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Under a simple shear flow and in a static external magnetic field, the production of defects in the director-aligning

regime of nematic liquid crystals has been investigated in terms of the Leslie-Ericksen theory. The equation of motion

of the nematic director, which conforms to the driven over-damped sine-Gordon equation, has a soliton solution of

the amplitude m. We show that the stationary state with the director uniformly oriented at a Leslie angle is only a

metastable state and the potential, which governs the motion of the director, has a number of stable stationary states.

For a strong magnetic field, the higher energy barrier between the stable and unstable states leads the director to

be locked along the magnetic field direction. However, at the appropriate shear rate and magnetic field the defects,

which appear as a stable solitary solution, can be nucleated from a uniformly aligned nematic liquid crystal. We have

calculated the stationary travelling velocity of the solitary waves and the distance between a pair of defects.
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1. Introduction

The physics of pattern formation in systems
driven far from equilibrium is currently an important
subject of the intense theoretical and experimental
effort.[1:2] Liquid crystals provide an excellent system
to examine nonlinear pattern-forming behaviour.!34
Due to the anisotropy of liquid crystal parameters,
such as viscosity, elasticity and dielectric susceptibil-
ity, several responses of the system to the applied fields
appear coupled, resulting in new pattern-forming phe-
nomena. In recent years, a considerable number of
studies are carried out on nematic liquid crystals un-
der applied external fields.[5—34]

One extensively studied example is a homeotrop-
ically aligned nematic liquid crystal in a continu-
ously rotating magnetic field,"1% where many kinds
of soliton patterns, such as defect lines,®! concentric
rings,[>® lattices of concentric rings®®! and spirals,!”!
have been observed.

Another interesting example is the instability of
the director field in a homeotropically aligned nematic
liquid crystal subjected to a shear flow.*1=13] The re-
sponse of the director to an imposed flow is determined

completely by the six Leslie coefficients, u1 — ug, and

two of them, ps(< 0) and us, are the most impor-
tant to describe the coupling between flow and direc-
tor orientation.l! For us < 0, a balance of hydro-
dynamic torques exerted on the director leads to a
steady alignment of the liquid crystals at a charac-
teristic angle along the flow direction. For us > 0,
the hydrodynamic torques always tend to rotate the
director, resulting in an oscillatory response in mate-
rial function. We refer to the former situation as flow
aligning, while the latter situation as flow tumbling.
Nematic liquid crystalline materials under a shear flow
are known to exhibit defect production,!!*1° leading
to significant concentrations of defect lines. Many
transient and stationary patterns are observed during
and after the cessation of shear flow. Roll-cells with
the roll axis parallel to the flow direction are called
stripes and the periodic band textures with the band
axis parallel to the vorticity axis are called bands. Un-
der a shear flow, stripes are found experimentally for
many polymeric nematic liquid crystals.'6=18 Tt is
generally believed that the stripes only exist in flow-
tumbling nematics.['92%) Band and thread textures
are also found during shear,['8:21 especially for the
low shear rate and/or the small shear strain.!?2:2%l On
the other hand, after the cessation of shear flow the
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patterns are basically the band structure.!*8:24:25]

It is generally believed that nematics of the tum-
bling type should be the candidate for the production
of defects[?6! due to their propensity for various flow
instabilities. However, the situation is not so simple
as expected. Surprisingly, it has been found that in
initially aligned samples of typical flow-aligning ne-
matic liquid crystals with low molecular weight, such
as MBBA[R7 and 5CB,[?8] a plenty of defects are also
produced during the shear flow. This makes unclear
the connection between the flow-tumbling nematic lig-
uid crystal and the production of the defect. Further-
more, it has been discovered that in a static exter-
nal magnetic field, the so-called flow-aligning liquid
crystals with ps/ps > 0 can, for an appropriate field
strength and direction, exhibit tumbling under a sim-
ple shear flow, whereas the original flow-tumbling liq-
uid crystals with us/pus < 0 can show aligning in a
strong magnetic field.[?5] Recently, we have discussed
solitons and defects in flow-aligning nematic liquid
crystals under a simple shear flow.*¢) In this work,
we further discuss the more complicated case of the
system under a simple shear flow and a static exter-
nal magnetic field.

