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Complex wave excitations and chaotic patterns for a

general (2+1)-dimensional Korteweg–de Vries system∗
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Starting from an improved mapping approach and a linear variable separation approach, a new family of exact

solutions (including solitary wave solutions, periodic wave solutions and rational function solutions) with arbitrary

functions for a general (2+1)-dimensional Korteweg de Vries system (GKdV) is derived. According to the derived

solutions, we obtain some novel dromion-lattice solitons, complex wave excitations and chaotic patterns for the GKdV

system.
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1. Introduction

As is well known, many dynamical problems in
physics and other natural fields are usually charac-
terized by nonlinear evolution of partial differential
equations known as governing equations. Searching
for an analytical exact solution to a nonlinear system
has long been an important and interesting topic in
nonlinear science both for physicists and mathemati-
cians, and various methods of obtaining exact solu-
tions of nonlinear system have been proposed, for ex-
ample, the bilinear method,[1] the standard Painlevé
truncated expansion,[2] the method of ‘coalescence of
eigenvalue’ or ‘wavenumbers’,[3] the homogeneous bal-
ance method,[4] and the mapping method,[5−7] etc. In
the past, we have solved the exact solutions of some
nonlinear systems via improved mapping method,
such as (1+1)-dimensional related Schrödinger equa-
tion, (2+1)-dimensional Broer–Kaup–Kupershmidt
system, (2+1)-dimensional Generalized Breor–Kaup
system, (3+1)-dimensional Burgers system, (3+1)-
dimensional Jimbo–Miwa system, (2+1)-dimensional
modified dispersive water-wave system, (2+1)-
dimensional Boiti–Leon–Pempinelli system, etc.[8−15]

In addition, solitons and chaos are two most im-
portant notions of nonlinear science, which have been
widely applied in natural sciences[16−18] such as chem-

istry, biology, mathematics, communication, and par-
ticularly in almost all branches of physics like fluid
dynamics, plasma physics, field theory, optics, con-
densed matter physics, etc.[19,20] Usually, these two
aspects are treated independently since one often be-
lieves that solitons are the basic excitations of an inte-
grable model while chaos is the elementary behaviour
of a non-integrable system. In other words, one does
not analyse the possibility of existence of chaos in a
soliton system. However, the above consideration may
not be complete especially in higher dimensions. In
the recent study of soliton systems, scientists[21−27]

have found that some characteristic lower-dimensional
arbitrary functions exist in the exact excitation of
some two-dimensional integrable models. This means
that any lower-dimensional chaotic solutions can be
used to construct the exact solution of a higher-
dimensional integrable model, which also implies that
any exotic behaviour may propagate along this char-
acteristic. To verify the above viewpoint, we take a
(2+1)-dimensional GKdV system as a concrete exam-
ple, which reads

ut − uxxy − auuy − bux∂−1
x uy = 0, (1)

where a and b are arbitrary constants. Many re-
searchers have investigated some interesting proper-
ties of Eq.(1). For instance, the GKdV system has
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been proved to be integrable by Calogero,[28] and
the Painlevé property test for the equation has been
proved to be completely integrable only when a = 2b

by Clarkson and Manshield.[29] Some variable separa-
tion solutions for the special model for a = b have also
been obtained by Lou and Ruan.[30] Zheng and Chen
found some semifolded localized coherent structures
by using a multilinear variable separation method.[31]

In the following parts of the paper, we will discuss
its new exact solutions and the dromion-lattice soli-
tons, the complex wave excitations and the chaotic
patterns for the integrable GKdV system (a = 2b).
For simplicity, we first introduce a transformation
v = ∂−1

x uy and change the GKdV system into a set of
two coupled nonlinear partial differential equations

ut − uxxy − 2buvx − bvux = 0,

and

uy − vx = 0.

As is well known, in order to search for the soli-
tary wave solutions for a nonlinear physical model, we
can adopt different approaches. One of the most effi-
cient methods of finding soliton excitations of a physi-
cal model is the so-called modified mapping approach
with variable coefficients. The basic ideal of the algo-
rithm is as follows. For a given nonlinear partial dif-
ferential equation (NPDE) with the independent vari-
ables x = (x0 = t, x1, x2, . . . , xm), and the dependent
variable u, in the form

P (u, ut, uxi , uxixj , . . .) = 0, (3)

where P is, in general, a polynomial function of its ar-
guments, and the subscripts denote the partial deriva-
tives, the solution can be assumed to be in the form

u =A(x) +
n∑

i=1

{Bi(x)φi[q(x)]

