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DNA is a nucleic acid molecule with double-helical structures that are special symmetrical structures attracting

great attention of numerous researchers. The super-long elastic slender rod, an important structural model of DNA

and other long-train molecules, is a useful tool in analysing the symmetrical properties and the stabilities of DNA.

This paper studies the structural properties of a super-long elastic slender rod as a structural model of DNA by using

Kirchhoff’s analogue technique and presents the Noether symmetries of the model by using the method of infinitesimal

transformation. Based on Kirchhoff’s analogue it analyses the generalized Hamilton canonical equations. The infinites-

imal transformations with respect to the radial coordinate, the generalized coordinates, and the quasi-momenta of the

model are introduced. The Noether symmetries and conserved quantities of the model are obtained.
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1. Introduction

Elastic rod has been studied over 200 years since
the days of Bernoulli and Euler.l Its applications
range from the telephone cable and formation of

2l to the three-dimensional scroll waves.!!]

sunspots,
In the last 30 years, slender elastic rods have also
been used to the structure model of a long train
molecules such as DNA, which plays an important
role in analysing their symmetric structure and sta-
bilities. Various aspects of elastic structure of DNA
have been analysed by applying the theory of elastic
rod, and physical constants such as Young’s modu-
lus and Poisson ratio have been obtained by special

experiments. [3,4]

of DNA
molecules as super-long slender cylindrical elastic rods

Most elastic models simplify the
(Fig.1). One important super-long elastic rod model
is based on the Kirchhoff’s dynamic analogue, in
which the radial coordinate of the elastic rod centre-
line is treated as the time variable of rigid body dy-
namics. Therefore, the model has the similar struc-
ture of the dynamical system which can be described
by the Hamilton equations.

Fig.1. Discrete and continuous equilibrium configurations
for the 12A09 DNA molecule (Robert S and John H 1996).

On the other hand, the theory of Lie group
has been developed as a powerful tool for studying
dynamical systems.®~1% The symmetric theory has
been widely used in mathematics, physics, mechan-
ics and geometrical analysis of dynamical systems. A
large body of literatures regarding the applications of
Noether symmetries and Lie symmetries theory has
been accumulated recently.!*1—34]

In the symmetric theory, the transformation that
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leaves the Hamilton action quantity invariant is called
Noether symmetry, which induces conserved quanti-
ties. Taking the similarity of the structural models of
super-long elastic slender rod and the dynamical mod-
els of mass points, we can borrow these concepts and
theory to describe the Lie symmetrical properties of
DNA along its central line.

In this paper, the Noether symmetries of a super
long elastic round rod were studied. The generalized
Hamilton canonical equations are established based on
Kirchhoff theory. By means of infinitesimal transfor-
mation corresponding to radial coordinates, general-
ized coordinates, generalized momentum, the Noether

symmetries, and the conserved quantities are derived.

2. Generalized Hamilton canoni-

cal equations

Assuming that O — xyz is the inertial coordinate
frame, the central line of an elastic rod can be de-
scribed by a curve

r=r(s):[0,L] — R, (1)

where 7(s) is a smooth curve of order > 2 with s being
the radial coordinate parameter and L the length of
the rod. At a given point P of the rod central line, a
Frenet coordinate frame P — NT'B is established. The
three vectors T', N and B are the unit vectors in the
curve tangential direction, respectively (Fig.2). Ac-
cording to Kirchhoff’s assumption,!] we assume: (1)
the length and the curvature of the radius of the rod

l

d /de 0
A— <cos<p + C;ﬁsin@sim,o) + (C - B) (—dsimp + ?ﬁsin@cosw) (C:ﬁcosﬂ + dgp)

are far greater than the scale of its cross section; (2)
the rod is inextensible and unshearable.

Fig.2. Sketch map of the elastic rod.

