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This paper investigates the propagation of linear dust acoustic waves in inhomogeneous dusty plasmas due to

spatial gradients of dust charge, plasma densities. A linear dispersion relation is obtained with the non-adiabatic dust

charge fluctuation and the non-thermally distributed ions. The numerical results show that the inhomogeneity, non-

thermal ions and non-adiabatic dust charge fluctuation have strong influence on the frequency and the damping rate of

waves.
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1. Introduction

There is a great deal of interest in the study of
coherent and dissipative structures in dusty plasmas
for more than a decade.[1−5] The charged dust grains
appearing in space and laboratory plasmas are of mi-
crometre or submicrometre size, massive and highly
charged. When a dust grain is immersed in the quies-
cent plasmas it can acquire charge by several mecha-
nisms such as plasma currents, photoelectric emission
and other processes.[6−8] The presence of such highly
charged dust particles would significantly modify the
collective behaviour of plasmas[9−11] and the exist-
ing plasma wave spectra, as well as introduce some
new eigen modes, called the ‘dust ion acoustic’ (DIA)
waves[1] and the ‘dust acoustic’ (DA) waves[1] in low
frequency and very low frequency oscillations. In truly
dusty plasmas, the dust charge is a new dynamic vari-
able qd and its dynamic nature would be important for
studying the behaviour of dusty plasmas. In the linear
theory, the non-adiabatic (τch/τd is small but finite)
dust charge variations result in the damping of the lin-
ear wave mode,[12−14] where τch is the charging time
scale indicating the speed of charging, and τd is the
hydrodynamical time scale indicating the speed of the
change of the hydrodynamical character, whereas, in
the nonlinear analysis, the non-adiabatic dust charge

variations lead to an anomalous dissipation in plas-
mas which causes the generation of shock waves in
dusty plasmas.[15−17] It is also important to note that
most real plasmas are inhomogeneous, and as a wave
propagates it can change its characteristics according
to the local environment. Recent experiments on ob-
servations of dust density perturbation in a DC glow
discharge in neon revealed that the phase velocity
of the density perturbation varies considerably along
the plasma column.[18] Moreover, numerical analysis
of these experimental data have indicated that most
plasma equilibrium parameters exhibit strong varia-
tions that are especially pronounced along the dis-
charge tube. Comparatively few researches have been
done about such inhomogeneous dusty plasmas. For
example, the propagation of linear waves has been
investigated with non-adiabatic dust charge fluctua-
tion and non-thermally distributed ions, but inhomo-
geneity was not considered.[19] The generalized dis-
persion describing the coupling of the acoustic modes
with the dust-charge relaxation mode and damping
of the waves is derived and analysed numerically in
homogeneous dusty plasmas.[20] Sorasio et al studied
the dispersion relation as well as the instability con-
dition in nonuniform dusty plasmas without consid-
ering the non-adiabatic dust charge fluctuation and
non-thermally distributed ions.[21] It is thus neces-
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sary to investigate plasma waves in inhomogeneous
dusty plasmas, taking into account non-adiabatic dust
charge fluctuation. Hence, consideration of dissipa-
tive properties of the linear waves in inhomogeneous
dusty plasmas should be an important and profound
issue.[22−24]

In this paper, under the assumption that τch/τd

is small but finite, we investigate the combined effects
of the non-adiabatic dust charge fluctuation, the fast
(nonthermal) ions on the propagation of linear DA
waves in nonuniform dusty plasmas. It discusses in
great detail how the dust charge variation, the pres-
ence of non-thermally distributed ions, the tempera-
tures of ions modify the frequency and damping of low
frequency mode.

2. Governing equations

We consider an unmagnetized dusty plasma sys-
tem, which consists of extremely massive, micron-
sized, negatively charged dust fluid, nonthermally dis-
tributed ions, and Boltzmann distributed electrons.
The plasmas are assumed to be inhomogeneous along
the vertically oriented tube, chosen as the x-axis. In
the steady state, the charge neutrality reads: ni0(x) =
Zd0(x)nd0(x) + ne0(x), where nd0(x), ni0(x), and
ne0(x) are the unperturbed dust, ion and electron
number densities, respectively, and Zd0(x) is the un-
perturbed number of charges residing on the dust
grain measured in units of electron charge. The DA
wave dynamics are governed by a set of fluid equa-
tion, including continuity, momentum, and Poisson’s
equations:

∂nd

∂t
+

∂(ndVd)
∂x

= 0,

∂Vd

∂t
+ Vd

∂Vd

∂x
= −q

∂φ

∂x
,

∂2φ

∂x2
= −qnd + ne − ni. (1)

Where Vd is the dust fluid velocity normalized to the
DA speed Cd =

√
Zd0(0)Ti/md with Ti being the ion-

temperature (in energy units) and md being the mass
of negatively charged dust particles, nd is the dust
grain number density normalized to nd0(0), φ is the
electrostatic potential normalized to Ti/e with e be-
ing the magnitude of the electron charge. The time
and space variables are normalized by the dust plasma

period ω−1
pd =

√
md/4πnd0(0)Z2

d0(0)e2 and the Debye
length λDd = Cd/ωpd, respectively.