+ Ci(x)φi−1[q(x)]
√

σ + φ2[q(x)]} (4)

with

φ′ = σ + φ2, (5)

where σ is a constant and the prime denotes the first
derivative with respect to q. To determine u explic-
itly, one may substitute expression (4) and Eq.(5) into
the given NPDE and collect coefficients of polynomi-
als of φ, then eliminate each coefficient to derive a set
of partial differential equations of A, Bi, Ci, and q,
and solve the system of partial differential equations
to obtain A, Bi, Ci, and q. Finally, Eq.(5) possesses
the general solution (the tanh-type and tan-type so-
lutions are neglected here) as follows:

(a) φ = −√−σ coth(
√−σq), when σ < 0;

(b) φ = −√σ cot(
√

σq), when σ > 0;

(c) φ =
−1
q

, when σ = 0. (6)

Substituting A, Bi, Ci, q and expression (6) and into
expression (4), one can obtain the exact solutions of
the given NPDE.

2. New exact solutions of the

(2+1)-dimensional GKdV sys-

tem

First, we make a transformation for Eq.(2): u =
Qx and v = Qy. Substituting the transformation into
Eq.(2) yields

Qxt −Qxxxy − 2bQxQxy − bQxxQy = 0. (7)

Now we apply the improved mapping approach to
Eq.(7). Through the balancing procedure, the ansatz
(4) becomes

Q = f + gφ + h
√

σ + φ2, (8)

where f, g, h, and q are functions of (x, y, t) to be de-
termined. Substituting expression (8) and Eq.(5) into
Eq.(7) and collecting coefficients of polynomials of φ,
then setting each coefficient to be zero, we have

bgq2
xhqy + 2hqyq3

x = 0, (9)

bh2q2
xqy + bg2q2

xqy + 4gqyq3
x = 0, (10)

− 4bhq2
xgy − 8bgqxhxqy − 18hqxqxxqy − 4bgq2

xhy − 8bgxhqyqx − 2bgqxxhqy

− 18hxq2
xqy − 4bgqxhqxy − 18hq2

xqxy − 6hyq3
x = 0, (11)

− 6gyq3
x − 18gxqyq2

x − 18gq2
xqxy − 2bg2qxqxy − bg2qxxqy − 2bh2qxqxy − bh2qxxqy

− 4bgq2
xgy − 8bhxhqyqx − 4bhq2

xhy − 8bgqxgxqy − 18gqyqxqxx = 0, (12)
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− 6hxxqyqx + 2hqxqt − 6hqxqxxy − 12hxqxqxy − 6hqxyqxx − 6hyqxqxx − 6hxqyqxx − 2hqxxxqy

− bgxxhqy − 2bgqxhxy − bhqxxgy − 4bhxgyqx − 2bhxgqxy − 27bgq2
xhqyσ − 2bhqxgxy − bgqxxhy

− bhxxgqy − 2bgxhqxy − 4bfxhqyqx − 52hq3
xqyσ − 4bhxgxqy − 4bgxqxhy − 6hxyq2

x = 0, (13)

− 6gxxqyqx − 6gqxqxxy − 2gqyqxxx − 6gxqyqxx − 12gxqxqxy − 6gxyq2
x − bhxxhqy − bhqxxhy

− 2bgqxgxy − 2bhxhqxy − bgqxxgy − bgxxgqy − 2bgxgqxy − 2bhqxhxy − 12bg2qyσ − 4bfxgqyqx

− 4bhxhyqx − 6gqxyqxx − 4bgxgyqx − 9bh2q2
xqyσ − 40gqyq3

xσ

− 2bg2
xqy − 2bh2

xqy + 2gqxqt − 6gyqxqxx = 0, (14)

− 2bhxgxy − bhxxgy − bgxxhy − 2bgxhxy − 11hyq3
xσ − 3hxyqxx − 3hxqxxy + hqxt − 3hxxyqx

+ hxqt − 2bfxhyqx − 14bgxhqxqyσ − 16bgqxhxqyσ − 8bgq2
xhyσ − 7bhq2

xgyσ − 2bfxhxqy

− 33hxqyq2
xσ + htqx − hqxxxy − hyqxxx − hxxxqy − 3hxxqxy − 4bgqxxhqyσ

− 33hqyqxqxxσ − 33hq2
xqxyσ − bfxxhqy − 2bfxhqxy − 8bgqxhqxyσ = 0, (15)

− 3gxqxxy − 2bgxgxy − gyqxxx + gtqx − 3gxxyqx − 3gxxqxy + gqxt − gxxxqy − 3gxyqxx