2. Stability of uniform stationary
states

The geometry of the experimental sample is a slab
of a nematic liquid crystal of thickness d confined be-
tween two parallel glass plates. As shown in Fig.1,
a simple shear flow is applied to the system with the
flow velocity v in the x direction and the velocity gra-
dient in the y direction, i.e., v, = yy, where + is the
shear rate. Under the generally accepted assumption
that the director n always lies in the x — y plane, the

Y H Ve =YY
O

Fig.1. The definition of the coordinate system.

orientation of the director is described by 6 made with
the y-axis. Although this is not the case experimen-
tally, as noted by Gleeson et al[>"] the essential physics
remains the same. In addition, a static external mag-
netic field with angle 6, made with the y-axis is also
exerted on the system.

Because we are only interested in the spatial
structure in the y direction, it is assumed that the
The one-

dimensional approximation holds true, when the sam-

system is uniform along the z direction.

ple thickness d is much larger than the boundary layer
of the cell.

tion, the dynamic equation of the director orientation
5[35—40]

In the one elastic constant approxima-

00 020
715 = KaiyZ
—ensin2 (6 —6n). (1)

+ (3 sin® 0 — po cos® 0) 4

Here, K is the Frank’s elastic constant, and v; =
s — e > 0 the rotational or twist viscosity, where
to and pg are two Leslie coefficients. The third term
on the right hand of Eq.(1) refers to the maximum
magnetic energy for a given magnetic field strength
H with e, = 0.5x.H?, where y, is the anisotropy
of the magnetic susceptibility and is, without loss of
generality, assumed to be positive. For e, = 0, the
dynamic equation under a simple shear flow is recov-
ered. For 4y lower than the velocity of the soliton, we
have 00/0t + 4y00/0x ~ 960/0t. Thus, we can also
obtain the same results in the z direction.

As in Refs.[35-40], the linear velocity profile in
the flow direction is assumed. This is not the case
in reality, as the liquid crystalline systems can have
strongly non-Newtonian flow properties. In principle,
the Navier—Stoke equation should be coupled with ap-
propriate boundary conditions. This is very compli-
cated and cannot be solved analytically. However, nu-
merically the assumption on v, has been checked to
be valid.[?”]

We should note in advance that Eq.(1) conforms

to the driven over-damped sine-Gordon equation!*!]
n@f %+F*VSiH0*O (2)
022~ ot osmy="5

where V| is the maximum potential and F' the driving
force. The driven over-damped sine-Gordon equation
has a solution of stable propagating soliton of ampli-
tude 27.[*1] Thus, the complex spatial structures could
exist in the nematic liquid crystals.

For a uniform system,
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00 . .
Ny = (ug sin? @ — pig cos? 9) 5
—epsin (2 (0 —6y)) . (3)

Equation (3) reveals that there exist two kinds of so-
lutions, i.e., director aligning and director tumbling
types.

In the director-aligning regime, there exist two
stationary solutions, which are obtained by solving the
following equation:

(13 sin® 0 — po cos® ) 4 — ey sin (2 (6 — 6y)) = 0. (4)

B (a) T .
J75 T S . aligning regime
& tumbling regime
13 S .
0 wn/4 =w/2 3x/4 = b5w/4 3n/2 Tw/4 27

O

The necessary and sufficient condition for director
aligning is

pspe — (3 + po) Spsin(20,) + S2 >0,  (5)

where Sy, = e,/4 = 0.5x.H?/%, indicating the effec-
tive field strength relative to the shear rate. Based
on Eq.(5), we obtain the diagram for director tum-
bling and director aligning in a static magnetic field,
as shown in Fig.2.13% In a static magnetic field, the

