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2N line-soliton solutions of the (2+1)-dimensional Kadomtsev—Petviashvili equation can be presented by resorting

to the Hirota bilinear method. By extending the real parameters into complex parameters, this paper obtains N

periodic-soliton solutions of the (2+1)-dimensional Kadomtsev—Petviashvili equation from the 2N line-soliton solutions.
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1. Introduction

The interaction of the solitons plays an important
role in many applications, therefore its study for non-
linear integrable models is very important.l'=22 Re-
cently, the y periodic-soliton solutions for the (241)-
dimensional Sawada—Kotera equation and the (241)-
dimensional Nizhnik—Novikov—Veselov equation are
introduced in Refs.[7,8]. We are enlightened by the
above references, the periodic-soliton solutions of the
(24+1)-dimensional Kadomtsev—Petviashvili (KP) is
discussed systematically and completely in this paper.
The Hirota bilinear method will be applied to obtain
2N line-soliton solutions of the (241)-dimensional
KP equation. Using the 2N line-soliton solutions,
we present N periodic-soliton solutions of the (2+41)-
dimensional KP equation through extending the real
parameters into complex parameters. As an applica-
tion, we obtain the solutions of multiple soliton inter-
actions, including interactions between two periodic-
solitons, one periodic-soliton and one line-soliton and

two line-solitons.

2. The explicit solutions of the
(2+1)-dimensional KP equa-

tion

The (2+1)-dimensional KP equation! =4 is

(ug + 6uty + Upgs)w + 3U2uyy =0 (1)

with 0% = +1.
type of KP equation (KP I equation), when 02 = —1,

Equation (1) is known as the first

and the second type of KP equation (KP II equation),
when 02 = 1. We shall consider the periodic soli-
ton solutions of the (2+1)-dimensional KP equation
Eq.(1).

Let

u=2(Inf)ze (2)

and substitute it into Eq.(1), we obtain a correspond-

ing bilinear form
(D¢Dy +Dg +30°Dy) f - f =0, (3)
where D-operator is defined by!!

DD*Dja-b
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By using the Hirota bilinear method, we know
that Eq.(1) has 2NN line-soliton solution"

2N
u=2(nf),, =2 |In Z exp Zujnj
j=1

n=0,1

2N
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where the first Z#:o 1 means a summation over all
possible combinations of u; = 0,1, uo = 0,1, ---,
tyy = 0,1 and Zigjd means a summation over all

|

o / / o’
n; =p;r+qy+wit+n;,

(W —w)) () — ) + (0 — p))* + 302(q) — q))?

possible pair (j,1) chosen from the set {1,2,---,2N},

with the condition that j < [ and

exp(4;;) = —

(W +w) @) +pp) + (0 +p))* +30%(d) + q))*

2 4 )
wip) = —302q; —pj (1<j<I<2N). (7)

By extending the real parameters into complex
parameters in Eqgs.(5)—(7), we have

N2m—1 = Nam = Pm® + @y + Wit + 10, (8)

where 73, denotes the complex conjugation of 72,
and

/ _ ;% ! _ r

Pomm—1 = Pms Pom = Pms 92m—1 = 9m> dom = Qm
/ _ r_ ok o’ _ .0

Wom—1 = Wmy Wop = Wiy M 2m—1 = T

/ *
7702m:77?n (m:1’2v""N)' (9)

Suppose

Pm = (am + ibm)v qm = (Cm + idm)a
Wi = (em +1fm), 1 = (27, +165,), (10)

where ., by Cmy dmy €my fm, 22, 09, are real pa-
rameters. Substituting Eqgs.(9)-(10) into Eq.(7), we
obtain

1 5 372 4
m = m —apy t 2ambm + 3ambm
+O’2(—3(1m63n - Gbmcmdm + Samd?n)] ) (11)
fo = | = Bat by — 20208, 41

+02(3bmc2, — 6amCmdmym — 3bma3n)‘| , (12)

