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The eigenvalue problem of an infinite-dimensional Hamiltonian operator appearing in the isotropic plane magne-

toelectroelastic solids is studied. First, all the eigenvalues and their eigenfunctions in a rectangular domain are solved

directly. Then the completeness of the eigenfunction system is proved, which offers a theoretic guarantee of the fea-

sibility of variable separation method based on a Hamiltonian system for isotropic plane magnetoelectroelastic solids.

Finally, the general solution for the equation in the rectangular domain is obtained by using the symplectic Fourier

expansion method.
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1. Introduction

Magnetoelectroelastic solids possessing simulta-
neously piezoelectric, piezomagnetic and magneto-
electric effects, are a kind of new functional mate-
rial. Their mechanical and physical behaviours have
attracted more and more attention.!'=4 Because of
multi-field coupling, the magnetoelectroelastic solid
problem is more difficult to solve than the elastic-
ity problem. In Ref.[5], the author investigated the
isotropic plane magnetoelectroelastic solid problem by
using variable separation method based on a Hamil-
tonian system. But, the feasibility of variable separa-
tion method in a Hamiltonian system for the isotropic
plane magnetoelectroelastic solid equations has not
been considered.

In this paper, the isotropic plane magnetoelec-
troelastic solid problem is studied. The feasibility of
variable separation method in a Hamiltonian system
for the isotropic plane magnetoelectroelastic solids is
demonstrated. In other words, we prove the com-
pleteness of an eigenfunction system for an infinite-
dimensional Hamiltonian operator. And the general
solution for the isotropic plane magnetoelectroelastic

solid problem with the homogeneous boundary condi-

tions is given.

2. Basic equations and Hamilto-

nian system

2.1. Basic equations

The basic equations of isotropic magnetoelectroe-
lastic solids in the zy plane are as follows:
(1) Governing equations:

07w | OToy
Ox * oy 5
0D, 90D,
Ty _ 1
5 oy " (1)
0B, 0B,
Oz + oy 0
(2) Constitutive equations:
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where
C11 €15 q15
C=\|es —ann —fn (3)
@5 —Pu

is a positive definite matrix. Here w, ¢ and v are
the elastic displacement, the electric potential and the
magnetic potential, respectively; 7., and 7, are the
stress components; D, and D, are the electric dis-
placement components; B, and B, are the magnetic
induction components; c11,a17 and 117 are the elas-
tic modus, the dielectric permittivity and the mag-
netic permittivity, respectively; eis, gi15 and (11 are
the piezoelectric, the piezomagnetic and the magneto-
electric constants, respectively; f and p are the body
force and the density of free charges in the region,
respectively.

2.2. Derived to Hamiltonian system

We consider a rectangular domain as shown in
Fig.1 and the homogeneous boundary conditions

w=0, ¢=0, =0, and z = £h. (4)
—h

0 > Y

\ y=1

Fig.1. Rectangular domain.

The vertical coordinate y here is employed to sim-

ulate the time variable in a Hamiltonian system. Let

U= (we), V= C%Z = (72y,D,, B,)", then

Egs.(1) and (2) are derived into the following infinite-
dimensional Hamiltonian system:!°!

()= (e ) (D))

0x?

U =0, and z = =+h, (5)
where f = (—f,p,0)".

3. Variable

and the completeness of eigen-

separation method

function system

3.1. Variable separation method

In order to solve the nonhomogeneous linear par-
tial differential equation (5), the following homoge-

neous equations should be solved first:
o (U 0o, C '\ /U
a(v) - (—082 0 (V) (©)
Y Ox?
U =0, and = = *h.

Equations (6) can be solved usually by using the vari-
able separation method. Let

(UT, V)T = Q)T (y),

and substitute it into Eq.(6), then we will obtain the

following eigenfunction equation:
HQ(z) = A\Q(x), (7)
and
T(y) = e, (8)

where Q(x) is a 6 x 3 matrix; T'(y) is a 3 x 1 matrix; A
is the eigenvalue to be solved; Q(x) is the eigenfunc-
tion vector which must satisfy the boundary condition
Q(£h) = 0. The operator H in Eq.(7) is called the
infinite-dimensional Hamiltonian operator, and it is

(et )

92(H) = { <u> € Z x Z|u' is absolutely continuous,
v

expressed as

u(xh) =0,u" € Z}, 9)

where Z = L3*3[—h, h], with the symbol L3**[~h, h]
denoting the set of all 3 x 3 matrices, in which each
element is adopted from the function space La[—h, h].