7“2 .................................... aliglling regjrne

&

7“3 .........

tumbling regimé
0 n/4 w/23r/4 7 br/437/27n/4 27
O

Fig.2. State diagrams for the original aligning-type (a) and the tumbling-type (b) of nematic liquid crystals

subject to a simple shear flow and a static magnetic field (see also in Ref.[5]).

so-called flow-aligning liquid crystal with pu3 < 0 can,
for the appropriate field strength and direction, ex-
hibit tumbling, whereas the original flow-tumbling liq-
uid crystal with puz > 0 can show aligning.[*®! For
the non-stationary state, Eq.(3) describes a time-
dependent director motion of a uniform system. In the
director-tumbling regime, both theoretical analysis[®®)

l

and Brownian dynamics simulations*2~44! have shown
that the director is continuously rotating with time
with a well-defined time period.

In the director-aligning regime, Eq.(4) has a set
of stable stationary solutions 65 and a set of unstable
ones 0. The linear stability analysis shows

0s = k7 + arctan (

and

—Sh cos(260y) 4 \/pispiz — (13 4 p2) Sk sin(260y) 4 S7 (6)
Shsin(260y) — us

0, = km + arctan (

where k is an integer. For S, — o0, Egs.(6) and (7)
give s — kr+0y, and 0,, — km+7/2—6),. In the next
section, we will see that the so-called stable stationary
states are only metastable.

3. Spatial inhomogeneity

In order to analyse the possibility, structure and
the conditions for the onset of spatial structures, the
strategy of Ref.[41] will be closely followed.

—Sh cos(20y) — \/,ugug — (ps3 + p2) Shsin(260y) + S 7)
Sy sin(26y) — ps ’

3.1. Potential energy

The motion of the director described by Eq.(1)
can also be written as

@ B _6E(9)
Mot =~ 50

where the energy functional, which governs the direc-

V(o) + g (gg)zl : 8)

tor motion, is

E0) = /dy
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with potential energy density
_ 7 gl .
V(o) = —§(M3 — p2)0 + Z(,US + f12) sin(26)
—%h cos(2 (0 — By)). 9)

As shown in Fig.3, V(0) has stationary points given
by Eqs.(6) and (7). In numerical calculations, we have
set po = —0.4 and psz = —0.04.

T T T T T T T T T
0 i
~
\ o Abm
\ \
—054 \'veJ : / ]
; ~ Sh=1.0
2B
= : ‘\ W\
= —1.01 AV/Y: A FN Sh =05 B
> ; : hee :
-~ : .~
: : ‘/ N
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—1.51 : \\’,/ |
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0 2 4 6 8
Os Ou Os+m Oyt [

Fig.3. The potential V(6) for S, = 0.25,1.0 with ps =
—0.4, u3 = —0.04 and 6, = 1. The angles 65 and 6,, denote
the stable and unstable stationary states. The maximum
deviation from 65 is labelled as Afy,. AV is the poten-
tial energy barrier between the state of 6, ; and the next
stationary state, s 1.

The energy density difference between stable and
unstable stationary states, AV, which is the energy
barrier for the system to transfer from a stable sta-
tionary state to the next unstable stationary state, is

written as

AV

V(eu) - V(Qs)

= s — )6~ 02)

4 stz — (13 + 12) S sin(26) + S2. (10)

When the second term on the right hand side of
Eq.(10) is the leading term compared with the first

term, the energy barrier is very high. Hence the lig-
uid crystal director is locked along the magnetic field
direction. However, we should point out that the en-
ergy barrier for the system of 65 to climb up to the
next hill of 6, ;41 and transfer to the next minimum
of 05 141 is low for appropriate Sy, 6, and 4. There-
fore, the thermal fluctuation and/or the mechanical
noises should be able to lead the system to sequen-
tially transfer to the lower valleys.

