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Electromagnetic scattering from a rough surface of layered medium is investigated, and the formulae of the scat-

tering coefficients for different polarizations are derived using the small perturbation method. A rough surface with

exponential correlation function is presented for describing a rough soil surface of layered medium, the formula of its

scattering coefficient is derived by considering the spectrum of the rough surface with exponential correlation function;

the curves of the bistatic scattering coefficient of HH polarization with variation of the scattering angle are obtained by

numerical calculation. The influence of the permittivity of layered medium, the mean layer thickness of intermediate

medium, the roughness surface parameters and the frequency of the incident wave on the bistatic scattering coefficient

is discussed. Numerical results show that the influence of the permittivity of layered medium, the mean layer thickness

of intermediate medium, the rms and the correlation length of the rough surface, and the frequency of the incident wave

on the bistatic scattering coefficient is very complex.
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1. Introduction

Electromagnetic wave scattering is an active in-
terdisciplinary area of research with various prac-
tical applications in fields ranging from atomic
physics to medical imaging to geoscience and remote
sensing.[1−9] Since most naturally occurring surfaces
are stratified, it is expected that electromagnetic scat-
tering from rough boundary of a stratified medium will
be of significance in the solution of many engineering,
technical, and scientific problems, such as environ-
mental remote sensing, ground-penetration-radar op-
eration, radio-wave propagation and communication,
microwave probing of composite materials and their
surface roughness, thin-film physics and its applica-
tions in optics and electronics, etc. In recent decades,
the theory of electromagnetic scattering by statisti-
cally rough surfaces has been enriched by the creation
of new analytical methods. These methods include:
the small-slope approximation,[10] the title-invariant
theory of rough surface scattering,[11] the local per-

turbation method,[12] full-wave-method analysis,[13]

the surface-field phase-perturbation technique,[14]

two-scale models,[15−17] and the small perturbation
method.[18,19]

In this paper we study the problem of electro-
magnetic scattering from a rough interface in an ar-
bitrary, plane-layered medium, assuming a roughness
small and gentle enough for the small perturbation
method to be applicable. This method allows us to
avoid cumbersome derivations and to obtain compact
expressions for amplitudes of wave scattering not only
in free space, but also in natural layered medium such
as sea ice, topsoil, snow, and sand cover in arid regions,
and also in remote-sensing problem solving. To obtain
a small perturbation expansion for scattering ampli-
tudes, we apply a procedure based on the Rayleigh
hypothesis. This procedure, in fact, does not restrict
the class of rough surfaces. We neglect the refraction
in the thin layer adjacent to the interface, assuming
that both media are homogeneous in the region occu-
pied by roughness. At the same time, a rough surface
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with exponential correlation function is presented for
describing rough soil surface of layered medium, and
the electromagnetic scattering from this rough surface
of layered medium is investigated using the method
above.

2. Formulation

Consider the electromagnetic scattering from the
rough surface S between two half-spaces, which is de-
scribed by z = f(r), where r = {x, y}. Without loss
of generality, we suppose that the upper homogeneous
half-space z > f(r) (medium 1) is characterized by a
constant dielectric permittivity ε0 = 1, µ0 = 1, and
the lower stratified half-space z < f(r) (medium 2) is
characterized by an arbitrary “depth-profile” of a com-
plex dielectric permittivity ε(z). The random function
f(r) is assumed to be statistically spatially homoge-
neous with zero mean value 〈f(r)〉 = 0, where 〈· · ·〉
denotes the statistical averaging over the ensemble of
f(r) realizations.

An incident plane monochromatic (a time-
dependence ∼ e−iωt is assumed) electromagnetic
wave, with frequency ω and wave vector ki =
{ki sin θi, 0,−ki cos θi}, ki = ω/c, illuminates the
rough surface S from medium 1 at a given angle of
incidence θi, as shown in Fig.1.

Fig.1. Geometry of scattering from the Gaussian rough

surface of layered medium.

