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A universal estimation formula for the average path length of scale free networks is given in this paper. Different

from other estimation formulas, most of which use the size of network, N, as the only parameter, two parameters

including N and a second parameter « are included in our formula. The parameter « is the power-law exponent, which

represents the local connectivity property of a network. Because of this, the formula captures an important property

that the local connectivity property at a microscopic level can determine the global connectivity of the whole network.

The use of this new parameter distinguishes this approach from the other estimation formulas, and makes it a universal

estimation formula, which can be applied to all types of scale-free networks. The conclusion is made that the small world

feature is a derivative feature of a scale free network. If a network follows the power-law degree distribution, it must be

a small world network. The power-law degree distribution property, while making the network economical, preserves

the efficiency through this small world property when the network is scaled up. In other words, a real scale-free network

is scaled at a relatively small cost and a relatively high efficiency, and that is the desirable result of self-organization

optimization.
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1. Introduction

A large number of complex networks found in
real-world applications have aroused more and more
interest in the study of these networks. Many com-
plex systems, artificial and natural, can be modelled as
networks. Examples of these network-represented sys-
tems include the Internet, World Wide Web (WWW),
metabolic networks, citation networks, cellular net-
works, etc.['=3] The elements of these systems are rep-
resented as nodes of these networks, and the interac-
tions between the elements are expressed as edges be-
tween corresponding nodes.!4 All these networks de-
vised to study complex systems share some common
properties. These networks, known as complex net-
works, all have large sizes, and the connectivity prop-
erty cannot be easily expressed. Complex networks
have been studied by using statistical methods, and
they generally have three properties, i.e. scale-free,
high clustering, and small world.

A scale-free network is a network in which degree
distribution follows a power law,! that is, the proba-

scale free network, power law, small world, power law exponent

bility distribution function of the degree of nodes fol-
lows P(k) ~ k=%, where k is the degree of a node,
and « is usually a constant between 1 and 3. Small
world property says that in these networks, despite
the large size of the network, there is a relatively short
path between any two nodes, where the path length
[ is defined as the number of edges along the short-
est path connecting any two nodes. The average path
length < [ > is a mean of all the lengths of paths in
this network. The small world property can be writ-
ten as < I >~In(N), which says that the average path
length < [ > increases logarithmically with the size of
network, IV, increasing. The high clustering property
is the trend in the forming of charmed circle in the
network. It is quantified by a clustering coefficient C;.

In a complex network, the power-law degree dis-
tribution property and the small world property co-
exist in the same network. Is there any connection
between the two properties? What is the relationship
between the power-law degree distribution and the av-
erage path length?

Many studies have given different models for var-
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ious complex networks, for example, the Internet!®!
and WWW networks,[® but there is not any uni-
versal model that is applicable to all complex net-
works. Recently, there has been an increasing interest
in formulas that calculate average path length of a
scale-free network, or of real-world networks such as
the email network and WWW. Zhang et all” gave
an evolutionary Apollonian network and its topol-
ogy property. They also studied the pseudofractal
network, and indicated that the average path length
was affected by the parameters of model and pro-
portional to the logarithm of the size of network,
N.18 Their work was based on Dorogovtsev et al’s,
in which the pseudofractal network has been first
given. In Zhang et al’s work, the power-law exponent
is 14+In3/In2, and the average path length approxi-

mately is 9 In Ny + 3 In 5 where N is the numbers of

vertices.[”) Ebel et all'9 gave the average path length
of the email network by using the generating function
approach. Davidsen et al['!] studied an acquaintance
network model, and gave its formula of average path

1()g

o <k?>-—-<k>
& <k>

al'?! investigated a fractal network with a mixed de-

length as [ ~ + 1. Zou et

gree distribution and gave its topology property. Li
and Cail® performed a statistical analysis of the air-
port network of China, and gave a formula of the di-
ameter of the sub-cluster. Cohen and Havlin"* stud-
ied the diameter of scale-free networks whose degree
distribution P(k) satisfies a power law P(k) ~ k=7,
and by using analytical arguments they showed that

In(InN), 2<~v<3,
d(N) ~ ¢ InN/In(InN), ~=3, Lee et all*®)
InN, v > 3.

measured the diameter of finite scale-free networks by
random walks on finite SFNs, and their results were
in agreement with Cohen and Havlin’s conclusion.

