
Vol 17 No 7, July 2008 c© 2008 Chin. Phys. Soc.

1674-1056/2008/17(07)/2356-05 Chinese Physics B and IOP Publishing Ltd

Orbital effect in the stationary axisymmetric field∗
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This paper uses an elegant mathematical method to calculate the orbital effects in the axisymmetric field created

by the spinning mass with electric charge and a large number of magnetic monopoles. In comparison with that in the

Reissner–Nordström (R–N) field, the correction terms caused by the spinning mass decrease the advanced effect as the

revolution direction of the test particle coincides with that of the Kerr field, however, the correction terms caused by the

spinning charged mass increase the advance effect as the revolution direction of the test particle coincides with that of

the Kerr–Newman–Kasnya (KNK) field. Generalizing the effect in the axisymmetric field, it obtains interesting results

by discussing the parameters of the celestial body, these parameters provide a feasible experimental verification of the

general relativity.
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1. Introduction

The effect in the gravitational field is an intriguing
problem, the effects in some symmetric fields (such as
Schwarzschild, Reissner, Nordström, Kerr fields) have
been researched rather completely.[1−4] We have stud-
ied the mass defect effects[5−8] and orbital effects[9,10]

in spherically symmetric field. However, the celestial
bodies all are moving, so it is more significative to
study the orbital effect in the field with angular mo-
mentum.

The Kerr–Newman spacetime is a stationary ax-
isymmetric solution[11,12] of the Einstein’s equations
in the presence of the Maxwell field.[13,14] In 1982, Ka-
suya discussed it in the case of the field source with
magnetic charge. The form of the metric in Boyer–
Lindquist coordinates (t, r, θ, ϕ) is given by[15](in this
paper, we take G = c = 1.)

ds2 =
∆
ρ2

(dt− a sin2 θdϕ)2

− ρ2

∆
dr2 − ρ2dθ2

− sin2 θ

ρ2
[adt− (r2 + a2)dϕ]2, (1)

where

∆ = r2 + a2 − 2Mr + q2
e + q2

m,

ρ2 = r2 + a2 cos2 θ,

a =
J

M
, (2)

where M , J , qe and qm are, respectively, the total
mass, the spinning angular momentum, the electric
charge and the magnetic charge of the field source.

In this paper, we propose an elegant mathemati-
cal method to solve the general problem of the orbital
effect in the gravitational field induced by the spin-
ning mass with electric charge and many magnetic
monopoles.[16] The geodesic motion of the test particle
is analysed in the next section. We obtain the preces-
sion effect of the perihelion in the spinning fields in
Section 3. Finally, we discuss the results applied to
other kinds of conditions by substituting the parame-
ters into the expressions.

2. The geodesic motion of the test

particle

First, we discuss the orbital motion confined to
the type of conic section, by the first integral of the
equation of geodesic motion we obtain the proper en-
ergy ε and the proper vector area h; by its second
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integral we obtain the orbital equation. In the spheri-
cal coordinate system, we assume that the test particle
moves in the plane θ =

π

2
, the orbit has the form of a

conical curve

u =
1
r

=
1
p
(1 + e cos ψ),

ψ = ϕ + α(ϕ) = ϕ + ∆ϕ, (3)

where p and e are, respectively, the focus parameter
and eccentricity of the ellipse, ψ is real abnormal angu-
lar displacement, including (compared with the New-
tonian theory) the additional angular displacement
α(ϕ) (additional abnormal). When e < 1, α(ϕ) is
the additional abnormal angular displacement of the
perihelion which represents the precession. In the case
of circular motion, the concept of period degenerates,
but the general conception of additional abnormal is
effective: lim

e→0
α 6= 0.

We integrate the equation of the motion, that is

d
dλ

(
gσµ

dxσ

dλ

)
=

1
2

∂gτσ

∂xµ

dxτ

dλ

dxσ

dλ
,

gµν
dxµ

dλ

dxν

dλ
= 1. (4)

In the spherical coordinate system (x0, r, θ, ϕ), for sta-
tionary symmetric radiation field, gτσ does not include
x0 and ϕ, the components (0, 3) are respectively,

d
dλ

(g0σẋσ) = 0,

d
dλ

(g3σẋσ) = 0. (5)

Integrating Eq.(5) we obtain

g0σẋσ = −ε, g3σẋσ = h, (6)

where ε and h are integration constants. Substitut-

ing Eq.(6) into gµν
dxµ

dλ

dxν

dλ
= 1, we obtain the orbital

equation (
du

dϕ

)2

= F (u), (7)

where F (u) is an expression about u = r−1. In differ-
ent ways, we can obtain the solution of Eq.(7) in the
form of Eq.(3).