The distribution function that was chosen by
Cairns et al [25] is chosen in order to model an ion dis-
tribution with a population of fast particles. There-
fore, the ion density ni is directly given by

ni =
1

1− µ(0)
[1 + β(φ + φ2)]exp(−φ), (2)

where β =
4α

1 + 3α
, α is a parameter determining the

number of fast (nonthermal) ions,

ne =
µ(x)

1− µ(0)
exp(σiφ), (3)

where σi = Ti/Te, with Te being the electron-
temperature (in energy units), µ(x) = ne0(x)/ni0(0).

The charge q = Zde (which includes the sign of
the charge) is normalized by Zd0(0)e (dust charge at
x = 0). To determine the normalized charge variable
q, we consider the following orbital motion-limited[26]

charge current balance equation. In normalized form,
it reads as:

τch

τd

(
∂q

∂t
+ Vd

∂q

∂x

)
=

τch

Zd0(0)e
(Ie + Ii), (4)

where Ie and Ii are the electron and ion current, re-
spectively. We assume that the dust grain radius (a)
¿ the electron gyroradius (ρe). The charging char-
acteristics are not significantly influenced by the ex-
istence of external magnetic field, since for a ¿ ρe,
the curvature effect of the trajectory of an electron
(ion) impinging on a dust grain of radius a can be
neglected.[27,28] Thus, considering the nonthermally
distributed ions, we get the normalized expressions for
the electron and ion currents for spherical dust grains
with radius a[29]as follows

Ie = −πa2e

√
8Te

πme
ne0(x)exp(σiφ)exp[zq], (5)

Ii = πa2e

√
8Ti

πmi

ni0(x)
(1 + 3α)

[((
1 +

24α

5

)

+
16α

3
φ + 4αφ2

)
− zq

σi

((
1 +

8α

5

)

+
8α

3
φ + 4αφ2

)]
exp(−φ), (6)

where z = zd0(0)e2/4πε0aTe, 4πε0a is the ca-
pacitance of the spherical dust grain of radius a.
τd

(
≈ ω−1

pd

)
is the dust hydrodynamical time scale and
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τch

[≈ (dqd/dt)−1
]

is the charging time scale given as

τch =

[
a√
2π

ω2
pi

Vthi

5 + 8α

5 + 15α

(
1 + z +

5 + 24α

5 + 8α
σi

)]−1

,

(7)
where ωpi and Vthi are the ion plasma frequency and
the ion thermal velocity, respectively. For a typical
dusty plasma: nd0(0) ∼ 105 cm−3, ni0(0) ∼ 109 cm−3,
ne0(0) ∼ 108 cm−3, Td ∼ 0.05 eV, Ti ∼ 0.1 eV, Te ∼
2 eV, a ∼ 1 µm, md ∼ 10−12g ∼ 1012mi.

3. Dispersion relation

3.1. Inhomogeneity and non-adiabatic

dust charge fluctuation

For non-adiabatic charge variation, τch/τd is small
but finite,[22] we set

τch

τd
= λ. (8)

In order to investigate the linear propagation of
low frequency wave in inhomogeneous dusty plasmas,
we shall carry out a normal analysis. We first ex-
press the dependent variables Vd, φ, q, and nd in
terms of their equilibrium and perturbed parts as nd =
nd0(x) + n′d(x, t), Vd = 0 + V ′

d(x, t), φ = 0 + φ′(x, t),
q = q0(x) + q′(x, t), and the perturbed quantities are
proportional to exp[i(kx − ωt)]. Then, substituting
Eqs.(2)–(3) and (5)–(8) into Eqs.(1) and (4), and lin-
earizing the Eqs.(1) and (4) with these perturbations,

we obtain the following linear dispersion relation:

D(ω, k)

= k2 −B − nd0(x)
β1 − iωλ

(
β2 − kλq0(x)

ω

dq0(x)
dx

)

−kq2
0(x)
ω2

(
knd0(x)− i

dnd0(x)
dx

)
= 0, (9)

where

B =
β − µ(x)σi − 1

1− µ(0)
,

β1 =
1 + δσi

(1 + zq0(x))(1 + z + δσi)

(
δ =

5 + 24α

5 + 8α

)
,

and

β2 =
σi

z(1 + z + δσi)

(
zq0(x)

σi

15− 16α

15 + 24α

−δσi − zq0(x)
1 + zq0(x)

− 15− 8α

15 + 24α

)
.

