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DNA is a nucleic acid molecule with double-helical structures that are special symmetrical structures attracting

great attention of numerous researchers. The super-long elastic slender rod, an important structural model of DNA

and other long-train molecules, is a useful tool in analysing the symmetrical properties and the stabilities of DNA.

This paper studies the structural properties of a super-long elastic slender rod as a structural model of DNA by using

Kirchhoff’s analogue technique and presents the Noether symmetries of the model by using the method of infinitesimal

transformation. Based on Kirchhoff’s analogue it analyses the generalized Hamilton canonical equations. The infinites-

imal transformations with respect to the radial coordinate, the generalized coordinates, and the quasi-momenta of the

model are introduced. The Noether symmetries and conserved quantities of the model are obtained.
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1. Introduction

Elastic rod has been studied over 200 years since
the days of Bernoulli and Euler.[1] Its applications
range from the telephone cable and formation of
sunspots,[2] to the three-dimensional scroll waves.[1]

In the last 30 years, slender elastic rods have also
been used to the structure model of a long train
molecules such as DNA, which plays an important
role in analysing their symmetric structure and sta-
bilities. Various aspects of elastic structure of DNA
have been analysed by applying the theory of elastic
rod, and physical constants such as Young’s modu-
lus and Poisson ratio have been obtained by special
experiments.[3,4]

Most elastic models of DNA simplify the
molecules as super-long slender cylindrical elastic rods
(Fig.1). One important super-long elastic rod model
is based on the Kirchhoff’s dynamic analogue,[2] in
which the radial coordinate of the elastic rod centre-
line is treated as the time variable of rigid body dy-
namics. Therefore, the model has the similar struc-
ture of the dynamical system which can be described
by the Hamilton equations.

Fig.1. Discrete and continuous equilibrium configurations

for the 12A09 DNA molecule (Robert S and John H 1996).

On the other hand, the theory of Lie group
has been developed as a powerful tool for studying
dynamical systems.[5−10] The symmetric theory has
been widely used in mathematics, physics, mechan-
ics and geometrical analysis of dynamical systems. A
large body of literatures regarding the applications of
Noether symmetries and Lie symmetries theory has
been accumulated recently.[11−34]

In the symmetric theory, the transformation that
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leaves the Hamilton action quantity invariant is called
Noether symmetry, which induces conserved quanti-
ties. Taking the similarity of the structural models of
super-long elastic slender rod and the dynamical mod-
els of mass points, we can borrow these concepts and
theory to describe the Lie symmetrical properties of
DNA along its central line.

In this paper, the Noether symmetries of a super
long elastic round rod were studied. The generalized
Hamilton canonical equations are established based on
Kirchhoff theory. By means of infinitesimal transfor-
mation corresponding to radial coordinates, general-
ized coordinates, generalized momentum, the Noether
symmetries, and the conserved quantities are derived.

2. Generalized Hamilton canoni-

cal equations

Assuming that O − xyz is the inertial coordinate
frame, the central line of an elastic rod can be de-
scribed by a curve

r = r(s) : [0, L] → R3, (1)

where r(s) is a smooth curve of order ≥ 2 with s being
the radial coordinate parameter and L the length of
the rod. At a given point P of the rod central line, a
Frenet coordinate frame P −NTB is established. The
three vectors T , N and B are the unit vectors in the
curve tangential direction, respectively (Fig.2). Ac-
cording to Kirchhoff’s assumption,[1] we assume: (1)
the length and the curvature of the radius of the rod

are far greater than the scale of its cross section; (2)
the rod is inextensible and unshearable.

Fig.2. Sketch map of the elastic rod.

With these assumptions, the radial coordinate s

can be considered as a quasi-time coordinate. The
elastic rod surface was formed by a rigid closed plane
curve Γ moving evenly along with ‘time’s. Let X(s) be
the position of moving curve Γ at time s, we move the
original point O of inertial coordinate frame O − xyz

to its geometric centre P to set up a body fixed frame
P − xyz by using Euler angles (ψ, θ, ϕ) as the local
variable of the curve r(s). We have the equations de-
picting r(s) under the frame,[1,4]

A
d
ds

(
dθ

ds
cosϕ +

dψ

ds
sinθsinϕ

)
+ (C −B)

(
−dθ

ds
sinϕ +

dψ

ds
sinθcosϕ

)(
dψ

ds
cosθ +
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ds

)

−Cω3
0

(
−dθ

ds
sinϕ +

dψ

ds
sinθcosϕ

)
− F sinθcosϕ = 0, (2)
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ds
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ds
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0

(
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ds
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ds
sinθsinϕ

)
+ F sinθsinϕ = 0, (3)

C
d
ds

(
dψ

ds
cosθ +

dϕ

ds

)
+ (B −A)