The boundary conditions for electric E and mag-
netic H fields mean continuity of their tangent com-
ponents on the boundary S

N ×
(
H(2) −H(1)

)
S

= N ×
(
E(2) −E(1)

)
S

= 0. (1)

Here, E(2) and H(2) are the fields in the lower
half-space z < f(r), E(1), H(1) are the fields in the
upper half-space z > f(r), and N is a unit vector

normal to the surface S and directed upward

N = (n− s)(1 + s2)−1/2, (2)

where n is the unit vector of the normal to the hor-
izontal plane Sp(z = 0), s(r) = ∇rf(r) is a vector
field of surface slopes, ∇r = {∂/∂x, ∂/∂y}. Assuming
that deviations and slopes of surface S with respect
to Sp are small enough, we can expand the boundary
conditions (1) in powers of f(r) and s(r) and retain
the first-order terms only[7]

(n×∆H)SP

= (s×∆H)SP
− f

(
n× ∂∆H

∂z

)

SP

,

(n×∆E)SP

= (s×∆E)SP
− f

(
n× ∂∆E

∂z

)

SP

. (3)

Here, ∆H = H(2)−H(1) and ∆E = E(2)−E(1). We
can express the solution of the diffraction problem in
the form

H(1,2) = H
(1,2)
0 + H

(1,2)
1 ,

E(1,2) = E
(1,2)
0 + E

(1,2)
1 , (4)

where E
(1)
0 , H

(1)
0

(
E

(2)
0 , H

(2)
0

)
are the unperturbed

wave fields in the upper z > 0 (lower z < 0) half-spaces
corresponding to the specular reflection (refraction)
at the plane boundary Sp. They satisfy the uniform
boundary conditions

n×
(
H

(2)
0 −H

(1)
0

)
SP

= N ×
(
E

(2)
0 −E

(1)
0

)
SP

= 0, (5)

and E
(1)
1 , H

(1)
1

(
E

(2)
1 , H

(2)
1

)
are the corrections to

the first order of f(r) and s(r), i.e., the scattered
fields in the upper and lower half-spaces, respectively.
They satisfy the nonuniform boundary conditions

(n×∆H1)SP

= (s×∆H0)SP
− f

(
n× ∂∆H0

∂z

)

SP

= JH ,

(n×∆E1)SP

= (s×∆E0)SP
− f

(
n× ∂∆E0

∂z

)

SP

= JE , (6)

where ∆H0 = H
(2)
0 − H

(1)
0 , ∆H1 = H

(2)
1 − H

(1)
1 ,

∆E0 = E
(2)
0 − E

(1)
0 and ∆E1 = E

(2)
1 − E

(1)
1 . It can

be seen from Eq.(6) that surface roughness leads to
the appearance of the effective electric and magnetic
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surface currents JH and JE on the mean plane z = 0,

which generate the scattered fields. Currents JH and
JE differ from the usually used electric and magnetic
currents only by sign and a factor 4π/c.

We consider first the incident monochromatic hor-
izontally polarized (TE) plane electromagnetic wave,
which propagates in medium 1, with its wave vector
ki.

E
(1)
in = P0

√
µ0

kz
eiki·R = P0

√
µ0

kz
eik·r−kzz. (7)

Here, R = {r, z} is a three-dimensional spatial ra-
dius vector, P0 = ey = (0, 1, 0) is a unit polarization
vector, k = {k, 0, 0} is a two-dimensional projection
of incident wave vector ki = {k,−kz} on the plane
z = 0, and kz =

√
k2

i µ0ε0 − k2 = ki cos θi.
Let us express the scattered fields in the form of

an expansion over plane waves, i.e.

E
(1)
1 (r, z) =

∫∫ √
µ0

qz
Ẽ

(1)
1 (q)ei(q·r+qzz)dq,

H
(1)
1 (r, z) =

∫∫ √
ε0

qz
H̃

(1)
1 (q)ei(q·r+qzz)dq. (8)

Here, Ẽ
(1)
1 (q), H̃

(1)
1 (q) are the amplitudes of scat-

tered plane waves propagating in the upper half-space
in the positive direction of z-axis, qz =

√
k2

i − q2 =√
k2

s − q2 = ki cos θs = ks cos θs is the vertical com-
ponent of the upward scattered field wave vector ks =
{q, qz}. A similar expansion over the plane waves can
be used for upward and downward waves in the lower
half-space z < 0.

