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The mesoscopic quantum interference phenomenon (QIP) can be observed and behaves as the oscillation of con-

ductance in nano-devices when the external magnetic field changes. Excluding the factor of impurities or defects, specific

QIP is determined by the sample geometry. We have improved a first-principles method based on the matrix Green’s

function and the density functional theory to simulate the transport behaviour of such systems under a magnetic field.

We have studied two kinds of QIP: universal conductance fluctuation (UCF) and Aharonov–Bohm effect (A–B effect).

We find that the amplitude of UCF is much smaller than the previous theoretical prediction. We have discussed the

origin of difference and concluded that due to the failure of ergodic hypothesis, the ensemble statistics is not applicable,

and the conductance fluctuation is determined by the flux-dependent density of states (DOSs). We have also studied

the relation between the UCF and the structure of sample. For a specific structure, an atomic circle, the A–B effect is

observed and the origin of the oscillation is also discussed.
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1. Introduction

When the sample size decreases into a charac-
teristic length Lϕ, which is the de-phasing length,
some mesoscopic quantum coherence phenomena such
as universal conductance fluctuation (UCF) and
Aharonov–Bohm effect (A–B effect) can be observed
in experiments.[1−5] Lee and Stone[6] have analysed
the UCF phenomenon and Stone[7] has successfully
simulated UCF with Anderson models. Then they
focused their attention on the samples with the di-
mensions in the order of 10 nm (typical dimensions
40 nm×40 nm×800 nm) and concluded that based on
the ergodic hypothesis, the amplitude of UCF in meso-
scopic systems was in the order of G0 = 2e2/h, no
matter what the structure was.[8] Nowadays, with
the rapid development of nano-technology, molecu-
lar nano-devices have aroused more and more in-
terest, and some experiments have proved the mag-
netoresistance fluctuation in them when the sample
size is comparable with Lϕ, but with much smaller
amplitude.[9−18] The samples are all quasi-1D nano-
devices which have a long mean free path, e.g. it can
be several nanometres for atomic chains and even sev-
eral microns for some carbon nanotubes.[19] The re-

duction in number of scattering changes not only the
diffusion, but also the transport mechanism. In this
nano-limit, UCF behaves differently. Firstly, the am-
plitude of UCF decreases sharply. Secondly, with a
few defects and impurities, the randomness of statis-
tical sample disappears. Finally, the curve of UCF
is flux-dependent, and the frequency of oscillation in-
creases with the flux. All the above properties show
that the theory of general UCF is not applicable any
more, and the quasi-ballistic interference theory is
needed to explain the effects.

2. Calculation model

A first principles method which combines the ma-
trix Green’s function and density functional theory to-
gether (GF+DFT), has gained rapid progress recently
in the field of electron coherent transport.[20−24] It
succeeded in calculating the conductance of a molec-
ular device including hundreds of atoms between two
semi-infinite electrodes. Based on it, we will introduce
a method by which the conductance of nano-devices
under a magnetic field can be calculated. (Simi-
lar work about megetoresistance fluctuation in nano-
devices is done by Hod et al [25]).
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Our theoretical basis is the Landauer approach
in which the transport is considered as a consequent
of incident carrier flux and the system conductance
is described with a transport coefficient. We consider
a long quasi-1D metal wire connected through tun-
nel barriers with a source lead and a drain lead of
the same material (see Fig.1). A local circular per-
pendicular magnetic field is applied to the region of
central device. The Hamiltonian of device is calcu-
lated with the density functional theory (DFT), and
the electron–phonon interaction is neglected.

Fig.1. Calculation model, in which two semi-infinite elec-

trodes are connected to a central region where there exists

an applied local circular magnetic field perpendicular to

the paper. In this paper, we adopt (A) quasi-1D metal

chain and (B) metal atomic circle as our samples.