3.2. The completeness of eigenfunction
system

By solving Eq.(7) with boundary conditions
Q(£h) = 0, the eigenvalues A, and eigenvectors {Q,, }
of the operator H are given by

km C-2 kmx
= — P— k 1 1 —
Aok W Q2r ( }ZTCE > sin ——,
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where C'2 and C~2 are square roots of the matrices
C and C~!, respectively.

Lemma 1 The system of functions {g¢,}>2,,
where
. kmx
g2k = SN h
and
(2k — V)mz

g2k_1 = COS k=1,2,... (11)

2h 7
is a orthogonal system of functions in the function
space Lo[—h, h].

The next statement plays a very important role
in proving our main result.

Lemma 2 The eigenfunction systems {Q,}*,
(n is non-zero integer) of infinite-dimensional Hamil-
tonian operator (9) are symplectic orthogonal to each
other, that is,

0 k+s#0,
JQs. d 12
/Q% Q2 dz = {2k7r13, kis—o, 12
h
/ Q1@ o
0, k+s—1#0,
— 13
{—(Zk‘—l)ﬂ'lg, k+s—1=0, (13)
and
h
/QQTkJQ2s—1de:07 (14)
—h
where
100
I
J:<OI 5’) and Irs=[0 1 0
3 00 1

The proof of Lemma 2 is simple by straightfor-
ward calculation. Therefore, it is omitted here.

Taking advantage of Lemma 1 and Lemma 2, we
have the following theorem.

Theorem 1 Eigenfunction system (10) of
infinite-dimensional Hamiltonian operator (9) is a
complete system in the sense of Cauchy’s principal

value in the function space Z x Z. Namely, for any
<f> € ZxZ, (f) has the following expression of
g g

symplectic Fourier series by using the eigenfunctions

{Qn}(n==41,+2,..):

(f) = io: (Q2:C2k + Q—21C—_op

g k=1
+Q2k—1C02%—1 + Q—2k+1C—2k+1),

where
h
/ QY. J (f) dz
Cop = — —h g
2km
h
[ a(t)s
Coop = —h g
2k
h
/ QLo (g) dz
Cop_y = 2= ;
2k — )
and
e ()
C_opt1 = @k D)

f

Proof For any ( € Z x Z, suppose that it

has the following expression of formal Fourier series:

(f> = io: (Q21C2% + Q—21C_2p,
g k=1

+Q21-1C2%-1 + Q—2k41C—2k+41),

multiply the formula above by QT,, J on the left, and

integrate the obtained result from —h to h, then it will
follow from Lemma 2 that
h f
I QLy T (g) dz

h f
Lh QIQkJ <g) dz
CQk‘ - h T = — Qk .
J2, QLo JQarda 0
Similarly we can obtain C_op, Cor_1 and C_gg 1.
We shall show that

F N
( > = lim Z(Q2k02k+Q—2kC—2k

N —o00
9 k=1

+Q2k-1C2,—1 + Q_2k+1c_2k+1). (15)
Note that

Q21Co1 + Q—2,C_ap,

h
7 9
k
1 krx [T C7lg+ %f
= —Sin—/ 5’5
2km h J_, km k4w cf
h h?
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kmt k ’
fhhgsm % sin %dt
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and

Q2r-1C28—1 + Q—2k+1C_2p41

_ A/h { ( 2%5) At ()
(o))

(2k — 1)7rxdx

X
(¢0)] oh

h 2k —Dnmt 2k — D7z

1 J=, fcos o 2h1) tcos o 2}11) dt
h — D)7 — D)z ’

Jo, gcos 57 cos 57 dt

1 (2k — D)z
here A =
where A cos o

Hence

Q21Co% + Q—2,C—2k + Q2—1Cak—1

[ (oo

krt .k
G(z,t) = sin%sin%

(2k — )mt (2k — )mx
on T o

Let f = (fij)sxs and g = (gij)3x3, then (i, j)-
elements U of the matrix QoxCor + Q_2kC_or +

Q2r-1C21—1 + Q_2k4+1C_2x41 Will be given by

+Q 2k 4+1C 2341 =

where

+ cos

1 h
= E/hfijG(x,t)dt, i=1,2,3, j=1,23;

and

v]

1 h
- E/ ;G )dt, i = 4,56, j = 1,2,3.
—h

Obviously,

and
1 [
EZ/ gijG(x,t)dt,
k=17 —h

are the Fourier series of f;; and g;; expanded by using

the orthogonal system {g,}52 , respectively. This

means that

1o ("
fij = EZ/ [i;G(z,t)dt
k=17 "h
and

1= ("
9ii = 3 Z/ 9 G (,t)dt
k=1/—h

S (QakCor + Q-2kCor +

k=1

f
Q2t-1C2%—1 + Q_2p+1C_2x41) converges to (g ;
that is, formula (15) is proved.