In Fig.3, if all the director is aligned in the sta-
tionary state of 65 1, the potential of state k is higher

than the state k + 1, i.e., with 85 41 = 65 + 7. Due
to the fact that the reduced potential, V'(0)/4, has in-
finite stationary states, there can be states in which 6
increases monotonically, undergoing more or less dis-
crete changes m at each pair of defects. Although we
know that nematic liquid crystals have the property
of n = —n, and their energy should be the same if
all the nematic liquid crystalline molecules have ro-
tated an angle of 7; here the reduced potential en-
ergy V(0)/4 simply implies that the states of certain
0s (k=0,1,2,...) are only metastable, and thus the
fluctuation-assisted transition of the system from one
minimum to the next one will be most likely to occur
through a time sequence of configurations requiring
the minimum intermediate elevation in energy. If one
block of the directors in the middle of the system are
rotated by an angle of 7, i.e. it has been transferred to
the stationary state of 6, 41, while all the others are
staying in the stationary state of 0y, then one pair
of defects is generated. We should notice here that
the term of defect is widely used in the literature of
liquid crystals, while it is termed as kink and antikink
by Biittiker and Landauer®*! or in the literatures of
condensed state physics.[*5] The fact is that the block
which has rotated an angle of m has gained the po-
tential energy which can compensate the energy costs
for generating defect pairs. Therefore, the balance
between the gained potential energy and the energy
for producing of defects determines the number of de-
fects. As the states of 6, is only metastable, there
should exist saddle points. In order to know the direc-
tor configurations when the system starts to transfer,
we have to search for the saddle points in the energy
surface E(6) through which the director configuration
can pass.[*!]

3.2. Nucleus for the spatial inhomogene-
ity
It is clear that the saddle points in the energy
surface are given by the solution of
_6E(9)
00

d?0 1 .1 .
= Kd—y2+§(u3—Mz)’y—*(ﬂ3+uz)7005(29)

2
—epsin(2(0 —60y)) = 0. (11)
Multiplying with df/dy and integrating it, we obtain

de

K ()2 —2V(0) = 2Up,

& (12)
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where Uy is integration constant.

To determine the value of Uy we assume that the
system stays in a certain uniform state with 6 = 6,
initially, thus we have (df/dy)|,_, = 0 and V(0) =
V(0n). This results in Uy = —V(0,).
Eq.(11), with Uy =
critical nucleus from the uniform initial state 0, is

o[l o

First, we discuss the case of 0, # 05 # 60,. Af-
ter introducing the deviation from the state 6, i.e.,
Af(y) = 0(y) — 0., and substituting into Eq.(12) with
Up = —V(6,), we obtain

dAd\?
Ki
(dy)

: 1. :
= — (g — p2) A + 57 (13 + p2) cos(20, ) sin(2A0)

Then, from
—V(64), the excess energy of the

given by

AEN.=AE(f

—i—%ﬁ (3 + p2) sin(26,) (cos(2A6) — 1)
—e1, c08(2 (0o, — 6n)) (cos(2A0) — 1)
— 6h)) sin(2A0).

“+En sin( ( (14)

The formal solution is
[ @)~ (s - na) 26

1
+3 (p3 + p2) cos(26,,) sin(2A0)

+% (113 + p2) sin(26,) (cos(2A6) — 1)
—5Sh cos(2 (0, — 1)) (cos(2A60) — 1)

+Sh sin(2 (6, — On)) sin(?A@)] o

i
= £/ =y
%V

(15)

AHmP (,U/3 + M?) 008(29 )

Equation (15) has been integrated numerically with
the boundary condition of Af(y = 0) = Afy,, and the
results are shown in Fig.4. We call this large ampli-
tude nucleus (LAN).