3. The formulas of current and

conductance

Let us consider a general scattering formalism
for a simple two-terminal model. The transport be-
haviour is described by the scattering matrix

S =


 S11 S12

S21 S22


 ,

where Sαβ is the Nα ×Nβ matrix whose components
(Sαβ)mn are the ratio between the outgoing amplitude
in mode n in lead α and the incoming amplitude in
mode m in lead β.

We define a+
nα(ε) and anα(ε) as the creation and

annihilation operators on mode n in lead α, and also
b+
mβ(ε) and bmβ(ε) as the creation and annihilation

operators on mode m in lead β. Then we have

bmα =
∑

nβ

(Sαβ)mnanβ . (1)

The current in mode m in lead α is given by

Imα =
2e

h

+∞∫

−∞
dε(

〈
a+

mαamα

〉− 〈
b+
mαbmα

〉
).

According to expression (1), we have

〈
b+
mαbmα

〉
=

∑
n

|Sαα|2
〈
a+

n∂anα

〉

+
∑

n

|Sαβ |2
〈
a+

nβanβ

〉

=
∑

n

|Sαα|2 fα +
∑

n

|Sαβ |2 fβ ,

where fα and fβ are the Fermi distribution functions
in leads α and β

Considering all the modes, we obtain the total
current as

I =
2e

h

+∞∫

−∞
dε(N1 −R11)f1 − T12f2,

where R11 = Tr(S+
11S11), T12 = Tr(S+

12S12), and N1

is the number of modes in lead α. Unitarity of the
scattering matrix (which is required by current con-
servation) ensures that Tr(S+

11S11) + Tr(S+
12S12) =

1. Therefore, taking the trace over all modes yields
T12 + R11 = N1, and thus

I =
2e

h

+∞∫

−∞
dε(f1 − f2)T12. (2)

Take the approximation in which the tempera-
ture is absolutely zero and electrodes are infinite in
size, then we can write expression (2) as

I =
2e

h

µ+eV/2∫

µ−eV/2

dεT12,

where µ is the chemical potential of the electrode in
equilibrium and V is the bias voltage:
when V is small, we can use this formalism

G =
2e2

h
T (Ef ).

The transmission coefficient is calculated by the
Fisher-Lee relation

T (E) = Tr(Γ 1G
RΓ2G

A).

The retarded Green’s function is:

GR = ((E + iη)S − F − Σ1 − Σ2)−1,
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where Σ1,2 = τ1,2g
R
1,2τ

+
1,2 with τ1,2 is the coupling

Hamiltonian between the central device and the elec-
trode and gR

1,2 being the retarded surface Green’s func-
tion of the electrode Γ1,2 = i(ΣR

1,2−ΣA
1,2); E is the en-

ergy; S and F are the overlap matrix and Fock matrix
of periodic boundary condition (PBC) structure.

4. Fock matrix under an external

magnetic field

We write the Fock matrix as

F =
1

2m
(P + eA)2 + Vcore + VHartree + Vxc + µBS,

where µ is the spin magnetic moment. Coulomb gauge
is adopted and the magnetic vector potential A is de-
fined as

A =
1
2
B × r.

Let r = R + r′, where R is the coordinates of
atom, and r′ is the relative coordinates. Assuming
that the direction of the magnetic field is parallel to z
axis, the kinetic item can be written as:

F kinetic =
1

2m
(P 2 + eB(lz + Lz)

+
e2B2

4
(x2 + y2 + X2 + Y 2 + 2xX + 2yY )),

where

lz = (xPy − yPx),

Lz = (XPy − Y Px),

x, y, z and X, Y , Z are the components of r′ and R

respectively.