− gqxxxy + gxqt − bgxxgy − 24gq2
xqxyσ − bfxxgqy − 2bhxhxy − 2bfxgqxy − bh2qxqxyσ

− 2bg2qxxqyσ − 4bg2qxqxyσ − 2bh2qxqxyσ − 24gqyqxqxxσ − bhxxhy

− 8gyq3
xσ − 6bgq2

xgyσ − 5bhq2
xhyσ − 2bfxgxqy − 24gxqyq2

xσ

− 2bfxgyqx − 12bgqxgxqyσ − 10bhxhqxqyσ = 0, (16)

− bfxxhy − 2bfxhxy − 4bgqxhxyσ − 9hxyq2
xσ − 3hqxxxqyσ − 9hxqyqxxσ

− 9hqxyqxxσ − 9hxxqyqxσ − 18hxqxqxyσ − 9hqxqxxyσ − 2bgqxxhyσ

− 2bhxxgqyσ − 2bgxhqxyσ − 2bhqxgxyσ − 4bhxgqxyσ − bgxxhqyσ − bhqxxgyσ

− 9hyqxqxxσ − hxxxy + hxt − 33hq3
xqyσ2 − 6bhxgyqxσ − 6bhxgxqyσ

− 6bgxqxhyσ − 6bfxhqxqyσ − 18bgq2
xhqyσ2 + 3hqxqtσ = 0, (17)

− bgxxgqyσ − 2bgqxgxyσ − 2bgxgqxyσ − 6gqxyqxxσ − 6gqxqxxyσ − 2bhxhqxyσ

− bfxxgy − 12gxqxqxyσ − bhxxhqyσ − gxxxy + gxt − 16gqyq3
xσ − 2bh2

xqyσ

− 6bg2q2
xqyσ2 − 6gxyq2

xσ − 4bfxgqyqxσ + 2gqxqtσ − 4bgxgyqxσ − 3bh2q2
xqyσ2

− 2bg2
xqyσ − 4bhxhyqxσ − 2bfxgxy − bhqxxhyσ − bgqxxgyσ − 6gxxqyqxσ

− 6gyqxqxxσ − 2bhqxhxyσ − 2gqyqxxxσ − 6gxqyqxxσ = 0, (18)

hxqtσ − 3hxqxxyσ − 2bgqxxhqyσ2 − 2bgxhxyσ − 2bhxgxyσ − bhxxgyσ + hqxtσ

− 15hqyqxqxxσ2 − 3hxyqxxσ − bfxxhqyσ − 3hxxqxyσ − hqxxxyσ − 3hxxyqxσ

− bgxxhyσ − 2bfxhqxyσ − 4bgqxhqxyσ2 − 15hq2
xqxyσ2 + htqxσ − hxxxqyσ

− hyqxxxσ − 2bfxhyqxσ − 15hxqyq2
x − 2bfxhxqyσ2 − 2bfxhxqyσ − 4bgq2

xhyσ2

− 6bgxhqxqyσ2 − 8bgqxhxqyσ2 − 3bhq2
xgyσ2 − 5hyq3

xσ2 = 0, (19)

− bfxxgqyσ + gxqtσ − 2bhxhqxqyσ2 − 2gyq3
xσ2 − 2bfxgyqxσ − 2bgq2

xgyσ2

− 2bfxgxqyσ − 4bgqxgxqyσ2 − 6gxqyq2
xσ2 + gtqxσ − 3gxqxxyσ − bhq2

xhyσ2

+ gqxtσ − 2bgfxqxyσ − 6gqyqxqxxσ2 − 2bg2qxqxyσ2 − bg2qxxqyσ2

− 6gq2
xqxyσ2 − bhxxhyσ − 2bhxhxyσ + fxt − gyqxxxσ − gxxxqyσ

− gqxxxyσ − 3gxxyqxσ − 3gxyqxxσ − 3gxxqxyσ = 0, (20)
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hqxqtσ
2 − 2bhxgxqyσ2 − 2bgxqxhyσ2 − bgqxxhyσ2 − hxxxyσ − 2bfxhxyσ

− 3hxxqxqyσ2 − bfxxhyσ − hqxxxqyσ2 − 3hxqyqxxσ2 − 3hqxqxxyσ2

− 5hq3
xqyσ3 − 2bhxgyqxσ2 − 3bgq2

xhqyσ3 − 2bhfxqxqyσ2 − 2bgqxhxyσ2

− 2bghxqxyσ2 − 6hxqxqxyσ2 − 3hyqxqxxσ2 − 3hxyq2
xσ2

− bghxxqyσ2 + hxtσ − 3hqxyqxxσ2 = 0. (21)