In this research, we aim at finding a universal for-
mula that can be used to estimate the average path
lengths of all types of scale-free networks. This for-
mula will give insights into the question of what the
influence factors of the average path length are, and it
will explain the relationship between the small world
property and the power-law degree distribution. It
will also help to better understand the advantages of

scale-free networks.

2. The meaning of the power-
law degree distribution and the

small world

Consider the economical aspect of a scale-free net-
work. If more edges are added to a network, the
average path length is expected to become smaller.
Thereby, consider a large network composed of a large
number of nodes: only if it has a larger number of
edges, will its average path length be shorter. A scale-
free network has a relatively short average path length
only because of a relatively small number of edges
despite a large number of nodes. That the number
of edges is not too large results from the power-law
degree distribution. According to the power-law de-
gree distribution P(k) ~ k~%, the larger the k is, the
smaller the P(k) will be. The result is the number
of the nodes with a smaller degree is more than that
with a large degree. So in a scale-free network, the to-
tal number of edges is not too large when considering
the size of the network. If we use the total number
of edges in a network to represent the cost of the net-
work, the power-law degree distribution can make the
network more economical.

On the other hand, the average distance between
two nodes represents the efficiency of a network. Al-
most all networks, including the Internet and WWW,
are expected to have a short average path length to
achieve a better performance. So the average path
length is often used as a measure of performance of a
network. The small world property, which says that
there is a relatively small distance between any two
nodes, makes a complex network more efficient.

From an economical point of view, the power-law
degree distribution and the small world together result
in a complex network that is both economical and ef-
ficient. In other words, a scale-free network makes
use of relatively few edges to obtain a relatively short
average path length.

Our objective of this research is to find out how
the goals in efficiency and economy are achieved simul-
taneously in complex networks, and how the power-
law degree distribution affects the average path length.
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3. Estimation of the average path

length of complex network

In the power-law degree distribution P(k)~k~<,
the exponent o shows the local connectivity prop-
erty of the network. Apparently, the average path
length < [ > is determined by this local connectivity
property of the network. Considering that < [ > is
also affected by the size of network N, it can be ex-
pressed as a function of o and N. In Ref.[5], we have
analysed in detail the average path length of the In-
ternet whose degree distribution follows a power law.
One conclusion was that the path-length distribution
function P( 1) must be a descending function of I, and

also a function of .. In Ref.[5], we also gave a formula
INLT

P)=(1--] -1

_ 3In(5.55—a)
5In

I which is suitable

for the Internet but may not be applicable to other
scale-free networks. By replacing the constant in the
primary formula with a parameter, we give an empir-
ical formula of P(l) applicable to an arbitrary type of
scale-free network as follows:
1\3 _loge—a)
P(l) = (1 — a> <7 TTega , (1)
where [ is the path length, which is defined as the
number of edges along the shortest path connecting
any two nodes; P(l) is the path-length distribution
probability, which is determined by the connectivity
property of network. In expression (1), besides «, the
exponent of power law £~ there is another parame-
ter ¢, which varies with type of scale-free network. By

Table 1.

references, and the predictions < [ >;rediction7 <i>

expressions (3), (4) and (6).

adjusting this parameter ¢, expression (1) can be used
for any type of complex network.
lmax
< I > can be estimated based on Y P(l)l, so we

=1
have

_ log(c—a)
log

£ ins
1 8l
[>=(1—— l 2
<>( a)Z (2)

=1
where lax is the longest possible path length, which
is less than or equal to N. So expression (2) can be
approximated as

! 1 1\3 N lilng(c—a)
<l >= - — loga
.) X

=1

(3)

We compare < | >prediction from expression (3) and
< | >pea1 of many complex networks. The results are
shown in Table 1 and Fig.1 indicating that the predic-
tions are close to the observed values.