The solution of Maxwell’s equations for scattered
fields under boundary conditions (6) has the form [7]

(
PẼ

(1)
1

)
=

1
2
ki

√
µ0

qz
(1 + Rs

h)
(
P J̃H

)

+
1
2

√
qz

µ0
(1−Rs

h)
[
P · (n× J̃E)

]
,

(
PH̃

(1)
1

)
= −1

2
ki

√
ε0

qz
(1 + Rs

v)
(
P J̃E

)

+
1
2

√
qz

ε0
(1−Rs

v)
[
P · (n× J̃H)

]
. (9)

Here, P is a horizontal unit vector orthogonal to the
plane of scattering, Rs

h and Rs
v are the reflection coef-

ficients of a horizontally (h) and a vertically (v) polar-
ized plane waves with wave vector k

(1)
s from a layered

medium with a perfectly plane boundary z = 0, and
J̃E,H is the Fourier transform of the surface current

J̃E,H = J̃E,H(q)

=
1

(2π)2

∫∫
JE,H(r)e−iq·rdr. (10)

Using the definitions (6) of surface currents JE,H and
expressing the differences ∆H0, ∆E0 of zero-order
fields through corresponding reflection coefficients Ri

h

and Ri
v for an incident wave, we obtain the scattering

amplitudes for a horizontally polarized incident wave

PẼ
(1)
1 = Shh

=
ik2

i

2
√

qzkz
f̃(q − k)Fhh(q,k),

PH̃
(1)
1 = Svh

=
ik2

i

2
√

qzkz
f̃(q − k)Fvh(q,k), (11)

where

f̃(q − k) =
1

(2π)2

∫∫
f(r)e−i(q−k)·rdr (12)

and

Fhh

= µ0(1 + Ri
h)(1 + Rs

h)

×
[

µ− µ0

µ
ε0 sin θs sin θi + (ε− ε0) cos φ

]

−ε0(1 + Ri
h)(1 + Rs

h)(µ− µ0) cos θs cos θi cos ϕ,

Fvh

= {µ0(1−Rs
v)(1 + Ri

h)(ε− ε0) cos θs

−ε0(1−Ri
h)(1 + Rs

v)(µ− µ0) cos θi} sinφ. (13)

In these equations ε and µ are the limiting values of
ε(z → −0) and µ(z → −0), and their variations on the
vertical scale of f are neglected. The scattering ampli-
tudes Svv, Shv for a vertically polarized incident wave
can be obtained without any additional derivations,
simply by changing notations in previous equations:
E → H, H → −E, h → v, µ → ε.

Specific incoherent scattering cross-sections into
up-going waves are related with the corresponding
scattering amplitudes by a simple equation[6,16]

σ◦αβ(ks, ki)

= lim
SP→∞

16π3

SP
|qzkz|

〈
|Sαβ |2

〉

= πk4
i |Fαβ |2 Wf(q − k)

= πk4
i |ε− 1|2 |fαβ |2 Wf(q − k), (14)

where indices α and β characterize the polarization
states of scattered and incident waves, and Wf(q−k)
is a spatial power spectrum of surface roughness
which can be introduced as a Fourier transforma-
tion of roughness auto-correlation function, q − k =
ks sin θs cos ϕ− ki sin θi.
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For the simplest case of scattering by a rough
boundary of non-magnetic layered medium (µ = 1)
the full set of factors fαβ in an explicit form for differ-
ent polarization states of incident and scattered waves
are

fhh = [1 + Rh(θi)] [1 + Rh(θs)] cos φ,

fvh = −[1 + Rh(θi)] [1−Rv(θs)] cos θs sinφ,

fvv =
1
ε

[1 + Rv(θi)] [1 + Rv(θs)] sin θi sin θs

−[1−Rv(θi)][1−Rv(θs)] cos θi cos θs cos φ,

fhv = [1−Rv(θi)] [1 + Rh(θs)] cos θi sinφ. (15)

Here Rh and Rv are the specular reflection coefficients
for horizontal and vertical polarization waves from the
lower medium (z < 0) with a planar surface Sp(z = 0)
to the upper half-space respectively; θi is the incident
angle, θs is the scattering angle, and φ is the azimuthal
angle of scattering.