According to Eqs.(9) and (10), we have

g = −2
qx

b
, and h = 2

qx

b
. (22)

Substituting expression (22) into Eq.(13) yields

f = − 1
2b

∫ −2q2
xqxxy − 2qxqxxxqy + 2qxqxyqxx + q4

xqyσ + q2
xxqy + q2

xqt

q2
xqy

dx. (23)

Substituting expressions (22) and (23) into Eqs.(9)–(21) yields the following single equation:

− 3[−2qx62qyqxxxy + q2
xqyqxt − 2q2

xyqxqxx + 2qxyq2
xqxxy − qxyq2

xqt − 2qyq2
xxqxy

+ 2qxqyqxxyqxx + 2qxyqxqxxxqy]/(bqxqy) = 0. (24)

Obviously, it is very difficult to obtain the general solution to the above equation. Fortunately, in this special
case, one of particular solutions can be expressed as

q = χ(x) + ϕ(y − ct), (25)

where χ ≡ χ(x), and ϕ ≡ ϕ(y − ct) are two arbitrary variable separation functions of x and of (y − ct),
respectively. According to the solution of Eq.(5), one thus obtains an explicit solution of Eq.(2).

Case 1 For σ = −1, we can derive the following solitary wave solution of Eq.(2):

u1 =
1
2b

[
− 2χxχxxx + χ4

x − χ2
xx + χ2

xc

χ2
x

+ 4χxx(coth(χ + ϕ) + csch(χ + ϕ))

− 4χ2
x(csch(χ + ϕ)2 + csch(χ + ϕ) coth(χ + ϕ))

]
, (26)

and
v1 = − 1

2b
[4ϕyχx(csch(χ + ϕ)2 + csch(χ + ϕ) coth(χ + ϕ))]. (27)

Case 2 For σ = 1, we can obtain the following periodic wave solution of Eq.(2):

u2 =
1
2b

[
− 2χxχxxx − χ4

x − χ2
xx + χ2

xc

χ2
x

+ 4χxx(cot(χ + ϕ) + csc(χ + ϕ))

− 4χ2
x(csc(χ + ϕ)2 + csc(χ + ϕ) cot(χ + ϕ))

]
, (28)

and
v2 = − 1

2b
[4ϕyχx(csc(χ + ϕ)2 + csc(χ + ϕ) cot(χ + ϕ))]. (29)

Case 3 For σ = 0, we can derive the following variable separation solution of Eq.(2):

u3 = −1
2
−χ2

xx + χ2
xc + 2χxχxxx

bχ2
x

+ 4
χxx

b(χ + ϕ)
− 4

χ2
x

b(χ + ϕ)2
, (30)

and
v3 = −4

ϕyχx

b(χ + ϕ)2
. (31)
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3. Dromion-lattice and complex

wave excitations in the (2+1)-

dimensional GKdV system

Owing to the arbitrariness of the functions χ(x)
and ϕ(y−ct) included in the above cases, the physical
quantities u and v may possess rich structures. In this
section, we mainly discuss some localized coherent ex-
citations in the (2+1)-dimensional GKdV system. For
simplicity, we discuss only the field v3 of expression
(31), namely

V = v3 = −4
ϕyχx

b(χ + ϕ)2
. (32)

3.1.Dromion-lattice excitation

According to the solution V of expression (32),
we first discuss its dromion-lattice excitation. If we
choose χ and ϕ as

χ =
N∑

n=−N

0.1sech(x + 6n)

and

ϕ =
M∑

m=−M

0.1sech(y − ct + 6m), (33)

M = N = 2,

we can obtain a 5×5 ‘dromion-lattice’ for the physi-
cal quantity V under condition (33) presented in Fig.1
with fixed parameters b = −0.5, c = 1, and t = 0.

Fig.1. A dromion-lattice plot of the solution V from ex-

pression (32) under condition (33) at time t = 0.

3.2.Complex wave excitation: dromion

in a background wave

Now we focus our attention on the intriguing evo-
lution of a dromion in a background wave for the so-
lution V . For instance, if we choose χ and ϕ as

χ = 2 + 0.18tanh(0.5x− t) + 0.04sn(0.7x, 0.3),

and

ϕ = 2+0.18tanh(0.5(y−ct))+0.04sn(0.7y, 0.3), (34)

where, sn is the Jacobi sine function, we can obtain an
evolutional profile of single-dromion in a background
wave for the physical quantity V of expression (32)
presented in Fig.2 with fixed parameters b = −0.5,
and c = 1, at different times t = −8 (a), −4 (b), 4 (c)
and 10 (d). From Fig.2, we can see that the dromion
moves in a background wave, and the amplitude of
dromion changes with time because of the interaction
between the dromion and the background wave.