Therefore, the series

4. The general solutions of equa-
tions (1) and (2)

It follows from Theorem 1 that eigenfunction sys-
tem (10) is a complete system in the function space
L3*3[—h, h] x L3*3[—h, h]. By the principle of super-
position, the solution of Eq.(5) has the following rep-

resentation:

Z{Qm () + Q-m(2)T-m(y)}. (16)

0
Let the inhomogeneous item (f) of Eq.(5) have

the following symplectic Fourier expansion:

() Z{Qm

where the Fourier coefficients Sy, (y) and S_

) + Q-m()S-m(y)}, (17)

m(y) are
given by taking the symplectic orthogonality of eigen-

functions,
1@t () as
S’m(y) = h T 9
/5, QT JQmdx
and
f Qm (f>
S_m(y) = m=1,2,....

S QEIQ pmda
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Substitute Eqgs.(16) and (17) into Eq.(5), and the
following solutions can be obtained:

Y
To(y) = Kyed ¥ + / S ()M dr,  (18)
0

and

Yy
T 5) = Ko™ 4 [ S p(r)e 0D,
0

U(z,y)",V(z,y)")"
w7 SO 1/17 sz7 Dy7 By)T

m=12,..., (19)

where K; and K> are any 3 X 1 constant matrices,
which are determined by the boundary conditions of
the lateral side y.

Substituting expressions (18) and (19) and eigen-
functions (10) into Eq.(16), it follows from Lemma 2
that

= 3 (Qu(@) K1Y + Q@) Kae™ ) + / Z Qun (@) S ()X V=) + Q@ () (7)e 07 )dr
m=1
B i C~2[P1(Aak, ¥, 0) sin Mg + Po(Aak—_1, ¥, 0) cos Aap_17]
=\ C2 Aok Pa(Aak, 4, 0) sin Agps + Aog—1P1 (Azk—1, %, 0) cos Agg_12]
1
N /y /h i cf [—Pl(/\gk,y, T) sin Aggx sin Agpt + mpl()\zk_hyﬂ') COS A2k —17 COS Agg—1t dtdr,
0 J=hp_y 2hf[772(>\2k7 Y, T) sin Agx sin Aoxt + Po(A2k—1, Y, T) COS Aok —1Z COS Agp—1t]
(20)
where are covered by the well-known Saint Venant principle,
Py, ) = Ky 0=7) — Koo b}lt thejir exact forms zjtre helpful for describ.ing(a_t?e
discontinuous load, etc in a rectangular domain.[6—9]
and
Pa(Ay,m) = K1) 4 Kpe 07T, 5. Conclusions

From the first formula of Eq.(2) and Eq.(21), we
have

(Tz:r:7 Dzv B, )T

- Z{C

*>\2k 1P2 >\2k 1,¥,0)sin Agp 2]}

// Z{C LF[P1( A2k, y, T) cos Ao

hj=1
X sin Aot — Pa(Aok—1,¥, 7)sin Agp_12

X €08 Agg—1t] tdtdr. (21)

(A2 P1( A2k, ¥, 0) cos Agpx

The formulae (20) and (21) describe the general
solutions of Egs.(1) and (2) with homogeneous bound-
ary conditions (4) on the z-side, and Ay(op—1) =

@k —r k=1,2,....

), the solutions

+ and /\i(2k) = i%,

By using formulae (20) and (21
of the Egs.(1) and (2) are exponentially decreasing
along the positive direction and the negative direction

of the coordinate axis y, respectively. These solutions

In this paper, we have proved the completeness
in the sense of Cauchy’s principal value of an eigen-
function system for an infinite-dimensional Hamilto-
nian operator. The operator comes from the isotropic
plane magnetoelectroelastic solids. This result offers
a theoretic guarantee of the feasibility of variable sep-
aration method based on a Hamiltonian system for
isotropic plane magnetoelectroelastic solids.

The Refs.[10,11] also discussed the completeness
of an eigenfunction system for an infinite-dimensional
Hamiltonian operator, but the completeness was not
proved in case of the function spaces(for example, the
function space Ly X Lo). Furthermore, the complete-
ness of an eigenfunction system for a specific Hamil-
tonian operator appearing in elasticity and relevant
fields has not been studied in the references.

Although only the case of isotropic plane magne-
toelectroelastic solid is studied in this paper, the ap-
proach can be used for reference to the more complex
problems.
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