Equation (9) represents a dispersion relation for low
frequency waves in nonuniform dusty plasmas con-
sisting of extremely massive, micron-sized, negatively
charged dust fluid, non-thermally distributed ions,
and Boltzmann distributed electrons. It is seen from
Eq.(9) that the dispersion relation is dependent on in-
homogeneity, non-adiabatic dust charge variation and
non-thermally distributed ions.

Now we return to the determination of roots of
the dispersion relation. The explicit dispersion rela-
tion in this case may be obtained by Eq.(9) in the
form D(ω, k) ≡ Dr(ω, k) + iDi(ω, k) = 0. where

Dr = β1k
2 − nd0(x)

(
β2 − kλq0(x)

ω

dq0(x)
dx

)
− β1k

2q2
0(x)nd0(x)
ω2

+
λkq2

0(x)
ω

dnd0(x)
dx

− β1B, (10)

Di = −ωλk2 +
β1kq2

0(x)
ω2

dnd0(x)
dx

+
λk2q2

0(x)nd0(x)
ω

+ ωλB. (11)

In Eq.(10), for ω ≡ ωr + iωi, with |ωi| ¿ |ωr|, the
real frequency is obtained by setting Dr(ω, k) ≡ 0.

(β1k
2 − β2nd0(x)− β1B)ω2

r

+

(
λknd0(x)q0(x)

dq0(x)
dx

+λkq2
0(x)

dnd0(x)
dx

)
ωr

−β1k
2nd0(x)q2

0(x) = 0. (12)

Thus we obtain the real frequency,

ωr = − b

2
±
√

b2 − 4c

2
, (13)

where b =
λknd0(x)q0(x)

dq0(x)
dx

+ λkq2
0(x)

dnd0(x)
dx

β1k2 − β2nd0(x)− β1B
,

and c = − β1k
2nd0(x)q2

0(x)
β1k2 − β2nd0(x)− β1B

. The damp-

ing rate ωi is calculated from the condition ωi =
−Di/(∂Dr/∂ωr), Thus, the damping rate is given by
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ωi =
−ωλk2 +

β1kq2
0(x)

ω2

dnd0(x)
dx

+
λk2q2

0(x)nd0(x)
ω

+ ωλB

2ω(k2β1 − β2nd0(x)− β1B) + λk

(
nd0(x)q0(x)

dq0(x)
dx

+ q2
0(x)

dnd0(x)
dx

) . (14)

It is obvious from Eqs.(13) and (14) that the frequency
and the damping of the low frequency are influenced
by the dust charge variation, the presence of non-
thermally distributed ions, the temperature of ions,
and the inhomogeneity.

3.2.Non-adiabatic dust charge fluctua-

tion

In this case, we assume that the equilibrium quan-
tities are constant, i.e, nd0, q0, µ do not vary with x

coordinate, and that the ratio τch/τd 6= 0, i.e., the
ratio is a finite and small quantities. Therefore, the
dispersion relation of the low frequency waves becomes

D(ω, k) = k2 −B − β2nd0

β1 − iωλ
− k2nd0q

2
0

ω2
= 0. (15)

According to the same method, we obtain the real (ωr)
and imaginary (ωi) parts of the frequency, respectively

ωr =
(

β1k
2nd0q

2
0

β1k2 − β2nd0 − β1B

)1/2

, (16)

ωi =
−λk2 + λB +

λk2q2
0nd0

ω2

2(k2β1 − β2nd0 − β1B)
. (17)

It is obvious from Eqs.(15), (16) and (17) that the
dispersion relation becomes simpler when the inhomo-
geneity is neglected, and that the non-adiabatic dust
charge fluctuation and the non-thermally distributed
ions have effect on the propagation of the low fre-
quency waves.

3.3.No charge fluctuation

In this case we assume that the charges on the
dust grains are fixed. Therefore, the dispersion re-
lation of the low frequency waves in the presence of
non-thermally distributed ions becomes

D(ω, k) = k2 −B − k2nd0q
2
0

ω2
= 0. (18)

It is seen from Eq.(18) that the frequency of the low
frequency waves does not include the imaginary part,

which means that the waves is stable when the dust
charges are constant and the dust plasmas are homo-
geneous.