5
* real <[> ®
O <!> prediction from
expression (3)
4
®
A
\ ®
3
®
®
2
1 2 3 4 5 6
Number
Fig.1. The average path lengths of real networks,

< | >peal, from the reference and the predictions,
< 1 >prediction, from expression (3), showing that
<l >prediction 1S almost equal to <1 >pca1-

Comparison between the average path lengths of real networks, < [ >,ca1, from the

4 and < 1>

prediction’ prediction’ respectively from

network size N  « c a X2 <l>peal <l>;)rediction <l>grediction <l>g;ediccion Ref. Number
software 1439 1.5 3.013 3.00 2.42 2.4271 2.6164 2.6162 [3] 1
package Internet 3015 2.15 4.248 4.30 4 4.0020 3.5030 3.5028 [16] 2
router Internet 3530 2.16 4.299 4.32 3.77 3.7681 3.5730 3.5729 [16] 3
router metabolic network 765 2.2 4.478 4.40 2.56 2.5635 2.9670 2.9666 [17] 4
Merabolic, E. coli 778 2.2 4363 4.40 3.2 3.2028 2.9739 2.9735 [17] 5
Movie actors 212250 2.3 4.653 4.60 4.54 4.5399 5.3545 5.3544 [1] 6

To study the potential correlation between ¢ and
« in Table 1, we plot ¢ against o as shown in Fig.2.
From this figure, we can see that ¢ grows linearly with
«, and c is approximately twice as big as «, i.e. ¢ ~ 2a.

By substituting this into expression (3), we obtain

1\ &
<l>=[1-= =1
(-3) X
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We compare the values of < [ > obtained from ex-
pression (4) and the values of < [ >,¢, observed from

the above complex networks. The results are shown
in Table 1 and Fig.3.

46 : ¢
o
L o cC H
-+ 2x¢ : :
4.2 / :
o 3.8

3.4t /
3.0 i/

14 16 18 20 22 24

«

Fig.2. The relation between o and ¢, showing they have
a good linear relation, where ¢ =~ 2a.

—je—real <>
—o-< 1> prediction from cxpression (4)

<I>

Number

Fig.3. The average path lengths of real networks and the
predictions from expression (4).

Further more, we also know

=1n(N) + 0.577, (5)

where C is Euler’s constant and approximately equal
to 0.577.
By substituting expression (5) into expression (4),

we obtain
2a

<l>= <1 - ;) (In(N)+0577).  (6)

The above expression is very interesting and impor-
tant, and it will be further discussed in the next sec-
tion. It is consistent with the findings of many previ-
ous studies, such as those done by Albert and Barabési

etc. We use this expression to re-estimate the pre-
dicted average path length of aforementioned real-
world networks, and the results are shown in Table
1 and Fig.4.

—%—real <[>
-6-< !> prediction [rom expression (6)

T

3

<I>
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Fig.4. The average path lengths of real networks and the
predictions from expression (6).

Using expression (6), besides the size of the net-
work, N, the remaining parameter is only «, the value
of which is required to be estimated in order to ob-
tain the average path length of a scale-free network.
This makes this estimation method easy to use, and
the accuracy is still satisfactory. For example, for
co-authorship network of neuroscience,'8! N=70975,
a=2.1, and the real average path length < [ >=6,
while the average path length is predicted from ex-
pression (6) to be 5.2.

4. Analysis of the formula

Two variables: IV, which is the number of nodes in
the network, and «, which is the power-law exponent,
are included in expression (6). From this expression,
N has a positive correlation with < [ >, and « has a

more complex relation with < ! >, which is shown in

2a

1 3
Fig.5. In Fig.5, when o < 1 the value of <1 — >
!

decreases, and when « > 1 it increases. For most real-
world networks, « falls in a range approximately from
2 to 3, so in these networks < | > increases with «
increasing. Thereby, < [ > will increase if either N or
« or both grow larger.
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Fig.5. The relation between a and (1 - é) ’ .