2-5 T T T T T T T
2.0 A1 B
Qg 1.5 Yp i
<
+ 1.0 b
%f/}
0.5 1 i
< 0+
—-20 —-15 —-10 -5 0 5 10 15 20
Y
(a)
Os Os +m 0s

(b)
Fig.4. (a) The critical nucleus generated from stationary
state 6s under the boundary condition of Af = A (y =
0) and A = 0(y = £d), with S, = 0.5 and 6), = 1. In the
figure, the reduced length scale is defined as Y = 4/ %y.

(b) Schematic drawing of a pair of defects with Al = 7.
The heads of the arrows do not have physical significance,
which only help the reader keep track of the orientation
and topology.

In order to discuss the small amplitude nucleus
(SAN) of the defect pair, we expand the left side of
Eq.(14) into powers of Af and only keep the terms
up to the order of AG%. When (u3 + po)sin(26,) —
25h cos(2 (0o — 6n)) > 0, we obtain

Abxp(y) =

Abmp (1 £sin(y)), (16)

with

(13 — p2) +2Sn8in(2 (00 — 6h))

and

Q_¢ﬂwﬁwgm@%yn&amu%—@m
e .
Here, (g + p2) sin(260,,) —25n cos(2 (0o — 6h)) > 0 can
be fulfilled when 6, is near 6,.
When the system is in a uniform state of 0, it can

be seen from Eq.(16) that the system will leave that
uniform state (6,) and exhibit the periodic patterns

2 [(ps + p2)sin(26,) — 25, cos(2 (6, — 6n))] ’

(bands with the axis parallel to the vorticity axis). As
this is a periodic structure, it is called periodic nucleus
and labelled as Afxp(y).

It is interesting to note that, when 6, = 65 (or
0, = 04), the coefficient in front of the term A6 is
zero in the power series expansion of V(65 + A#) (or
V(6u+A0)). Therefore, we call the director configura-
tion, i.e., the saddle-point configuration emerged from
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the stationary states, 0, critical nucleus and labelled
as Afnc(y).

To search for the critical nucleus, we can expand
the left side of Eq.(15) into powers of the small de-
viation Afnc and keep the terms up to the order of
A6 . We obtain

/ d(Abxc) [ADOxc + BAGR ¢ +C Ab%] 7

= i\/Zy, (17)

where
A = (3 + p2) cos(26s) — (u3 — p2)
+25, sin(2 (95 — 0h)) =0,
B = — (u3 + p2) sin(265) + 25, cos(2 (6s — 60y))

2\/#3#2 — (ps + p2) Snsin(26,) + SE,

and

¢ =- [(,U/3 + U2) COS(QQS) + 2511 Sil’l(2 (95 - 9}1))]

[NCIGLH )

= —g(ﬂ3—ﬂ2)~

We should mention that —B is simply the stability
condition of the stationary state and thus B is always
positive for the stable stationary state 6s. Then, the
solution of the above equation can be written as

1

AHNC = Aemcia (18)
()
cosh” [ —
28c
with
B
Ay = —=
¢ C
_ 3\/,“’3M2 — (,LL3 + [},2) Sh Sin(20h) + S}%
(Ms - ,uz) 7
and

K
§c = : - '
29/ psp2 — (s + pi2) Shsin(26) + SE

Here, we have set Afnc(y = 0) = Ab,.
Equation (18) is a soliton-like solution which de-

scribes a pair of defects separated by a distance of 2£¢.
Actually, in the limit of ug ~ g, i.e., y1 = ug — o —
0, Eq.(14) has a solution of sine-Gordon soliton[*!] of
amplitude ,

Abg(4) = 2k + 2 arctan {exp (ig)] , (19)

. K
with & = — - -
29/ 13 — 2u35h sin(26h) + S;

3.3. Domain size

Equation (16) gives the periodicity of the spatial
variation of the director, and the characteristic size [
of the director fluctuation is

l=m K
=\ 3 Gt + 1) 5in(20) — 255 c0s(2 (0 — )]

From Eq.(18), the distance of a pair of defects (which
is called domain size in the literature of liquid crystals)

is

=260 =2 ]— K .
2\ papiz — (ps + p2) Susin(20y) + SE

Since we have only expanded the right side of
Eq.(14) according to small Af, the above results are
only suitable for the small amplitude nucleus of the
defects. To find the distance between a pair of defects
of large amplitude as shown in Fig.4, we have to set
A0 = Ab,, + ¢, then we obtain

K (do\? )

[— (13 + p2) sin(265)
428 cos(2 (s — 01))] (A + ¢)2.