Substituting Eqgs.(8)—(12) into Eq.(4), we can ob-
tain an explicit solution of the (2+1)-dimensional KP
equation. In general, the parameters are suitably
chosen, Eq.(4) represent periodic-soliton and line-
soliton solutions of the (2+41)-dimensional KP equa-

tion. (i) When b2, + d2, # 0, a2, + b2, # 0 and

exp(Aom—1,2m) > 1 (m = 1,2,---,N), Eq.(4) rep-
resent the interaction of N periodic-soliton solutions.
Further selecting the parameters in the above, when
b =0, dmam #0 (m=1,2,---
y periodic-soliton solutions from Eq.(4) and when pa-

,N), we can obtain

rameters d,, = 0, b, # 0(m = 1,2,---,N), we can
obtain z periodic-soliton solutions from Eq.(4). (ii)
When the parameters bi + di # 0, by = ds = 0,
ai + b7 #0, as # 0, exp(Aag_12) > 1, {k}U {s} =
{1,2,---,N} and {k} N {s} = 0, Eq.(4) denotes the
interaction of periodic-soliton and line-soliton solu-
tions. (iii) When the parameters b,, = d,, = 0,
am # 0,(m =1,2,---,N), Eq.(4) represents the in-
teraction of N line-soliton solutions.

3. The periodic-soliton and line-
soliton solutions of the (2+1)-

dimensional KP I equation

In the following, we give the periodic-soliton solu-
tions of the KP I equation (62 = —1). For the sake of
simplicity, we shall discuss the two basic cases N =1
and N = 2.

Case 1 (N =1) Supposing
m=mns= {1 +i61, (13)

where 2, = a1x + c1y + eit + 20, 01 = byx + dyy +
fit + 69, without loss of generality, we assume that
029 = 09 = 0. Noticing Egs.(6), (11) and (12), we
have

~fuby + 4b 4 32
A) — — 14
exp(Aiz) eray +4aj — 3¢’ (14)

1
a? + b?

—(=3a,¢? — 6bicrdy + 3a1d?)], (15)

e1 = [—a3 + 2a3b? + 3a,b]
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h=op + b2 [—3alb; — 20203 +b° +exp(Ai2) exp(m + 12)
a
' 2 5 = 14 2exp({21) cos by
7(31)161 - 6(1161d1 - 31)1&1)}. (16)
+exp(Aiz2) exp(242). (17)

Substituting Eqs.(13)—(16) into f in Eq.(4), we

find
Therefore, we obtain an explicit solution of the (2+1)-

f =1+ [exp(m) + exp(n2)] dimensional KP I equation

(a? — b3) cos 0y — 2a1by sin 0 + 2a? exp(Ay2) exp(£2;)
v/exp(Aiz) cosh (91 +1n exp(Alz)) + cos 0y

u =2

2
a1 COS 01 — b1 sin 91 + aq exp(Alg) exp(Ql)

v/exp(Ajz) cosh (Ql +1In exp(A12)) + cos 0y

The parameters are suitably chosen, when b3 + d? # 0, a? + b3 # 0 and exp(A;2) > 1, Eq.(18) represents one
periodic-soliton solution, when b; = d; = 0 and a1 # 0, Eq.(18) denotes one line-soliton solution. Plots of these

-2

(18)

solutions are given in Fig.1.
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Fig.1. (a) One periodic-soliton solution Eq.(18) with a1 = 0.59, by = 0.01, ¢; = 0.2, di = 0.45, t = 0; (b) One
line-soliton solution Eq.(18) with a1 = 0.2, b1 =0, ¢c1 =0.2,d1 =0, t =0.

