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This paper reports that the interaction potential for the X3Σ− state of NH radical is constructed at the CCSD(T)/

cc-PV6Z level of theory. Using this potential, this paper calculates the spectroscopic parameters (De, Re, ωe, ωeχe,

αe and Be) and their values are of 3.578 eV, 0.10368 nm, 3286.833 cm−1, 78.433 cm−1, 0.6469 cm−1 and 16.6735 cm−1,

respectively, which are in excellent agreement with the experiments. Then the total of 14 vibrational states has been

found when J=0 by solving the radial Schrödinger equation of nuclear motion. For each vibrational state, the vibrational

manifolds are reported for the first time. And last, the total cross sections, s-wave, p-wave and d-wave cross sections

are computed for the elastic collisions between two ground-state atoms (hydrogen and nitrogen) at low temperatures. It

finds that the total elastic cross sections are dominated by s-wave scattering when the collision energy is below 10−6a.u.

The pronounced shape resonance is found at energy of 6.1×10−6a.u. Calculations have shown that the shape resonance

comes from the p-wave contributions.

Keywords: atomic collision, total elastic cross section, shape resonance, partial-wave cross section,
spectroscopic parameter
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1. Introduction

NH radical is of fundamental importance. It plays
a significant role in many chemical processes, includ-
ing combustion. It has also been identified in stellar
atmospheres and in comets through transitions in its
electronic, vibration–rotation and high-N rotational
spectra.[1,2] Recently, the N=2–1 transition of this
radical has been detected in the direction of Sagit-
tarius B2 as part of the Infrared Space Observatory
(ISO) program.[3] A knowledge of the abundance of
NH in dark clouds is very important for the study of
nitrogen chemistry because it is likely to be an inter-
mediate in the formation of NH3 by successive hydro-
genation reactions.[4,5]

In theories, the ab initio calculations on the
X3Σ− state of this radical have been carried out ex-
tensively. But to the best of our knowledge, only

several investigations[6−9] can give satisfactory spec-
troscopic parameters, and the extracted spectroscopic
properties from these investigations are all incomplete.
For example, we have not found any results about its
vibrational levels, classical turning points and inertial
rotation and centrifugal distortion constants, which
are very useful in the theoretical rovibrational tran-
sition calculations. In experiments, it is notewor-
thy that the value of its dissociation energy varies
significantly.[10−12] And up to now, the accurate dis-
sociation energy has not been determined experimen-
tally. Meanwhile, because the elastic collision prop-
erties, such as the total and the partial-wave cross
sections, are very sensitive to the interaction poten-
tial over an extended range of internuclear distances,
no investigations can be found about the elastic scat-
tering between two ground-state H and N atoms in
the cold regime due to the lack of accurate analytic
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potential energy function (APEF).
One of the purposes of the present work is to

construct the reliable APEF of this NH (X3Σ−)
radical using the coupled-cluster singles-doubles-
approximate-triples [CCSD(T)] theory[13] in combina-
tion with the correlation-consistent sextuple basis set
(cc-PV6Z).[14−16] In Section 2, we briefly describe the
low-energy elastic scattering theory. In Section 3, we
calculate the accurate APEF, spectroscopic parame-
ters and vibrational manifolds. In Section 4, we com-
pute the total, s-wave, p-wave and d-wave cross sec-
tions for the elastic scattering between two ground-
state atoms (nitrogen and hydrogen) at low tempera-
tures. And in Section 5, concluding remarks are made.
Atomic units are employed throughout this paper oth-
erwise specified.

2. Low-energy elastic scattering

theory

The theory of scattering by a potential V (r),
where r is the internuclear distance of two atoms,
can be described by the following radial Schrödinger
equation,[17]

d2ul

dr2
+

[
k2 − 2µV (r)

~2
− l(l + 1)

r2

]
ul(r) = 0, (1)

where µ is the reduced mass of the colliding system
and k is the wave number given in terms of the en-
ergy E of relative motion by k2 = 2µE/~2, V (r) is
the diatomic interaction potential. The solution must
be regular and behave asymptotically as the following
formula when r →∞:

ul(r) ∼ Al[jl(kr) + tan δlnl(kr)]. (2)

Where jl and nl are, respectively, the spherical
Bessel and Neumann functions. Al is an arbitrary
amplitude, and δl is the scattering phase shift of the
lth partial wave. Alternatively, we can write

ul(r) ∼ Al sin
(

kr − 1
2
lπ + δl

)
. (3)

If Al is chosen to equal unity, the solution ul(r)
satisfies the following integral equation:[18]

tan δl =
−2µ

~2k

∫ ∞

0

jl(kr)V (r)ul(r)dr. (4)

When l equals 0, 1, 2, · · · , the scattering waves are
usually called s partial wave, p partial wave, d partial
wave, · · · , respectively. The elastic cross section of lth
partial wave, σl(E), can be calculated by[19]

σl(E) =
4π

k2
· (2l + 1) sin2 δl. (5)

Then, the total elastic cross section, σT(E), can be
defined as

σT(E) =
∞∑

l=0

σl(E) =
4π

k2

∞∑

l=0

(2l + 1) sin2 δl. (6)

With the accurate diatomic interaction poten-
tial derived from Gaussian 03 program package,[20]

the ul(r) can be obtained by solving the radial
Schrödinger equation (1). Once the ul(r) is attained,
various cross sections for the elastic collisions of two
ground-state hydrogen and nitrogen atoms in the cold
regime can be easily calculated according to Eqs.(5)
and (6).