The above equation describes the exponential be-

haviour of a pair of defects, which has the solution
K

of y =+ B In (A, + ¢). From Fig.4, we can see
Y

that the top of the director configuration of critical

To obtain

the width of the flat top of the critical configuration,

nucleus (a pair of defects) is very flat.

we should extend the above integration to an angle
¢p > Aby,, and keep ¢, < 7. This is always valid
because A6, is small as shown in Eq.(18). The flat
top of the nucleus (a pair of the defects), therefore,
has an extension 2y,, with y, given by

Yp

| K | K
+ B In (Al + ¢p) ~ £ By In(Ab,,)

:t . K . 2
2\ sz — (ps + p2) Susin(20y) + SP

o 3\//13,“'2 — (/1,3 + ,ug) Sh sin(29h) + 5121
(13 — p2)

» (20)

as ¢p, is large and makes almost no contribution to yp.
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3.4. Energy barrier in the production of defects

For the critical nucleus, the energy barrier in its crossing the saddle is A Exc. In the limit of small amplitude

nucleus, which is the defined by Eq.(18), AEnc can be calculated analytically

8 KNG,

24 (pspa — (s + p2) Shsin(26y,) + 5121)5/4

ABEyc =

15 K
29/ pap2 — (s + po) S sin(20y,) + S2

= (2K4)"%.
5 (Ms - M2)2

For the case of periodic nucleus, the energy barrier to a pair of defects is

(3 + p2) 05(20) = (3 = p2) + 28 sin(2 (6 — 00)))* (K4)"*

AENP ==

It is seen that the energies of the states Afnc
and Afnp, i.e. AFEnc and AFEyNp, are stationary
with respect to small changes in the director con-
figuration. Here, AFEnp becomes very small when
[(15 + p2) cos(20a) — (s — p2) + 25h sin(2 (0o — 6h))]
is very small. This happens when 6, is near 6,, indi-
cating that the system will overcome the barrier A Exp
easily and the periodic director patterns emerge when
the system occasionally passes through the unstable
stationary state, 6.

As 0 is in the quadrant where (us + p2) sin(26,)—
25y cos(2(0 — 0n)) < 0, the fluctuation will leads the
system to pass through the saddle, and pairs of de-
fects described by Eq.(18) will be nucleated. However,
when S}, and % is low, the fluctuation can occasionally
lead the system to pass through the potential barrier
AV described by Eq.(10), especially when AV is very
small also. The director can either overcome the bar-
rier and transfer to the next minimum of 65 or, on the
way of passing through the potential hill, the fluctu-
ation will lead the system to leave from the potential
hill and nucleate the periodic structures described by
Eq.(18). We should note in advance that the periodic
solution is unstable, therefore, it can only be observed
as a transient pattern.

4. The stability of the pattern

According to Eq.(11), the motion equation for Af

is written as

A(A0)

92(A0) 1
nar T K

+ 57 (3 — p2)

8 (15 + 112) $in(20,) — 281 c08(2 (6 — 0))]*/2

1
) (3 + p2) 4 cos(26, ) cos(2A0)

1
+3 (3 + p2) ¥ sin(26,,) sin(2A0)
—ep, c08(2 (0o — 6h)) sin(2A60)

—ep sin(2 (0, — 6h)) cos(2A6).  (21)