Substituting Eq.(3) into Eq.(7), we have

e2

p2
sin2 ψ

(
dψ

dϕ

)2

=A(ε, h, p, e) + B(ε, h, p, e)
e

p
cos ψ

+ C(ε, h, p, e)
e2

p2
sin2 ψ. (8)

Comparing coefficients of each term of the equation,

we obtain

A(ε, h, p, e) = 0,

B(ε, h, p, e) = 0,

ψ
′2 = C(ε, h, p, e), (9)

or we can obtain another expression of Eq.(3)

α′2 + 2α′ − C(ε, h, p, e) + 1 = 0, (10)

where α′ =
dα

dϕ
, so that we obtain the expression of

the periodic additional abnormal

∆α

2π
=

1
2π

∫ 2π

0

C−
1
2 dψ − 1,

∫
dα = −∆α. (11)

Substituting the metric into Eqs.(9), (10) and
(11), we can obtain the expression of additional dis-
placement at the perihelion. Substituting the values
of the parameters of some planet into the expression
we will obtain the precession effect of the planet.

3. The precession effect in KNK

field

3.1. For Kerr spacetime

The metric is

ds2 =
(

1− 2Mr

r2 + a2 cos2 θ

)
dt2

− r2 + a2 cos2 θ

r2 − 2Mr + a2
dr2

− (r2 + a2 cos2 θ)dθ2

−
(

r2 + a2 +
2Mra2 sin2 θ

r2 + a2 cos2 θ

)
sin2 θdϕ2

+
4Mra sin2 θ

r2 + a2 cos2 θ
dtdϕ, (12)

when θ =
π

2
, the nonzero components of gµν of the

Kerr metric are found as follows:

g00 = 1− 2M

r
,

g11 = −
(

1− 2M

r
+

a2

r2

)−1

,

g22 = −r2,

g33 = −
(

r2 + a2 +
2Ma2

r

)
,

g03 = g30 =
2Ma

r
. (13)

Substituting Eq.(13) into Eq.(7), we obtain
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FM,a(u) =
(

du

dϕ

)2

=
ε2 − 1

h2
+

2M

h2

[
1− 2aε

h
(ε2 − 1)

]
u

−
(

1 +
8M2a

h3
ε3

)
u2 + 2M

[
1− 8M2a

h3
ε− 8M3a

h4
ε(ε2 − 1)

]
u3. (14)

Substituting Eq.(3) into Eq.(14), and comparing Eq.(14) with Eq.(8) we obtain

A =
ε2 − 1

h2
+

2M

h2

[
1− 2aε

h
(ε2 − 1)

]
1
p
−

(
1 +

8M2a

h3
ε3

)
1 + e2

p2

+ 2M

[
1− 8M2a

h3
ε− 8M3a

h4
ε(ε2 − 1)

]
1 + 3e2

p3
,

B =
2M

h2

[
1− 2aε

h
(ε2 − 1)

]
−

(
1 +

8M2a

h3
ε3

)
2
p

+ 2M

[
1− 8M2a

h3
ε− 8M3a

h4
ε(ε2 − 1)

]
3 + e2

p2
,

C =1 +
8M2a

h3
ε3 − 2M

[
1− 8M2a

h3
ε− 8M3a

h4
ε(ε2 − 1)

]
3 + e cos ψ

p
. (15)

Substituting the above results into Eq.(11) and inte-
grating it, we can obtain the effect of test particle at
the perihelion in the Kerr field which is induced by
the spinning mass. We have

(
∆α

2π

)

a

= −4a
√

M

p
√

p

(
1 +

9M

p

)
. (16)

Equation (16) shows, when the direction of the spin-

ning field source reverses that of the particle rounding
it, the correction terms make the Einstein’s effect in-
crease, vice versa, this effect will decrease.