Case 2 (N =2) Supposing +i(by — by)] + [(a1 — az) +i(by — by)]*
=3[(c1 — c2) +i(dy — d2)]*}/{[(e1 + €2)
Hi(f1 + f2)][(al +az) +i(b1 + bz)}
+[(a1 + az) +i(by + b)) = 3[(c1 + 2)

mo=1 = +i01, n3=mn; = +iby, (19)

where 2, = a4 + cpy + emt + 2%, 0 = byx +
dmy + fmt +02,, without loss of generality, we assume

that 29 =60 =0 (m = 1,2). Noticing Eqgs.(6), (11) +i(dy + do)]*}, (21)
and (12), we have exp(Ai4) = (exp(Az3))”
exp(Asg) = — —fiby + 4b? + 3d2 = —{[(ex —e2) +i(f1 + f2)][(a1 — a2)
Pl eia; + 46641l — SC% ’ —|—1(b1 + b2)] + [(a1 — a2) + 1(61 + b2)]4
exp(Agy) = — 222 TZ% + 3@% (20) —3[(c1 — e2) +i(d + d2)]*}/{[(e1 + €2)
c2az + a3 =363 Hi(fi — fo)][(ar + ) +i(by — by)]
exp(A13) = (exp(Aaq))* (a1 + az) +i(br = b2)]* = 3l(ex + )
+i(dy — d2)]?}, (22)

—{[(e1 — e2) +i(f1 — f2)][(a1 — a2)
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where ey = b [—a5 4 2a3b3 + 3asbi
21 " 202 2
—(—3agc3 — 6bacrdy + 3azd3)],  (25)
_ 5 372 4 1 4 2,3 5
€1 20 [—ai + 2a7bT + 3a1b; fa = m[—i’)asz — 2a3b; + b
,(—13(110% — 6bycidy + 3a1df)], (23) _(3b2cg — Bagcody — 3b2a§)}. (26)
= ——[-3alb; — 2a303 + 13
f a? + b} [=3aiba e Substituting Eqgs.(19)—(26) into f in Eq.(4), we
—(3b1¢} — 6ajcidy — 3biad)], (24)  obtain

f =1+ [exp(m) + exp(n2)] + [exp(n3) + exp(na)] + exp(Ai2) exp(m + 12)
+exp(Asa) exp(ns + 14) + [exp(Aiz) exp(m + n3) + exp(Az4) exp(n2 + 14)]
+lexp(Ai1a) exp(m + n4) + exp(A2z) exp(n2 + 13)] + exp(Ai2)[exp(Ais) exp(Azs) exp(n1 + 12 + 13)
+exp(A14) exp(Aaq) exp(m + 12 + ma)] + exp(Asa) [exp(Arz) exp(Ara) exp(n1 + 13 + 74)
+ exp(Aas) exp(Aaq) exp(nz + 13 4+ n4)] + exp(A12) exp(Ai3) exp(Ags) exp(A14) exp(Ags) exp(Asy)

x exp(n + n2 + 13 + n4)

= 14 2exp(f21) cosb1 + 2exp(§22) cos O + exp(Ai2) exp(2£2;) + exp(Azq) exp(2(2)
+2exp(f21 + £22)[Re(exp(Ai3)) cos(61 + 02) — Im(exp(Ai3)) sin(6y + 02)
+Re(exp(Ai4)) cos(61 — 02) — Im(exp(Ai4)) sin(by — 02)] + 2exp(A12) exp(22y + %)
x[(Re(exp(A1s))Re(exp(A14)) + Im(exp(A13))Im(exp(A14))) cos Oz
—(Im(exp(A13))Re(exp(A14)) — Re(exp(A13))Im(exp(Ai4))) sin 6]
+2exp(Asq) exp(§21 + 2622 )[(Re(exp(A1z))Re(exp(A1a)) — Im(exp(Ais))Im(exp(Ai4))) cos b1
—(Re(exp(A13))Im(exp(Ai14)) + Im(exp(A;3))Re(exp(Ai4))) sin 6]
+exp(A12) exp(Asy) |exp(Ars)|? |exp(Ars) | exp(2(2 + 22)), (27)

which together with Eq.(4) yields an explicit solution of the (241)-dimensional KP T equation