Because < k >, the mean of the degree of node k,
satisfies that < k >~ S" k=%t a larger a will result
in a smaller average degree < k > and therefore fewer
total edges in the network. Because of this decrease
in number of edges in the network, the average path
length < ! > will increase. This is consistent with the
correlation between < | > and a we conclude above
based on our formula in expression (6).

Expression (6) also indicates that the average
path length < [ > increases logarithmically with the
size of the network, N, i.e. <l >~ In(N), which is the
definition of small world. This is also consistent with
the results of many previous studies, such as those
performed by Albert and Barabési,[! Newman,®! and
Barabdsi and Albert.!¥) But these previous studies are
different from ours in that they each give a different
formula for a different network, which is often derived
from statistic data for that specific network, while our
formula is obtained from studying a general network
at a microscopic level and is not restricted to any spe-
cific network. For example, Albert gave a formula
for WWW, in which he stated that the average path
length < [ > and the size of the network N satis-
fied < I >=0.35 4 2.06In(N).[6] This research, along
with many other previous studies, was performed at a
macroscopic level by using a statistical approach, but
our study starts at a microscopic level of a general net-
work, without considering the macroscopic properties
such as the size of the network. It finally reaches con-
clusions consistent with those drawn from all previous
studies. Therefore, a big advantage of our formula is
its universal applicability. Given the values of a and
N for any scale-free network, the average path length
can be estimated from our formula.

Another major difference between our formula
and those proposed in the previous studies is that our

formula includes the parameter a besides the size of
network, NN, which is not included in other estima-
tion formulas. Since « represents a local connectivity
property and < [ > represents a global connectivity
property, our formula captures the fact that the lo-
cal connectivity property at a microscopic level of a
network determines the global connectivity property
of the whole network. In other words, our formula re-
flects the joint effect of the local connectivity property
and the size of network on the global property of the
whole network. This distinguishes expression (6) from
other estimation formulas.

A side conclusion from our formula is that if a
network is a scale-free network, then it must also be
a small world network. This is because any scale-free
network will follow the rule of power-law degree distri-
bution, and our formula states that such a network al-
ways has a relatively short average path length despite
the large size, or in other words, such a network has
the small world property. The power-law degree distri-
bution makes the scale-free network economical, and
the small world makes the network efficient. Thereby,
the scale network is intrinsically both economical and
efficient, which makes it scaled up efficiently with a
relatively small growth in cost. This desirable result
is because of self-organization optimization.

5. Conclusion

In this paper, we present a new formula to esti-
mate the average path length based on both the size
and the local connectivity property of the network.
We argue that the local connectivity property and
the size of network both affect the global connectivity
property of networks, and that the previous efforts to
estimate the average path length solely from the size
of the network, N, is not sufficient. Our new esti-
mation formula as shown in expression (6), takes into
consideration both the size of the network, N, and a
parameter «, which effectively captures the local con-
nectivity property at a microscopic level, in estimating
the average path length. The use of this parameter
« marks a major difference between our formula and
those proposed in the previous studies, and makes our
formula applicable to all types of scale-free networks:
for any scale-free network, given the values of @ and N,
the average path length < ! > can be easily estimated
by inserting these values into expression (6). We have
also shown that our formula, as a generalization of
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all network-specific estimation methods, draws conclu-
sions consistent with those from the previous studies
focusing on specific types of networks. In summary,
our formula provides a universal and easy-to-compute
estimation for all types of scale-free networks.
Through our new estimation formula we have also
shown the intrinsic relationship between the average
path length and the size of the scale-free network. Ex-
pression (6) discloses that in a scale-free network, the
average path length will grow logarithmically with the
size of the network, i.e. <l >~ In(N), which is the

definition of the small world property. This shows that
the small world property is only a side result of the
power-law degree distribution. In other words, the
power-law degree distribution determines the small
world property. Therefore, the power-law degree dis-
tribution, while governing the economical growth of
the network on its own, preserves the efficiency of the
network with a slowly increasing average path length
when the network is scaled up. In conclusion, a scale-
free network is both economical and efficient, and that

is a desirable result of self-organization optimization.
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