The stationary solution for the above equation has
been solved in the last section. Now, we assume an-
other deviation from A6, (y) by an amount of 66(y, t)
and therefore Af(y,t) = Aby(y) + 00(y,t). By ex-
panding to the first order of 66(y, t) and the first order
of Af,(y), we obtain the motion equation for d6(y,t)

266)  92(50) .
N—p; =K By + (3 + p2) ¥

X [2cos(20,) A0, + sin(20,,)] 660
+2ep[cos(2(0, — On))
—2sin(2(0, — 0))A6,]60. (22)

As 0, and A6, (y) are independent of time, the solu-
tion of the above equation can be assumed to have the
form of

00(y,t) = 06(y) exp (—At) . (23)

Substituting Eq.(23) into Eq.(22) leads to the eigen-
value problem of

L(60(y)) = =A7160(y). (24)

d2
The operator L is defined as L= KF + R (04,A0,)
Y

with
R (0,,A0,)

= (M?) + M2) 7 [2 COS(ZQQ) ' (Aea) + Sil’l(29a)]
+2ep, [cos(2 (0o — 6h)) — 2sin(2 (0o — 0n))(A0,)] -
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For the case of critical nucleus, the eigenvalue
equation is written as

2
d2(50) <ml 1>+ 3 s9—0,

C
25)

dy?
where ¢ is defined in Eq.(18). Equation (25) is
similar to that in the case of single particle mov-
ing in a potential. The above eigenvalue equa-
tion is similar to the driven and over-damped sine-
Gordon equation.*!] The eigenvalue problem of the
above equation can be solved following Landau and

Lifshitz:[% the eigenvalues for the localized modes are
K || (- n)?
1&2 4

corresponding eigenfunctions are

C _
)\n -

] , where n = 0,1 and 2. The

565 = Co(&c) sech® (22{0) ,

()
805 = C1(gc) ——— 4,
cosh? (y)

28c

and

1 — 4sinh? <y>
565 = Ci(£c) 2o/,
cosh® (y)
2¢c

where Cy, C7 and Cy are normalization constants.
The unstable mode 66§ (y) with eigenvalue A§ de-
scribes the contraction or extension of the pair of de-
fects. The second eigenmode 3§60 (y) with eigenvalue
A describes the translation of the defect pair. The
third eigenmode 0605 (y) with eigenvalue AS describes
the extension or contraction of the width of each de-
fect. It is seen that the energy decreases in the di-
rection of the unstable localized eigenmode, 56§ (y),
and increases in the stable localized eigenmode 665 (y).
Following the discussion of Biittiker and Landauer,!*!
the curvature near the saddle of the energy surface in
the direction of a certain mode (n) is proportional to
1/AC. Therefore, we can see that the saddle of the en-
ergy surface in the direction of 665 (y) is flat and it is
very flat in the direction of 465 (y). This also implies
that the production of defects can happen easily.

5. Stability and the travelling ve-

locity of the soliton

Due to the existence of macroscopic shear flow,
the drift of the pair of defects will be basically in the
flow direction. To investigate the propagation of these
driven defects, we search, generally, for the stationary
travelling waves 6(z) which depend on y and ¢ only in
the combination z = y+ut, where u is the propagation
velocity of the defect pair in the minus y direction. For
a stationary travelling of the defect pair with velocity
u, Eq.(1) becomes

020 09 1

g0 00 1
5.2 U’Ylaz+2(ﬂ3 f2) ¥

1 .
3 (13 + p2) ¥ cos(26)

—epsin(2(0 —0y)) = 0. (26)

By linearizing Eq.(26) with respect to a small pertur-
bation 06(y) to soliton Afs(y) of Eq.(19), the motion
equation for 66(y) is

92(50) a(60) .
K— 5~ —umn—pg— — (ks + u2) 7sin(2A6;)

+2ey, cos(2 (Abs — 0y))] - 60 = 0. (27)

Actually, for the sine-Gordon soliton described by
Eq.(19), it is well known that the travelling of the

soliton is stable against the small perturbations.[*1:47]