Equation (15) describes only the diffused part of
scattered energy and does not include the specular
reflected field, which is dominant at the specular di-
rection (θs = θi, φ = 0). In the general case of an
arbitrarily stratified medium, the specular reflection
coefficients Rh and Rv can be represented in the form

Rh =
R0h + R′h
1 + R0hR′h

,

Rv =
R0v + R′v
1 + R0vR′v

, (16)

where R0h and R0v are the Fresnel reflection coeffi-
cients from the planar surface between the two homo-
geneous media (ε0 = 1 and ε),

R0h =
cos θ −

√
ε− sin2 θ

cos θ +
√

ε− sin2 θ
,

R0v =
ε cos θ −

√
ε− sin2 θ

ε cos θ +
√

ε− sin2 θ
, (17)

and R′ is the reflection coefficient from the subsurface
layer (R′ = 0 for a uniform ε(z) = const homogeneous
half-space z < 0).

In what follows, we will consider the simplest case
of a layered structure (Fig.1), namely a homogeneous
layer of mean thickness h, with complex dielectric per-
mittivity ε = ε′ + iε′′, overlying a homogeneous half-
space (substrate) with a complex dielectric permittiv-
ity constant ε1 = ε′1 + iε′′1 . The reflection coefficients
Rh and Rv for this structure are given by the general
equation (16), where R′ can be written in the form

R′h(θ) = R1h(θ) exp
(
2ikh

√
ε− sin2 θ

)
,

R′v(θ) = R1v(θ) exp
(
2ikh

√
ε− sin2 θ

)
, (18)

with the following expressions for the Fresnel reflection
coefficients R1(θ) from the surface z = −H between
two media with dielectric permittivities ε and ε1,

R1h(θ) =

√
ε− sin2 θ −

√
ε1 − sin2 θ√

ε− sin2 θ +
√

ε1 − sin2 θ
,

R1v(θ) =
ε1

√
ε− sin2 θ − ε

√
ε1 − sin2 θ

ε1

√
ε− sin2 θ + ε

√
ε1 − sin2 θ

. (19)

In Eq.(15), the oscillatory dependence of the scat-
tering amplitudes fαβ on the incident and scattering

angles is caused by the factor exp
(
2ikh

√
ε− sin2 θ

)

in the reflection coefficients R′h(θ) and R′v(θ) that
make contribution to the total specular reflection co-
efficients Rh and Rv. The physical cause of these os-
cillations is quite clear: they are the product of inter-
ference of three kinds of waves (see Fig.1). The first
one is the wave propagating in the direction ki and
scattered in the direction ks by the surface roughness
(in the vicinity of point O) without penetrating into
the layer. This wave is schematically depicted in Fig.1
by solid arrows. The second wave (the dashed lines in
Fig.1) is refracted at the upper plane (without scat-
tering), penetrates into the layer, then is specularly
reflected from the substrate, and finally is scattered
by the roughness into the upper half-space in wave
propagating in ks direction. The third wave (dotted
lines in Fig.1) is similar to the previous one, but passes
its way in the opposite order: at first it is scattered by
roughness into the layer, then is specularly reflected
from the substrate and goes out in ks direction af-
ter refracting at the upper plane (this time without
scattering by its roughness).

The interference between the first and the second
waves does not affect the angular distribution of scat-
tered intensity, but leads only to the oscillation of total
‘brightness’ of interference pattern, depending on the
incident angle θi with a period determined by the fac-
tor exp

(
2ikh

√
ε− sin2 θi

)
. The interference between

the first and the third waves (the solid and dotted lines
in Fig.1) leads to the oscillation of scattered power, de-
pending on the scattered angle θs with the same period
caused by the factor exp

(
2ikh

√
ε− sin2 θs

)
. In the

general case, the period of these oscillations does not
depend on the wave polarization and the permittivity
ε1 of the substrate. Finally, the interference between
the second and the third waves leads to the oscillation
of scattered power angular dependence, whose max-
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ima are given by

kh

(√
ε′ − sin2 θi −

√
ε′ − sin2 θs

)
= nπ,

n = 0, 1, 2 · · · . (20)