Fig.2. Evolutional profile of a single-dromion in a background wave for the solution V from

expression (32) with condition (34) at different times t = −8 (a), −4 (b), 4 (c) and 10 (d).
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4. Chaotic patterns in the (2+1)-

dimensional GKdV system

In this section, we mainly discuss some local-
ized coherent excitations with chaotic behaviour in the
(2+1)-dimensional GKdV system. For simplicity, we
discuss only the field v1 of expression (27), namely

V =v1 = − 1
2b

[4ϕyχx(csch(χ + ϕ)2

+ csch(χ + ϕ) coth(χ + ϕ))]. (35)

4.1.Chaotic line soliton

If the functions χ and ϕ are assumed to be so-
lutions of a chaotic dynamical system, we can derive
some localized excitations with chaotic behaviour. For
example, χ is determined to be a solution of the fol-
lowing nuclear spin generator (NSG) system,[5]

mξ = −1.3m + n, nξ = −m− 1.3n(1− 3l),

and
lξ = 0.15− 0.52l − 3.9n2, (36)

where m, n, and l are functions of ξ (ξ = x or
ξ = y − ct). The NSG system is a high frequency os-
cillator which generates and controls the oscillations
of a nuclear magnetization vector in a magnetic field.
One of typical chaotic attractors for the NSG system
(36) is depicted in Fig.3 when

m(0) = 1, n(0) = 2 and l(0) = 0. (37)

Now we take

χ(x) = 1 + m(x) and ϕ = 1 + exp(y − ct), (38)

where m(x) is the solution of NSG system (36) with
initial conditions (37). Through this choice, the
dromion localized in all directions is changed into a
chaotic line soliton, which presents chaotic behaviour
in the x-direction though it is still localized in the y-
direction. Figure 4 shows the corresponding plot of
the chaotic line soliton for the field V of expression
(35) with fixed parameters b = 1 and c = 1 at time
t = 0.

Fig.3. (a) A typical attractor plot of the chaotic NSG system (36) with initial condition (37),

and (b) a typical plot of the chaotic solution m of system (36) related to (a).

Fig.4. A plot of the chaotic line soliton for the field V de-

termined from expression (35) with condition (38), b = 1,

c = 1 and t = 0.

4.2.Chaotic pattern

Furthermore, if χ and ϕ are both selected as
chaotic solutions of some lower-dimensional non-

integrable model, the field V of expression (35) will
behave chaotically in all directions and yield a chaotic
pattern. For example, χ and ϕ may be chosen as

χ = 1 + m(x) and ϕ = 1 + m(y − ct), (39)

where m(x) and m(y − ct) are the solutions of NSG
system (36). Figure 5(a) shows a plot of the special
chaotic pattern for field V expressed by expression
(35) with condition (39), b = 1 and c = 1 at time
t = 0. In order to show that the chaotic behaviour
is due to the peak values of solitons, we enlarge small
region in Fig.5(a) (x ∈ [10, 11], y ∈ [10, 11]), and the
result is shown in Fig.5(b), which presents clearly a
kind of dromion with a chaotic structure.
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Fig.5. (a) A plot of the chaotic patten for the field V expressed by expression (35) with condition

(39) at t = 0, and (b) an enlargement of the central area of (a).

5. Summary and discussion

The mapping method is a kind of classic, effi-
cient and well-developed method to solve nonlinear
evolution equations, of which the remarkable char-
acteristics are that we can infinitely have different
ansatzes and thus end up with the abundance of so-
lutions. In this paper, by using the modified mapping
approach and a linear variable separation approach,
we find some new exact solutions of the general (2+1)-
dimensional Korteweg–de Vries system. According to
the derived solutions, we obtain a 5×5 dromion-lattice
excitation and a complex wave excitation—a dromion
moves in a background wave, which are different from

the results of the previous work. Additionally, by us-
ing the NSG system, Fang et al recently obtained some
chaotic solitons of the (2+1)-dimensional Generalized
Broer–Kaup system.[5] Along with the above line, we
use the NGS system to obtain new chaotic patterns of
the (2+1)-dimensional GKdV system. Especially, we
enlarge the small region in Fig.5(a) to show that the
chaotic behaviour is due to the peak values of solitons.
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