The electrodes will be influenced by the magnetic
vector potential. In this region,

A =
1
2
B × r

|r0|2
|r|2 ,

where r0 is the radius of the magnetic field scope. Use
the gauge invariant Gauss-type basis:

|ϕ〉 = cX lY mZne−αr2−iA·r,

and define the overlap integral as

〈ϕi | ϕj〉 = || lj ,mj , nj〉 ,

then we will have

〈ϕi|lz| ϕj〉 = Ax|| lj ,mj + 1, nj〉 −Ay|| lj + 1,mj , nj〉 − i(mj || lj + 1,mj − 1, nj〉 − lj || lj − 1,mj + 1, nj〉),
〈ϕi|Lz| ϕj〉 = (AxYj −AyXj)|| lj ,mj , nj〉 ,

−i(Xjmj || lj ,mj − 1, nj〉 − Yj lj || lj − 1,mj , nj〉 − 2Xjαj || lj ,mj + 1, nj〉+ 2Yjαj || lj + 1,mj , n〉),

〈
ϕi|x2| ϕj〉 = || lj + 2,mj , nj〉 ,

and

〈ϕi|xX| ϕj〉 = X|| lj + 1,mj , nj〉 .

London approximation is used to calculate the
integral,[26,27]

〈ϕi|ϕj〉 = 〈φi|φj〉 eiLij ,

where, |φ〉 = cX lY mZne−αr2
and Li,j =

1
2
(Aj −Ai) ·

(Ri + Rj).

5. The treatment of the elec-

trodes

In the region of electrodes, the magnetic vector

potential decays slowly with the ratio
1
r

and it is dif-
ficult to deal with the magnetic vector potential far
away from the molecular region. We assume that there
exists an annular magnetic field in the region of elec-
trodes. It is parallel to the magnetic field in molecular
region with an inverse direction, so the magnetic vec-
tor potential can decay to zero out of some scope. And
the calculation results of UCF can reach convergence
when the magnetic field in the regions of electrodes is
weak enough.
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In the regions of electrodes, we use this formula:

A =
1
2
Beff × r,

where

Beff = (|r0|2B + (r2 − r2
0)Binv)/|r|2.

For the case |R| À |r′|, we can replace r with R.
Then the calculation of the Fock matrix element is
carried out in a way similar to the former.

Within the regions, we have

F = F0 + Fm

τ = ES − T0 − Tm, (3)

where F0 and T0 are respectively the on-site and the
coupled Hamiltonian matrices of two cells (a cell is
a unit including four atoms in the paper), which can
be calculated with the PBC calculation by the Gaus-
sian package. Meanwhile, Fm and Tm are the on-site
and the coupled Hamiltonian matrices induced by the
magnetic field respectively.

The retarded surface Green’s function of the elec-
trode and the self-energy are respectively

gR
s = (ES − F − Σ + i0+)−1, (4)

and
Σ = τgR

s τ+.

With Eqs.(3) and (4), the self-energy can be
solved in an iteratively procedure.

We should point out that the Fermi level of the
electrode is calculated as below:

N =

Ef∫

−∞
DOS(E)dE,

where N is the total number of electrons. And
the density of states is calculated from the formula

DOS(E) = − 1
π

Tr(Im(GR(E)S)). The Fermi level is
not affected by the magnetic field because the mag-
netic field is applied only to the region of the molecule.

6. Results and analysis

Figure 2(c) shows that the UCF feature of a Na
chain which includes 320 cells. (In the appendix we
will introduce the extended method of dealing with a
big system including thousands of atoms.) The bond-
length is 0.330 nm after energy optimization. In this
figure Φ is the flux through the scope of electron cloud

and the radius of atom is used as the width of this
scope (0.186 nm for Na). The Fermi level of Na chain
is –2.81 eV. The conductance fluctuates with an am-
plitude in the order of 0.001G0.We also obtain the
approximate data for the samples of quasi-1D Au, Li
chains.[28] The decrease of amplitude does not accord
with the prediction by Stone, δG/Gav ∝ N−0.3