(
dθ

ds
cosϕ +

dψ

ds
sinθsinϕ

)(
dψ

ds
sinθcosϕ− dϕ

ds
sinϕ

)
= 0. (4)

Introducing Hamilton like function,

H =
1
2

[
A (θcosϕ + ψsinθsinϕ)2

+B (−θsinϕ + ψsinθcosϕ)2

+C (ψcosθ + ϕ)2
]

+ F cosθ, (5)

and denoting vectors q = (ψ, θ, ϕ)T = (q1, q2, q3)T and
p = Dq with
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D =




(
A (sinϕ)2 + B (cosϕ)2

)
(sinθ)2 + C(cosθ)2 (A−B) sinθcosϕsinϕ Ccosθ

(A−B) sinθcosϕsinϕ A(cosϕ)2 + B (sinϕ)2 0

Ccosθ 0 C


 , (6)

then we obtain

p1 = ψ
[(

Asin2ϕ + Bcos2ϕ
)
sin2θ + Ccos2θ

]

+(A−B)θsinθcosϕsinϕ + Cϕcosθ,

p2 = (A−B)ψsinθcosϕsinϕ + Aθcos2ϕ

+Bθsin2ϕ,

p3 = Cψcosθ + Cϕ. (7)

Equations (2)–(4) can be rewritten in generalized
Hamilton canonical forms

q̇1 = ψ̇ =
dψ

ds
=

∂H

∂p1
, q̇2 = θ̇ =

dθ

ds
=

∂H

∂p2
,

q̇3 = ϕ̇ =
dϕ

ds
=

∂H

∂p3
, ṗ1 =

dp1

ds
= −∂H

∂ψ
,

ṗ2 =
dp2

ds
= −∂H

∂θ
, ṗ3 =

dp3

ds
= −∂H

∂ϕ
. (8)

Analogous to the dynamical descriptions, we call p

the quasi-momentum. The parameters A and B are
respectively the bending rigidity on the rod cross sec-
tions around axis x and y, while C is the twisting
rigidity of the cross section around axis z. The vari-
able of the Hamilton canonical form is s. Although
the equations are not dynamical (in terms of time), we
can still use existing techniques to discuss its Noether
symmetries and conserved quantities.

For the circular cross section A = B, the general-
ized Hamilton canonical equations are

q̇1 =
∂H

∂p1
=

p1 − p3 cos q2

Asin2q2

,

q̇2 =
∂H

∂p2
=

p2

A
,

q̇3 =
∂H

∂p3
=

p3

C
− (p1 − p3 cos q2) cosq2

Asin2q2

,

ṗ1 = −∂H

∂q1
= 0,

ṗ2 = −∂H

∂q2
=

(p1 − p3cosq2)(p3 − p1cosq2)
Asin3q2

−F sinq2,

ṗ3 = −∂H

∂q3
= 0. (9)

3. Noether symmetries and con-

served quantities

Similar to the techniques used in analysing dy-
namical systems, we introduce the action of the Hamil-
tonian

S =
∫ s2

s1

[
3∑

i=1

piq̇i −H (s, q,p)

]
ds. (10)

Let us introduce the infinitesimal transformations
with respect to the radial coordinate, the generalized
coordinate and the quasi-momentum respectively

s∗ = s + ∆s,

q∗i (s∗) = qi(s) + ∆qi,

p∗i (s
∗) = pi(s) + ∆pi, i = 1, 2, 3, (11)

which can be expanded as

s∗ = s + εξ0(s, q,p),

q∗i = qi + εξi(s, q,p),

p∗i = pi + εηi(s, q,p), i = 1, 2, 3, (12)

where ε is a small parameter, ξ0, ξs and ηs are in-
finitesimal generators. Substituting Eq.(12) into the
variation of Eq.(10), we obtain

∆S = δS + Ṡ∆s =
∫ s2

s1

(
piδq̇i + q̇iδpi − ∂H

∂qi
δpi − ∂H

∂pi
δqi

)
ds + (piq̇i −H)∆s

=
∫ s2

s1

{
d
ds

[piδqi + (piq̇i −H)∆s] +
(
−ṗi − ∂H

∂pi

)
δqi +

(
q̇i − ∂H

∂pi

)
δpi

}
ds, (13)

and
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∆S =
∫ s2

s1

{
∆(piq̇i −H) + (piq̇i −H)

d
ds

(∆s)
}

ds

=
∫ s2

s1

{
pi∆q̇i + q̇i∆pi − ∂H

∂s
∆s− ∂H

∂qi
∆qi − ∂H

∂pi
∆pi + (piq̇i −H)

d
ds

(∆s)
}

ds, (14)

since

∆s = εξ0(s,p, q),

δqi = ∆qi − q̇i∆s = ε(ξi − q̇iξ0),

δpi = ∆pi − ṗi∆s = ε(ηi − ṗiξ0). (15)