3.2. For KNK spacetime

The metric is given by

ds2 =
[
1− 2Mr − (q2

e + q2
m)

r2 + a2 cos2 θ

]
dt2

− r2 + a2 cos2 θ

r2 − 2Mr + a2 + (q2
e + q2

m)
dr2

− (r2 + a2 cos2 θ)dθ2 −
{

r2 + a2 +
[2Mr − (q2

e + q2
m)]a2 sin2 θ

r2 + a2 cos2 θ

}

× sin2 θdϕ2 +
2a sin2 θ

r2 + a2 cos2 θ
[2Mr − (q2

e + q2
m)]dtdϕ, (17)

when θ =
π

2
, the nonzero components of gµν of the KNK metric are found as follows:

g00 = 1− 2M

r
+

(q2
e + q2

m)
r2

,

g11 = −
[
1− 2M

r
+

a2

r2
+

(q2
e + q2

m)
r2

]−1

,

g22 = −r2,

g33 = −
[
r2 + a2 +

2Ma2

r
− (q2

e + q2
m)a2

r2

]
,

g03 = g30 =
2Ma

r
− (q2

e + q2
m)a

r2
. (18)
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Substituting Eq.(18) into Eq.(7), we obtain

F (u) =
(

du

dϕ

)2

,

=
ε2 − 1

h2
+

2M

h2

[
1− 2aε

h
(ε2 − 1)

]
u

−
{

1 +
8M2a

h3
ε3 +

q2
e + q2

m

h2

[
1− 2aε

h
(ε2 − 1)

]}
u2

+
{

2M

[
1− 8M2a

h3
ε− 8M3a

h4
ε(ε2 − 1)

]
+

8Ma(q2
e + q2

m)
h3

ε3

}
u3

− (q2
e + q2

m)
[
1− 24M2aε

h3
− 32M3aε

h4
(ε2 − 1)]u4

+ o[(q2
e + q2

m)2]. (19)

Substituting Eq.(3) into Eq.(19), and comparing Eq.(19) with Eq.(8) we obtain

A =
ε2 − 1

h2
+

2M

h2

[
1− 2aε

h
(ε2 − 1)

]
1
p

−
{

1 +
8M2a

h3
ε3 +

q2
e + q2

m

h2

[
1− 2aε

h
(ε2 − 1)

]}
1 + e2

p2

+
{

2M

[
1− 8M2a

h3
ε− 8M3a

h4
ε(ε2 − 1)

]
+

8Ma(q2
e + q2

m)
h3

ε3

}
1 + 3e2

p3

− (q2
e + q2

m)
[
1− 24M2aε

h3
− 32M3aε

h4
(ε2 − 1)

]
1 + 6e2 + e4

p4

+ o[(q2
e + q2

m)2],

B =
2M

h2

[
1− 2aε

h
(ε2 − 1)

]
−

{
1 +

8M2a

h3
ε3 +

q2
e + q2

m

h2

[
1− 2aε

h
(ε2 − 1)

]}
2
p

+
{

2M

[
1− 8M2a

h3
ε− 8M3a

h4
ε(ε2 − 1)

]
+

8Ma(q2
e + q2

m)
h3

ε3

}
3 + e2

p2

− (q2
e + q2

m)
[
1− 24M2aε

h3
− 32M3aε

h4
(ε2 − 1)

]
4 + 4e2

p3
+ o[(q2

e + q2
m)2],

C =1 +
8M2a

h3
ε3 +

q2
e + q2

m

h2

[
1− 2aε

h
(ε2 − 1)

]

−
{

2M

[
1− 8M2a

h3
ε− 8M3a

h4
ε(ε2 − 1)

]
+

8Ma(q2
e + q2

m)
h3

ε3

}
3 + e cos ψ

p

+ (q2
e + q2

m)
[
1− 24M2aε

h3
− 32M3aε

h4
(ε2 − 1)

]
6 + 4e cos ψ + e2(1 + cos2 ψ)

p2

+ o[(q2
e + q2

m)2]. (20)

Comparing the coefficients of both sides of Eq.(8), we
obtain the equations A = 0, B = 0. Solving it, we
obtain the values of ε and h. Substituting them into
the expression of C and integrating