c , in
which Gav is the average conductance and Nc is the
number of transport channels. This prediction is suit-
able for the situation Nc À 1, but not for nano-devices
with only several channels. In such a situation, some
basic viewpoints and hypotheses are not valid. Gen-
eral UCF theory is based on a quasi classical model,
in which there exist many elastic scattering processes
during transport and the electrons keep the memory of
phase. Each electron has many possible paths and all
the paths construct a statistical ensemble which satis-
fies the ergodic hypothesis. There are many impurities
and defects in samples which behave as scattering cen-
tres, and scattering processes are determined by their
configurations. In nano-devices, there may be few or
even no impurities and defects, and also due to ge-
ometry confinement the number of elastic scattering
progresses sharply decreases. We also notice that the
magnetic fluxes through the sample are much smaller
than the quantum magnetic flux Φ0 = h/e under an
available magnetic field. The ergodic hypothesis in
the general UCF theory does not hold true and the
ensemble average is not a good explanation any more.
So, we should view the UCF effect in nano-devices
from a new perspective.

Fig.2. UCF feature of Na chain with 80 (a), 160 (b), and

320 (c) cells in the central region. (In this paper, one cell

includes four atoms.)

We conclude that the local magnetic field weakly
confines the electrons in a molecular region. In a pure
1D system, a perpendicular magnetic field does not
affect the conduction, while it is a little different in
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a quasi-1D system. According to classical model, in
a magnetic field free electrons have a circular motion
with a radius in real space named as Landau radius.
The Landau radius is often much bigger than the sam-
ple size in an available magnetic field. However, due
to the boundary scattering, the electrons will experi-
ence a longer path when passing the central region.
Then equally, we can view it as a ‘weak localization’
in a quasi ballistic conduction. In an ultra-high field
condition, the electrons will be confined in the molec-
ular region and there are very high potential barriers
on the molecular edges, and the DOS will be a series
of discrete peaks. And as far as an available magnetic
field, the DOS will increase a series of restricted lev-
els, which are approximately equal to the molecular
levels.

In the following, we use a simple model to esti-
mate the change of DOS. We divide the total Hamil-
tonian into three parts, i.e. H = H0 +Σe +Σm, where
H0 is the Hamiltonian under zero magnetic field, Σe

is the electrode self-energy and Σm is the flux-related
Hamiltonian.

With the Dyson equation, we have

G0 = (ES −H0 + i0+)−1,

G1 = G0 + G0ΣeG0 + G0ΣeG0ΣeG0 + · · · ,

G =G0 + G0ΣeG0 + G0ΣmG0 + G0ΣeG0ΣeG0

+ G0ΣmG0ΣmG0 + G0ΣeG0ΣmG0

+ G0ΣmG0ΣeG0 + · · · ,

∆DOS =− 1
π

Im(Tr(∆GS))

=− 1
π

Im(Tr((G−G1)S))

=− 1
π

Im(Tr((G0ΣmG0

+ G0ΣmG0ΣmG0 + G0ΣeG0ΣmG0

+ G0ΣmG0ΣeG0 + · · · )S),

where Σm includes a pure imaginary matrix, Σm1 =
eB

2m
(lz+Lz), and a real matrix, Σm2 =

e2B2

8m
(x2+y2+

X2+Y 2+2xX+2yY ). According to the hermiticity of
Hamiltonian, we know that G0 and Σm1 are antisym-
metric matrices, while Σm2 and Σe are symmetric ma-
trices. It is easy to prove that the trace of the product
of a symmetric matrix and an antisymmetric matrix is
zero. So the corresponding ∆DOS with the first order

perturbation is − 1
π

Im(Tr(G0Σm2G0S)). And Σm2 is

often much smaller than Σm1 under an available mag-
netic field.

We take the second order perturbation of G into
account, then

∆DOS =− 1
π

Im(Tr((G0Σm2G0 + G0Σm1G0Σm1G0

+ G0Σm2G0Σm2G0 + G0Σm2G0ΣeG0S

+ G0ΣeG0Σm2G0)S)).