Equation (13) can be reduced to

∆S =
∫ s2

s1

ε

{
d
ds

[pi(ξi − q̇iξ0) + (piq̇i −H)ξ0]

+
(
−ṗi − ∂H

∂qi

)
(ξi − q̇iξ0)

+
(

q̇i − ∂H

∂pi

)
(ηi − ṗiξ0)

}
ds. (16)

Now, we give the following definition and criteria
of Noether symmetry for a super-long elastic slender
rod by using Mei’s method.[25]

Definition If the action ∆S of the Hamiltonian
remains invariant under the Lie group of the trans-
formation (12), the invariance is called the Noether
symmetry of the system.

Criterion 1 If the infinitesimal transformation
(11) satisfies

pi∆q̇i + q̇i∆pi − ∂H

∂s
∆s− ∂H

∂qi
∆qi − ∂H

∂pi
∆pi

+(piq̇i −H)
d
ds

(∆s) = 0, (17)

then the transformation is Noether symmetric for the
system.

Criterion 2 If the infinitesimal transformation
(12) satisfies

d
dt

[pi (ξi − q̇iξ0) + (piq̇i −H) ξ0]

+
(
−ṗi − ∂H

∂qi

)
(ξi − q̇iξ0)

+
(

q̇i − ∂H

∂pi

)
(ηi − ṗiξ0) = 0, (18)

then the transformation is Noether symmetric for the
system.

Using
∆q̇i = ε(ξ̇i − q̇iξ̇0), (19)

and
q̇i =

∂H

∂pi
, (20)

we obtain the Noether equation

piξi − ∂H

∂s
ξ0 − ∂H

∂qi
ξi −Hξ̇0 = 0. (21)

From Eq.(21), we can obtain the Killing equations

pi
∂ξi

∂q1
−H

∂ξ0

∂p1
= 0, pi

∂ξi

∂q2
−H

∂ξ0

∂p2
= 0, pi

∂ξi

∂q3
−H

∂ξ0

∂p3
= 0,

pi
∂ξi

∂s
+ pi

∂ξi

∂q1

∂H

∂p1
− ∂H

∂s
ξ0 − ξi

∂H

∂qi
−H

∂ξ0

∂s
−H

∂ξ0

∂q1

∂H

∂p1
= 0,

pi
∂ξi

∂s
+ pi

∂ξi

∂q2

∂H

∂p2
− ∂H

∂s
ξ0 − ξi

∂H

∂qi
−H

∂ξ0

∂s
−H

∂ξ0

∂q2

∂H

∂p2
= 0,

pi
∂ξi

∂s
+ pi

∂ξi

∂q3

∂H

∂p3
− ∂H

∂s
ξ0 − ξi

∂H

∂qi
−H

∂ξ0

∂s
−H

∂ξ0

∂q3

∂H

∂p3
= 0. (22)

Noether theorem If the infinitesimal gen-
erators ξ0 (t, q,p) , ξi (t, q,p) and ηi (t, q,p) satisfy
Noether identical equation (21), then system (8) pos-
sesses a conserved quantity.

I = piξi −Hξ0 = const. (23)

The Killing equations have the solutions

ξ0 = 1, ξ1 = 0, ξ2 = 0, ξ3 = 0, (24)

ξ0 = 0, ξ1 = 1, ξ2 = 0, ξ3 = 0. (25)

Substituting infinitesimal generators (24) into
Eq.(23), we get the conserved quantity for the super-
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long elastic slender rod Eqs.(1)–(3).

I = H =
1
2

[
A (θcosϕ + ψsinθsinϕ)2

+B (−θsinϕ + ψsinθcosϕ)2

+C (ψcosθ + ϕ)2
]

+ F cosθ = const, (26)

and substituting infinitesimal generators (25) into
Eq.(23), we get the conserved quantity of the system

I = p1 = ψ
(
A sin2 ϕ + B cos2 ϕ + C cos θ

)

+(A−B) θsinθcosϕsinϕ+Cϕ cos θ

= const. (27)

4. Conclusion

In summary, we have generalized the existing
Noether symmetry for dynamical systems to the struc-
tural model of super-long elastic slender rod. The in-
finitesimal transformations with respect to radial co-
ordinate, generalized coordinates, and quasi-momenta
are also introduced to the model. The Noether sym-
metries and conserved quantities are obtained for this
system. We believe that this technique can be use-
ful for further study of symmetrical structures in bio-
molecular systems, and the results along this line will
be reported in the future.
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[33] Fu J L, Chen L Q, Jiménez S and Tang Y F 2006 Phys.

Lett. A 358 5

[34] Fu J L and Chen L Q 2004 Phys. Lett. A 324 95


