(z) and ¢ =14+ m(y — ct), (39)

where m(xz) and m(y — ct) are the solutions of NSG
system (36). Figure 5(a) shows a plot of the special
chaotic pattern for field V' expressed by expression
(35) with condition (39), b = 1 and ¢ = 1 at time
t = 0. In order to show that the chaotic behaviour
is due to the peak values of solitons, we enlarge small
region in Fig.5(a) (z € [10,11], y € [10,11]), and the
result is shown in Fig.5(b), which presents clearly a
kind of dromion with a chaotic structure.
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- 108790 Y

Fig.5. (a) A plot of the chaotic patten for the field V' expressed by expression (35) with condition
(39) at t =0, and (b) an enlargement of the central area of (a).

5. Summary and discussion

The mapping method is a kind of classic, effi-
cient and well-developed method to solve nonlinear
evolution equations, of which the remarkable char-
acteristics are that we can infinitely have different
ansatzes and thus end up with the abundance of so-
lutions. In this paper, by using the modified mapping
approach and a linear variable separation approach,
we find some new exact solutions of the general (2+41)-
dimensional Korteweg—de Vries system. According to
the derived solutions, we obtain a 5x5 dromion-lattice
excitation and a complex wave excitation—a dromion

moves in a background wave, which are different from

the results of the previous work. Additionally, by us-
ing the NSG system, Fang et al recently obtained some
chaotic solitons of the (2+1)-dimensional Generalized
Broer-Kaup system.[’! Along with the above line, we
use the NGS system to obtain new chaotic patterns of
the (241)-dimensional GKdV system. Especially, we
enlarge the small region in Fig.5(a) to show that the
chaotic behaviour is due to the peak values of solitons.
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