With these assumptions, the radial coordinate s
The
elastic rod surface was formed by a rigid closed plane

can be considered as a quasi-time coordinate.

curve I' moving evenly along with ‘time’s. Let X (s) be
the position of moving curve I" at time s, we move the
original point O of inertial coordinate frame O — zyz
to its geometric centre P to set up a body fixed frame
P — zyz by using Euler angles (¢, 6, ) as the local
variable of the curve r(s). We have the equations de-

picting r(s) under the frame, ™4

ds \ ds ds P
de dy
o [~ dy o _
Cuwy ( s sing + s sm@cosap) Fsinfcosp = 0, @
d do . dy . . de dy . o do
B& ( 3,5 + dssmesmso) +(A-0) <d$cos<p + dssm<951n<p) (dscose + I
JerS’ de cosy + %Sinesinw + Fsinfsinp = 0, 3)
ds ds
d [dy dep do dy di . do -
Cds (ds cost + ds> +(B-A4) (ds cosy + s bln951n<p> <ds sinfcosp s sing | = 0. (4)

Introducing Hamilton like function,
1
H = 3 [A(Hcos<p + 1sindsing)?

+B (—0sing + sinfcosy)’

+C (¢cosh + @)2] + Fcosb, (5)

and denoting vectors ¢ = (1,0, 0)T = (q1, q2,¢3)T and
p = Dq with
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(A (sing)® + B (COS(p)2) (sinf)? + C(cosf)® (A — B)sinfcosgpsing  Ccost
D= (A — B) sinfcosysing A(cosp)® + B (sing)” 0 ; (6)

C'cost

then we obtain

pL = [(AsinQLp + Bcosch) sin%6 + 000829}
+(A — B)8sinfcospsing + Cpcost,

p2 = (A — B)ysinfcospsing 4 Afcos?p
+Bfsin®¢,

ps = Cipcost + Co. (7)

Equations (2)—(4) can be rewritten in generalized

Hamilton canonical forms

. . dy OH . d# OH

ql = ’(/) = dis = 671)17 q2 = = d—s = aipz’
CIS:@:E:T%a plzg——%a

. dp2 OH dp3 OH
Ry T BT e T e ®

Analogous to the dynamical descriptions, we call p
the quasi-momentum. The parameters A and B are
respectively the bending rigidity on the rod cross sec-
tions around axis z and y, while C is the twisting
rigidity of the cross section around axis z. The vari-
able of the Hamilton canonical form is s. Although
the equations are not dynamical (in terms of time), we
can still use existing techniques to discuss its Noether
symmetries and conserved quantities.

For the circular cross section A = B, the general-
ized Hamilton canonical equations are

OH _ p1 —pscosgs

= 37]?1 Asin2q2

. OH py

qz2 = sz R

iy = 00 _ps (p1 = pscosgs)cosgy
dps C Asin’qy ’

i OH

p1 = 90 0,

AS = 55+ SAs = / (piéqi + Giop; —

S1

S2 d .
= / {ds[pi&h + (pigi — H) As] +

and

9 sps — 22
0q; b Op;

0 C

by = _OH _ (p1 — pscosqz)(ps — p1€0sqs)
2 0qs Asin®¢s
— F'singo,
OH
p3 = —— = 0. 9
’ 9q3 ©)

3. Noether symmetries and con-

served quantities

Similar to the techniques used in analysing dy-
namical systems, we introduce the action of the Hamil-

tonian

S0 3
S =/ [ZpiQi —H(Squ)] ds. (10)

Let us introduce the infinitesimal transformations
with respect to the radial coordinate, the generalized
coordinate and the quasi-momentum respectively

s = s+ As,
q; (s) = ¢i(s) + Agi,

p:(S*) :pl(s)+ApZa 1= 172737 (11)
which can be expanded as
S* =s+ 550(57 qap)7
4 = ¢ +€6i(s,q,p),
p:( :Pz+57h(57q,17)7 1= 172737 (12)

where ¢ is a small parameter, &, & and 7, are in-
finitesimal generators. Substituting Eq.(12) into the
variation of Eq.(10), we obtain

il aH&h) ds + (pigi — H)As

. OH . OH
<_pi - 3])1) 0q; + (fb - 3pz> 6p2}d87

(13)
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52 . ) d
AS — / {A(piqi — H) + (psds — H)dS(As)}ds
52 OH OH OH d
/S1 {p Gi + GiApi — 5 -As 90 2%~ B, pi + (pig )ds( 8)}(15 (14)
since . d
+(pidi — H)&(AS) =0, (17)