3. Rough soil surface in layered

medium model

Here, a rough surface with exponential correla-
tion function is selected as the rough soil surface in
layered medium model and for a rough surface with
exponential correlation function, Wf is given by

Wf(K) =
√

2πδ2l2(1 + K2l2)−
3
2 . (21)

Substituting Eq.(21) in Eq.(14), specific incoher-
ent scattering cross sections into up-going waves from
rough soil surface of a layered medium are obtained,
according to the small perturbation method above,

σ◦αβ(ks, ki) = π
√

2πk4
i |ε− 1|2 |fαβ |2 δ2l2

×(1 + K2l2)−
3
2 . (22)

In this way, the scattering coefficient of the rough
soil surface with exponential correlation function of a
layered medium is

σ = 10 log10 σ◦αβ(ks, ki). (23)

We use Eq.(23) to investigate the electromagnetic
scattering from a rough soil surface with exponential
correlation function of layered medium.

4. Numerical results and discus-

sion

The small perturbation method requires the sur-
face standard deviation to be less than about 5 per-
cent of the electromagnetic wavelength. It should be
emphasized that the surface standard deviation here
refers to that computed from frequency components of
the surface responsible for scattering at a given elec-
tromagnetic wavelength. This point is important be-
cause when all frequency components of the surface
are included in the standard-deviation computation,
a substantially different value may be obtained. In
addition to the standard-deviation requirement, the
average slope of the surface should be of the same

order of magnitude as the wave number times the sur-
face standard deviation. Mathematically, the above
two conditions are[1]

kδ < 0.3, (24)

√
2δ/l < 0.3. (25)

The sampling of δ and l is based on Eqs.(24) and
(25) in numerical calculation concerned below, and the
sampling of the incident frequency is f = 10 GHz, the
sampling of the incident angle is θi = 30◦.

For details, HH polarization of bistatic scattering
is numerically calculated only in this paper.

In this case, when φ = 0, ki = ks, K in Eq.(22)
is K = ki sin θs − ki sin θi, we consider the influence
of ε, ε1, h, δ, l and f on the bistatic scattering coef-
ficient under the condition that other parameters are
stationary.

4.1.The influence of ε1 on the bistatic

scattering coefficient

Figure 2 depicts the variation of σ with θs in hh

and vv polarizations for different ε1 with δ = 0.2/k,
l = 10/k, ε = 1.6 + 0.01i and h = 10λ (λ is incident
wavelength and λ = c/f).

Fig.2. Variation of σ with θs for different ε1.

All the curves corresponding to hh polarization
in Fig.2 almost coincide with each other, and it is
obvious that the influence of ε1 on the bistatic scat-
tering coefficient of hh polarization is small and ob-
scure. Similarly, all the curves corresponding to vv

polarization in Fig.2 almost coincide with each other,
and the influence of ε1 on the bistatic scattering co-
efficient of vv polarization is also small and obscure.
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When θs < θi = 30◦, the amplitude of σ correspond-
ing to hh polarization is almost equal to that corre-
sponding to vv polarization, but when θs > θi = 30◦,
the amplitude of σ corresponding to hh polarization
is appreciably bigger than that corresponding to vv

polarization.

4.2.The influence of ε on the bistatic

scattering coefficient

The variation of σ with θs for different ε with
δ = 0.2/k, l = 10/k, ε1 = 80 + 30i, and h = 10λ is
depicted in Fig.3.

Fig.3. Variation of σ with θs for different ε.

It is obvious that the influence of ε on the bistatic
scattering coefficient is remarkable; the bigger the real
part of ε, the bigger the σ, and the smaller the fre-
quency of the curve oscillation; the bigger the imagi-
nary part of ε, the smaller the σ, and the smaller the
frequency of the curve oscillation.

4.3.The influence of h on the bistatic

scattering coefficient

Figure 4 depicts the variation of σ with θs for dif-
ferent h with ε = 1.6+0.01i, ε1 = 80+30i, δ = 0.2/k,
l = 10/k.