∆α

2π
=

1
2π

∫ 2π

0

C−
1
2 dψ − 1, (21)

we obtain the precession effect of the test particle at
the perihelion. However, the equations include higher
order terms of ε, h, so we cannot get the rigorous an-

alytic solution, we only study the orbital effect of the
test particle in the KNK field taking lower order ap-
proximation. Let the body with electric and magnetic
charges spin with low speed, so the values ε, h of the
test particle in the KNK field, respectively, equate ap-
proximatively to those of the values in the R–N field.
For simple calculation, suppose the orbit of the test
particle is a circle (e = 0), and the radius of orbit p is

large enough such that
M

p
< 1. We obtain
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ε2 =
(

1− 2M

p
+

q2
e + q2

m

p2

)2[
1− 3M

p
+

2(q2
e + q2

m)
p2

]−1

,

h2 =[Mp− (q2
e + q2

m)]
[
1− 3M

p
+

2(q2
e + q2

m)
p2

]−1

. (22)

Substituting the above results into Eq.(21) and integrating it, we can obtain
(

∆α

2π

)
=

3M

p
+

27M2

p2
+

135M3

2p3
− q2

e + q2
m

2pM
− 6(q2

e + q2
m)

p2

− 1
8

(
q2
e + q2

m

pM

)2

− 189M(q2
e + q2

m)
4p3

+
33(q2

e + q2
m)2

8p3M

+
3
4

(
q2
e + q2

m

pM

)3

+
24Ma2

p3
− 4a

√
M

p
√

p

(
1 +

9M

p
+

75M2

2p2

)

+
4a
√

M

p
√

p

[
11(q2

e + q2
m)

4pM
+

161(q2
e + q2

m)
4p2

+ 2(
q2
e + q2

m

pM
)2

]

+ o

(
1
p4

)
(23)

with the precession effect caused by spinning electric and magnetic charges as follows

(
∆α

2π

)

qe,qm,a

=
4a
√

M

p
√

p

[
11(q2

e + q2
m)

4pM
+

161(q2
e + q2

m)
4p2

+ 2
(

q2
e + q2

m

pM

)2]
. (24)

Equation (24) shows, when the direction of the spin-
ning field source is the same as that of the particle
rounding it, the correction terms make the Einstein’s
effect increase, vice versa, this effect will decrease.

4. Discussion

The KNK field, which describes a body with
charges, mass, and spinning angular momentum, as
an axisymmetric field, is richer than the Schwarzschild
field which is a spherical field in structure. Specializ-
ing it without the charges and the angular momentum

of spinning, we find that the Eq.(23) takes the form

(
∆α

2π

)

M

=
3M

p
+

27M2

p2
+

3M2e2

2p2
, (25)

this result we have obtained in Ref.[9], on the right
side of Eq.(25) the third term can be obtained in the
condition that the test particle takes elliptical move-
ment.

We can obtain the precession effects of other kinds
of planets by substituting the parameters into the ex-
pressions, which is an interesting problem we will dis-
cuss in our next paper.

References

[1] Godfrey B B 1970 Phys. Rev. D 1 2721

[2] Chose J K and Kumar P 1976 Phys. Rev. D 13 2736

[3] Wilkins D C 1972 Phys. Rev. D 5 814

[4] Wang Y J and Tang Z M 1990 Theory and Effects of

Gravitation (Changsha, China: Human Science Technol-

ogy Press) 195

[5] Wang Y J 2001 Journal of Natural Science of Hunan Nor-

mal University 4 29 (in Chinese)

[6] Gong T X and Wang Y J 2004 Journal of Natural Science

of Hunan Normal University 3 39 (in Chinese)

[7] Gong T X and Wang Y J 2005 Chin. Phys. 14 45

[8] Huang X J and Wang Y J 2002 Chin. Phys. Lett. 19 755

[9] Gong T X and Wang Y J 2005 Chin. Phys. 14 859

[10] Wang Y J and Tang Z M 2001 Acta Phys. Sin. 50 2284

(in Chinese)

[11] Pan Q Y and Jing J L 2006 Chin. Phys. 15 77

[12] Hu P H and Wang Y J 2006 Chin. Phys. 15 1120

[13] Kerr R 1963 Phys. Rev. Lett. 11 237

[14] Newman E T and Janis A I 1965 Math. Phys. 6 344

[15] Kasuya M 1982 Exact Sol of Rot. Phys. Rev. D 25 995

[16] Wang Y J and Peng Q H 1985 Sci. Sin. 4 422