AS = 550(5,1’7 Q),
0qi = Aq; — ¢;As = (& — ¢ibo),

dpi = Ap; — pilAs = e(n; — Pi&o)- (15)

Equation (13) can be reduced to
o2 d . .
as = ["ef Snte - i) + - 1
. 0H .
+ <—Pz‘ - 8%) (& — Gico)

H
+ <qi - gp) (i ]51'50)} ds.

Now, we give the following definition and criteria

(16)

then the transformation is Noether symmetric for the

system.

Criterion 2 If the infinitesimal transformation
(12) satisfies

4
dt

+ (—Pz‘ - gg) (& — dio)
OH
+ (dz‘ - 3;01) (i — pi&o) = 0,

[pi (& — difo) + (pidi — H) &o

(18)

then the transformation is Noether symmetric for the

. System.
of Noether symmetry for a super-long elastic slender Usi
. . sing
rod by using Mei’s method.[??! ] .
. . ) . Ag; = (& — ¢i&o), (19)
Definition If the action AS of the Hamiltonian
remains invariant under the Lie group of the trans- and oI
formation (12), the invariance is called the Noether 9 = ap;’ (20)
symmetry of the system. we obtain the Noether equation
Criterion 1 If the infinitesimal transformation
. oOH 0H .
(11) satisfies pi&i — 58 — 5 -& — H& =0. (21)
0s Jq;
Co 0H OH OH
PiAgi + GiAp; — gAS T g Agi — @T)iApi From Eq.(21), we can obtain the Killing equations
|
0 9&o 9% 9&o 98 9o
i~ HSY =0, pot — Hol =0, piot — Ho™ =0,
b Iq1 op1 P 992 Op2 b dqs3 Ops
0¢&; 0¢ 0H O0H OH 0& 0 O0H
i in A~ A %0 —&i -H—-H——=0,
b Js dq1 Op1 Os fo—¢ dq; Js dq1 Op1
i i — a0 &imn-—H——-—H —-—=0,
p Js TP dqo Ops  Os =& dq; Js dqo Opa
0¢&; 0¢ 0H O0H OH 0& 0 OH
AU A Sy s SN S U ) 22
b Js p dq3 Ops  Os fo—¢ dq; Js dqsz Op3 (22)
[
Noether theorem If the infinitesimal gen-  The Killing equations have the solutions
erators §.0 (t, q,p) & (t7 q,p) and n;(t,q,p) satisfy Go=1, & =0, =0, &=0, (24)
Noether identical equation (21), then system (8) pos-
sesses a conserved quantity. =0 &G=1 &=0 &=0. (25)
Substituting infinitesimal generators (24) into

I =p;& — HE = const. (23)

Eq.(23), we get the conserved quantity for the super-
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long elastic slender rod Egs.(1)—(3).

1
I=H= 3 [A(Hcosgo + sinfsing)’

+B (—fsing + 1bsinfcosy)’
+C (¢cost + @)2} + Fcosf = const, (26)

and substituting infinitesimal generators (25) into
Eq.(23), we get the conserved quantity of the system

I = p1 = (Asin® ¢ + Bcos® ¢ + C cos )

+ (A—B) Bsinfcospsinp+Cy cos 0
= const. (27)

4. Conclusion

In summary, we have generalized the existing
Noether symmetry for dynamical systems to the struc-
tural model of super-long elastic slender rod. The in-
finitesimal transformations with respect to radial co-
ordinate, generalized coordinates, and quasi-momenta
are also introduced to the model. The Noether sym-
metries and conserved quantities are obtained for this
system. We believe that this technique can be use-
ful for further study of symmetrical structures in bio-
molecular systems, and the results along this line will
be reported in the future.
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