We note that Σm1 is linear with B and Σm2 is
linear with B2, so we have ∆DOS ∝ B2. Meanwhile,
G0 is a pure imaginary impulse function matrix when
E ∼ εi, i = 1, 2, · · · , N , where εi is the molecular level.
So the DOS reaches a maximum at a molecular level.

Besides the fluctuation of conductance, another
effect induced by the magnetic field is the energy
floating. The interaction between the orbital angu-
lar momentum and the magnetic field, Σm1, makes
every level split into n levels, where n is the quantum
number of the orbital angular momentum (as to the
samples in this paper, Σm1 is small, for they are all
‘s’ metals). The item Σm2 leads to the energy float-
ing, and the floating scale is linear with Φ2 for atomic
chains. Here, Φ = BrAL, where rA is the radius of
atom and L is the length of central region.

The UCF is directly related to the fluctuation
of DOS because there is a resonance between the
Blöch wave from electrodes and the standing wave
constrained by magnetic field when the Fermi level
is located at one of the molecular levels. Figures 2(a),
2(b), 2(c) show the UCF curves of Na chain includ-
ing 80, 160, 320 cells, respectively. As we explained
above, one oscillation occurs when the DOS floating
exceeds the energy interval between two molecular lev-
els, ∆E. We let the values of ∆E for these samples
be ε, ε/2, and ε/4, and we assume that the energy
floating satisfies Lf = αΦ2 under a weak magnetic
field. Thus the number of oscillations has the relation

Nosc =
Lf

∆E
=

αΦ2

∆E
. In Fig.2, the numbers of oscil-

lations in Figs.2(a), 2(b), and 2(c) when Φ ≤ 0.4Φ0

are 7, 13, and 25 respectively, which well match with
our explanation. And due to the fact that the energy
floating is linear with Φ2, we also notice that in each
UCF curve the frequency of fluctuation increases with
the magnetic field.

7. Comparison and discussion

We also simulate the cases of different structures.
The results show that the UCF feature is a charac-
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ter of sample structure. Figure 3 displays the UCF
curves for four structures: a periodic structure, two
kinds of dimer structure, and a zigzag structure. They
have different shapes but with the same amplitudes,
showing that the UFC amplitude is not sensitive to
the sample structure, but to a characteristic size of
the sample. In these quasi-1D structures, only the
back-scattering takes effect in interference, the flux
through the closed area of different Feynman paths is
very small. Below, we will discuss a specific structure,
i.e. an atomic circle, in which the flux is relatively
great and the conductance curve exhibits oscillations
with a much bigger amplitude.

Fig.3. UCF feature for Na chains of different structures,

i.e. dimer structure with a displacement 0.001 nm (A),

dimer structure with a displacement 0.005 nm (B), zigzag

chain with an angle of 5◦ (C), and periodic Na chain (D).

Figure 4 shows the conductance behaviour of an
Au circle and a Na circle. The sample of Au circle
includes 100 cells and the sample of Na circle has 200
cells. Periodic conductance oscillations are observed
and the period well matches the quantum magnetic
flux. Different from the cases of metal chains, the con-
ductance of the circles fluctuates with a much greater
amplitude. It is because the interference between the
Aharonov–Bohm waves from upper arc and down arc
occurs, and the effects generated by back scattering
are smeared off. The Fourier analysis shows that there
is a Φ0/2 period also, which is the typical feature of
weak localization (WL) effects. The origin is the in-
terference between the clockwise and the anticlockwise
Aharonov–Bohm waves propagating the whole circle.

In the experiment of A–B effect which was com-
pleted in the 1980s, the sample was an Au circle with a
diameter of 820 nm and a width of 40 nm.[3] The result
showed that there were two periods in the magnetore-
sitance curve, i.e. Φ0 and Φ0/2. The fluctuation with
a period Φ0 disappears in a high magnetic field. Alt-

shuler claimed that it was because the inner circle and
the outer circle had different contour areas. We notice
in our results that the amplitude of fluctuation hardly
decreases at a high magnetic field, for the atomic cir-
cle is the thinnest sample and the difference between
different paths can be neglected. The result of calcu-
lation provides a strong support for that explanation.