There is a regularity in the variation of σ with θs

for different h from Fig.4, that is, the σ corresponding
to h = 0 is maximal, and it is a result of homoge-
neous medium. The bigger the h, the smaller the σ,
the bigger of the frequency of the curve oscillation;
and over a certain scope of h, when 30◦ < θs < 70◦, h

increases to two times of its initial value, and the fre-
quency of the curve oscillation reduces to one-half of
its primary value, evidenced by majority of numerical
calculations. This point is very important to inverse
problem of electromagnetic scattering from rough sur-
face of layered medium.

Fig.4. Variation of σ with θs for different h.

4.4.The influence of δ on the bistatic

scattering coefficient

Variation of σ with θs for different δ with ε =
1.6 + 0.01i, ε1 = 80 + 30i, h = 10λ, l = 10/k is de-
picted in Fig.5.

Fig.5. Variation of σ with θs for different δ.

It is obvious that the influence of δ on the
backscattering coefficient is remarkable, that is, the
bigger the δ, the bigger the σ, while δ does not affect
the frequency of curve oscillation.
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4.5.The influence of l on the bistatic

scattering coefficient

Figure 6 depicts the distribution of σ with θs for
different l with ε = 1.6+0.01i, ε1 = 80+30i, h = 10λ,
δ = 0.2/k.

Fig.6. Variation of σ with θs for different l.

It is obvious that the influence of l on the
backscattering coefficient is remarkable, that is, in the
vicinity of θs = θi = 30◦, the bigger the l, the bigger
the σ, but for other θs, the bigger the l, the smaller
the σ, while l does not affect the frequency of curve
oscillation, similar to the influence of δ.

From Fig.2 to Fig.6, the curve of the variation of
σ with θs is a oscillatory, but there is a regularity, that
is, when θs < θi, the bigger the θs, the bigger the σ;
when θs > θi, the bigger the θs, the smaller the σ, as
a whole.

4.6.The influence of incident frequency

f on the bistatic scattering coeffi-

cient

The variation of σ with f under the condition that
ε = 1.6 + 0.01i, h = 10λ, ε1 = 80 + 30i, δ = 0.001m,
l = 0.1m (i.e. a certain rough surface), θs = 30◦, 60◦

is depicted in Fig.7.
The curve of the variation of σ with f is oscilla-

tory, there is a regularity as a whole, that is, when
θs = 30◦ = θi, the bigger the f , the bigger the σ, the
oscillation of the curve is continuous approximatively;
but, when θs = 60◦ 6= θi, the oscillation of the curve
is not continuous, and when f < 2GHz, the bigger
the f , the bigger the σ; when f > 2GHz, σ does not

change on the whole, but the value of σ for θs = 60◦

is smaller than that for θs = 30◦.
In the above, we have studied the case of hh po-

larization in Figs.3–6, the results obtained are for the
case of vv polarization by numerical calculation, only
one point is worth to note, that is, under the condi-
tion that other parameters are kept unchanged, when
θs > θi = 30◦, the amplitude of σ for hh polarization
is appreciably bigger than that for vv polarization,
same as the result in Fig.2.

Fig.7. Variation of σ with f .

5. Conclusions

In this paper, the electromagnetic scattering from
the rough surface of a layered medium has been in-
vestigated, the formulae of the scattering coefficient
for different polarizations are derived using the small
perturbation method. A rough surface with exponen-
tial correlation function is presented for describing the
rough soil surface of the layered medium, the formulae
of its scattering coefficient is derived by considering
the spectrum of the rough surface with exponential
correlation function. The influence of the dielectric
permittivity of the layered medium, the mean thick-
ness of intermediate medium, the roughness surface
parameters and the frequency of the incident wave, on
the bistatic scattering coefficient for hh polarization
is discussed. These results will be applicable to solv-
ing many engineering, technical, and scientific prob-
lems, such as environmental remote sensing, ground-
penetration-radar operation, radio-wave propagation
and communication, microwave probing of compos-
ite materials and their surface roughness, thin-film
physics and its applications in optics and electronics,
the inverse problem of reconstructing rough surface.
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