u = 2{In(1 + 2 exp(21) cos by + 2exp({2) cos Oy + exp(A12) exp(2£21) + exp(Az4) exp(262;)
+2exp(21 + 25)[Re(exp(Ais)) cos(by + 02) — Im(exp(A13)) sin(fy + 62)
+Re(exp(A14)) cos(f1 — O2) — Im(exp(A14)) sin(fy — 02)] + 2 exp(A12) exp(202; + )
x[(Re(exp(A13))Re(exp(Ai4)) + Im(exp(A1s))Im(exp(Ai14))) cos 02 — (Im(exp(Ais))
xRe(exp(A14)) — Re(exp(A13))Im(exp(A14))) sinf2] + 2 exp(Ass)
x exp(21 + 262)[(Re(exp(A13))Re(exp(Ai14)) — Im(exp(A13))Im(exp(Ai4))) cos by
—(Re(exp(A1s))Im(exp(A14)) + Im(exp(A13))Re(exp(A14))) sin 0]
+exp(A1z) exp(Ass) [exp(Ara) [ |exp(Ars)* exp(2(21 + 2))) Yo (28)

The parameters are suitably chosen, when b% +d3? # 0,
b2 +d3 #0,a2+b3#0, a3 +b3 #0, exp(Ara) > 1
and exp(Ass) > 1, Eq.(28) represents the interaction
of two periodic-soliton solutions, when b2 + d3 # 0,
by =dy =0, a? + b3 # 0, az # 0 and exp(Az) > 1,
Eq.(28) denotes the interaction of one periodic-soliton
and one line-soliton solutions, when b; = by = d; =
dy = 0, a1 # 0 and ay # 0, Eq.(28) represents the

interaction of two line-soliton solutions. Plots of these
solutions are given in Figs.2—4.

It is worthwhile to notice that we cannot ob-
tain the periodic-soliton solutions for the (241)-
dimensional KP II equation (6 = 1) by using above
method. In fact, substituting Eqs.(9)—(12) into the
Eq.(6), we have
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(bmcm -

amdm)2 - (b?n + bfrlna’?n + b?nafrln) - bfna?n

eXP(A2m—1,2m) =

(m = 1,2,---,N).

(OmCm — amdm)? + (b5, + bh,a5, + bp,az,) + b7, az,

<1 (29)

It is easy to know that the (2+1)-dimensional KP II equation has not periodic-soliton

solutions on the basis of available evidence in the Section 2.

U
cComm
| R

Fig.2. The interaction of two periodic-soliton solution Eq.(28) with a1 = —0.59, by = —0.05, ¢c1 = 0.2, d; = 0.45,
az = 0.58, by = 0.02, c2 = 0.21, do = 0.43, (a) t = =8, (b) t =0, (c) t = 8.

Fig.3. The interaction of one periodic-soliton and one line-soliton solution Eq.(28) with a1 = —0.59, by = —0.05,
c1 =0.2,d1 =045, a2 =0.58, b2 =0,c2=0.21,d2 =0, (a) t =8, (b) t =0, (c) t =8.
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Fig.4. The interaction of two line-soliton solution Eq.(28) with a1 = —0.59, by = 0, ¢1 = 0.2, di = 0, a2 = 0.58,
bo =0, c2 =0.21,d2 =0, (a) t = —168, (b) t =0, (c) t = 130.

4. Summary

It is well known that Hirota bilinear method is
an effective approach to find line-soliton solutions of
nonlinear evolution equation. However, we cannot ob-
tain the periodic-soliton solutions from standard Hi-
rota bilinear method. In this paper, with the help of
the Hirota bilinear method, we derive the periodic-

soliton solutions of the (2+1)-dimensional KPI equa-
tion by suitably selecting the complex parameters. As
an application, we obtain the solutions of multiple soli-
ton interactions, including interactions between two
periodic-solitons, one periodic-soliton and one line-
soliton and two line-solitons. This way can be also
applied to other multidimensional nonlinear evolution

equations.
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