4. Numerical results and discus-

sion

We now investigate the influence of the inhomo-
geneity, the dust charge variation, the presence of non-
thermally distributed ions, and the temperature of
ions on the propagation of the low frequency mode
by using the general dispersion relation, viz. Eq.(9).
To make further progress we need to find a plasma
model that can easily be discussed throughout. Al-
though there are a number of measurements and com-
puter simulations of inhomogeneous profiles for dusty
plasma parameters, all of them are related to specific
experiments and often the plasma date just contra-
dicts each other. This means that the general be-
haviour of the inhomogeneous structure of dusty plas-
mas is far from being clearly understood. It is in-
structive to go to the simplest model, that can easily
be discussed throughout and allows one to ascertain
the main physical features. Evident reduction in com-
plexity can be obtained when all the functions nd0(x),
q0(x), µ(x), are characterized by exponential profile,
namely

nd0(x) = nd0(0) exp(αdx)

q0(x) = q0(0) exp(αqx),

µ(x) = µ(0) exp(αµx). (19)

Inserting Eq.(19) in Eq.(9), we can numerically
investigated the propagation of the DA waves in
nonuniform dusty plasmas with dust charge fluctua-
tion and fast ions.

Figures 1–4 illustrate the numerical solutions of
Eq.(9) for both the frequency (ωr) and the growth rate
(ωi) of the DA waves for different α (the number of
the non-thermal ions), σi (the temperature of ions), λ

(the effect of the non-adiabatic dust charge variation),
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Fig.1. The frequency (a) and the damping rate (b) against x for different α and σi = 0.1, λ = 0.01, k = 0.6,

z = 2.

Fig.2. The frequency (a) and the damping rate (b) against x for different σi and α = 0.3, λ = 0.01, k = 0.6,

z = 2.

Fig.3. The frequency (a) and the damping rate (b) against x for different λ and α = 0.3, σi = 0.1, k = 0.6,

z = 2.

and k (wave number) against x, respectively. In a
general way, the non-adiabatic dust charge variation
results in the dissipation of the waves. Plasma den-
sities exponentially decrease with x, thus the waves
should increase with x. It is shown from these figures
that the growth rate decreases with x, because the
dissipative effect of non-adiabatic dust charge fluctu-
ation is stronger than the effect of the inhomogene-
ity. Moreover, it is indicated from theses figures that
the frequency of the DA waves also decreases with x.
From Figs.1–4, we can see that the frequency of the

DA waves increases when the values of λ, the num-
ber of non-thermal ions (α), and the wave number (k)
increase, but decreases when the temperature of ions
(σi) increases, and the damping rate increases with
α, decreases with σi, λ. Figure 2 depicts that when
the values of x are lower, i.e., the plasmas densities
are larger, the temperature of ions (σi) has effect on
the frequency and the damping rate of the DA waves,
significantly, however, for higher values of x, the fre-
quency and the damping rate of the DA waves vary
with the temperature of ions (σi) slowly. It is clear
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Fig.4. The frequency against x for different k and α = 0.3,

λ = 0.01, σi = 0.1, z = 2.

Fig.5. The damping rate against k for α = 0.3, λ = 0.01,

σi = 0.1, z = 2.

from Fig.3 that the frequency and the damping of the
DA waves vary with λ, indistinctively. Furthermore,

according to the numerical experiment, the damping
rate of the DA waves is nonlinear with the wave num-
ber (k). Figure 5 indicates how the damping rate
varies with the wave number (k). It can be seen from
Fig.5 that for lower values of k, the damping rate of
the DA waves obviously increases as the wave number
increases, however, for higher values of k, i.e. kc > 0.4,
with the increase of the wave number, the damping
rate decreases slowly.

5. Conclusion

In summary, the instability of the DA waves is in-
vestigated by the kinetic dispersion relation in nonuni-
form dusty plasmas, which consists of extremely mas-
sive, micron-sized, negatively charged dust fluid, non-
thermally distributed ions, and Boltzmann distributed
electrons. The effects of some parameters such as the
number of fast ions, the non-adiabatic dust charge
variation, the temperature of ions, and the number of
waves on the instability of the DA waves were inves-
tigated in great detail. With reference to the present
study, we can obtain more profound understanding of
the properties of DA wave. Furthermore, we expect
that the present investigation would be useful for fu-
ture experiments on DA waves.
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