We have numerically analysed the flow of
(d6/dz,0) for Eq.(26), as shown in Fig.5, and found

db/dz

Fig.5. The phase diagram calculated from Eq.(26). For
the case of us = —0.4, u3 = —0.04, it is shown that the
travelling defects connect (0, 6s) with (0, 6s+m), an unsta-
ble solitary solution is emerging from (0, 6s) and spiraling
to (0, 6u). The unbounded travelling waves can also be
seen from the figure.
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two types of solutions. The first solitary solution
emerges from a stable stationary state (0, 65) and
spirals to the neighbouring unstable state (0, 6,),
which is unstable against small perturbations. This
solution corresponds to our solution of periodic nu-
cleus, Eq.(16). The second solitary solution departs
from a stable uniform state 6, ) and approaches the
next neighbouring state 0, 41. This solution is stable
against small perturbations. The flow of (df/dz,0)
reveals that the critical nucleus generated from the
stable state 0, ) is stable while the periodic nucleus
generated from unstable state 6, is unstable. If the
system accidentally goes to the unstable state 6, ;, due
to some mechanical or other noises, the travelling wave
will be spiraling away from that state and get into the
stable solution. This character of the flow diagram
is coincident with the qualitative discussion given in
Section 2. It also agrees with the analysis given by
Biittiker and Thomas!*” for the over-damped sine-
Gordon soliton.

Fortunately, the travelling velocity of defects, u,
can be calculated analytically. Following Ref.[41], we
obtain

Ll Ky

u =

(28)
We should note that for a given shear rate, when
Sh > (us + po) sin(26y,) the static external magnetic
field can decrease the travelling velocity. On the con-
trary, when Sy, < (u3 + p2) sin(26y), the static exter-
nal magnetic field can increase the travelling veloc-
ity. The velocity of the stationary travelling soliton u
can also be determined by a numerical method intro-
duced by Biittiker et al.*”! The values of u obtained
by numerically solving Eq.(26) are shown in Fig.6 and
is in excellent agreement with the analytical results,
Eq.(28). However, in the limiting case of the strong
shear rate and magnetic field, the first two terms on
the left side of Eq.(27) can be neglected, thus in flow-
aligning regime the system will be uniform with a di-
rector angle of 6.

\/(ug + o)’ + 452 — A4Sy (us + po) sin(26y)

50 1

40 1

30 1

u/(p/s)

20 1

101

15 20 25 30
/s

Fig.6. Propagation velocity of a pair of defects as a func-
tion of the shear rate. In the calculation, pg and pg have
been set to be —0.4 and —0.04, respectively which corre-
sponds to the values of 5CB. The dots are obtained by
numerical simulation of Eq.(26) and the solid line is the
analytical result of Eq.(28).

6. Summary and conclusions

We have developed the nucleation theory for the
production of defects in shear-aligning regime of ne-
matic liquid crystals under a simple shear flow and
a static magnetic field. The production of defects is
the characteristic behaviour of the director-aligning
regime of nematic liquid crystals. When the static ex-
ternal magnetic field is very strong, the energy barrier
between the stable and unstable states is very high.
But for the appropriate shear rate and also the ap-
propriate strength and direction of the static exter-
nal magnetic field, the defects, appearing as a stable
solitary solution, can be nucleated from a uniformly
aligned nematic liquid crystal. It is found that there
are two types of spatial patterns, i.e., unstable peri-
odic nucleus and stable critical nucleus. The periodic
pattern can be observed at low shear rate and low
magnetic field strength. However, the periodic pat-
tern can only be observed as a transient pattern be-
cause it is unstable against small disturbances. The
spatial pattern can only be formed through critical nu-
cleation of soliton-like structure, i.e., pairs of defects.
The distance between a pair of defects, also called the
periodicity of the band pattern and the characteristic
size of domain, has also been calculated.
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