Fig.4. The upper panel shows the conductance oscilla-

tion of an Au circle that has 100 cells and a bond-length

of 0.2733 nm. The bottom panel is for the case of a Na

circle that has 200 cells and a bond-length of 0.330 nm.

We can see in Fig.4 that there are two valleys
with different widths in a Φ0 period. The ratio be-
tween them is determined by the coupling with the
electrodes.[25] So the fluctuation of conductance in
circular devices is very useful because the transport
property can be controlled manually by modulating
an external magnetic field and the coupling with the
electrodes. Therefore it is a possible way to design the
molecular logic gate devices in the future.

In conclusion, the QIP in nano-devices including
UCF and A–B effect show different properties from
those in meososcopic systems. In this paper, we intro-
duce the method in detail which is used to investigate
the transport behaviour in nano-devices and by using
it we investigate the UCF in metal atomic chains and
the A–B effect in atomic circles. Some new physical
implications are analysed and discussed, and the flux-
related DOS is found to be a key factor.

Appendix

We develop an extended Hamiltonian method to
calculate a system including thousands of atoms, much
bigger than the number of atoms the Gaussian pack-
age can deal with now. It is appropriate for periodic
systems, such as chains or circles. In these systems,
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the Hamiltonian matrix can be written as

H =




HLL HLC

HCL HCC HCR

HRC HRR


 ,

where L, C and R represent the left electrode, the
central molecular region, and the right electrode re-
spectively. And HCC has the following form:

HCC =




H11 H12 H1N

H21 H22 H23

. . . . . . . . .

HN−2N−3 HN−2N−2 HN−2N−1

HN−1N−2 HN−1N−1 HN−1N

HN1 HNN−1 HNN




.

For a periodic system, all the information in the
Hamiltonian matrix can be described as three matri-
ces, i.e. T, Hmm and Hmm−1 (1 ≤ m ≤ N), where
Hmm is the on-site Hamiltonian matrix, Hmm−1is the
coupled Hamiltonian matrix of adjacent cells, and T is
the transformation matrix between the two adjacent
cells. T is a unit matrix in the case of a chain, and
a rotary group representation matrix in the case of a
circle.

Different solutions are adopted to calculate Hmm

and Hmm−1 in the case of a chain or a circle. For
a chain, the strict Hamiltonian matrix can be calcu-
lated by the Gaussian package under PBC, and for a
circle, we should calculate a finite arc including a cell
and some edge atoms. We keep adding edge atoms on
until the electronic potential they generate on the cell
hardly change, and approximately we use the poten-
tial on the cell generated by the edge atoms to replace
that generated by a complete circle. We calculate the
total Hamiltonian matrix and then extract the Hamil-
tonian matrix of the cell as Hmm and Hmm−1. And
T can be calculated by the basis information strictly.

In the next step the Hamiltonian matrix of
the electrode is calculated. We need to calcu-
late a semi-infinite chain with the GF self-consistent
method.[22,23] In the case of a circle, a finite arc con-
nected to a semi-infinite chain (Part A in Fig.5) should

be calculated additionally. To approach the true elec-
tronic potential, we also include some edge atoms in
the arc and extract the Hamiltonian matrix of Part A
out of the total Hamiltonian.

Fig.5. Diagram of the extended method.

Because of many atoms in the sample, we assume
that the Hamiltonian of the cell far away from elec-
trodes is equal to that of the cell in a pure circle. So
we replace the Hamiltonian matrix of Part B in Fig.5
with the same part for the Hamiltonian matrix of ex-
tended molecule. Finally, the Hamiltonian matrix of
Part A and that of Part B are combined together to
calculate the total Green’s function.
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