3. Interaction potential

The calculations about the equilibrium structure
and the frequency of this NH (X3Σ−) radical are per-
formed in Gaussian 03 program package[20] at a se-
ries of the correlation-consistent basis sets of Dun-
ning and co-workers.[14−16] The De, Re and ωe cal-
culation results are all tabulated in Table 1. By
careful comparison between the calculated values and
the experiments,[10−12,21−23] we are certain that the
correlation-consistent sextuple basis set, cc-PV6Z, is
an excellent one.

Table 1. The equilibrium parameters for NH (X3Σ−) radical at the CCSD (T) level of

theory and the different correlation-consistent basis sets.

basis sets De/eV Re/nm ωe/cm−1 basis sets De/eV Re/nm ωe/cm−1

cc-PVDZ 3.097 0.10560 3196.638 aug-cc-PVDZ 3.250 0.10518 3212.191

cc-PVTZ 3.434 0.10392 3267.614 aug-cc-PVTZ 3.494 0.10395 3264.919

cc-PVQZ 3.533 0.10372 3282.320 aug-cc-PVQZ 3.556 0.10375 3281.994

cc-PV5Z 3.566 0.10369 3285.848 aug-cc-PV5Z 3.574 0.10370 3285.181

cc-PV6Z 3.578 0.10368 3286.833



2092 Shi De-Heng et al Vol. 17

The potential energy curve (PEC) of the ground-
state NH radical is calculated at the cc-PV6Z basis
set over the internuclear distance range from 0.07 to
2.62 nm. And the following common M-S function[24]

is used to describe its APEF,

V (ρ) = −De

(
1 +

n∑

i=1

aiρ
i

)
exp(−a1ρ). (7)

Where, ρ = R−Re, R is the internuclear distance
of a diatomic molecule. Re is its equilibrium internu-

clear separation and is regarded as a fixed parameter
in the fitting process. The dissociation energy De and
the parameters ai are determined by fitting.

Fitting equation (7) by the least-squares method,
we obtain the parameters ai and De. In order to ob-
tain a satisfactory result, we try it from n=3 to n=8,
and find the best results at n=6. The fitting results
are tabulated in Table 2 together with the Re value
for integrality.

Table 2. Parameters of M–S APEF for NH (X3Σ−) at the CCSD(T)/cc-PV6Z level of theory.

De/eV Re/nm a1/nm−1 a2/nm−2 a3/nm−3 a4/nm−4 a5/nm−5 a6/nm−6 RMSE/eV

3.578 1.0368 45.2219 516.1831 3817.561 –20719.17 –589910.22 3116541.5 0.00218

To appreciate the fitting quality of this APEF, we
calculate the ∆ERMSE in the fitting process,

∆EEMSE =

√√√√ 1
N

[ N∑

i=1

(VAPEF − Vab initio)2
]
. (8)

Where VAPEF and Vab initio are energies attained
by the fitting and by the ab initio calculations, re-
spectively. N is the number of fitting points (here
N=87). The present ∆ERMSE is of only 0.00218 eV
(about 0.0504 Kcal/mol). Obviously, our fitting ac-
curacy is greatly superior to the chemical accuracy
(1.0Kcal/mol).[25] It shows that the M-S function is
very suitable for reproducing the PEC of this NH
(X3Σ−) radical, and the fitting process is of high qual-
ity. Therefore, the present APEF collected in Table 2
is credible.

In order to test the APEF constructed above,

now we calculate the spectroscopic parameters and
the vibrational manifolds, and compare them with
the experiments wherever available. Based on the
APEF tabulated in Table 2, the force parameters,
quadratic f2, cubic f3 and quartic f4, are calcu-
lated, and then the spectroscopic parameters, ωeχe,
αe and Be, are determined as per the method given
in Refs.[26–28]. These values together with the
available experimental[10−12,21−23] and other valuable
theoretical[6−9] results are collected in Table 3.

In Table 3, one can find that the Re, ωe,
Be, ωeχe and αe values are in accord with the
measurements[10] within 0.056%, 0.139%, 0.154%,
0.106% and 0.323% respectively, and are also in agree-
ment with the experiments[21] within 0.039%, 0.117%,
0.039%, 0.555% and 0.108% respectively. According
to these, we conclude that the De value obtained at
cc-PV6Z is accurate and the APEF fitted is credible.

Table 3. Spectroscopic parameter comparison with the measurements and other theories

for NH (X3Σ−) at the CCSD(T)/cc-PV6Z level of theory.

Source De/eV Re/nm ωe/cm−1 Be/cm−1 αe/cm−1 ωeχe/cm−1

This work 3.578 0.10368 3286.833 16.6735 0.6469 78.433

Exp.[10] ≤3.671 0.10362 3282.27 16.6993 0.6490 78.35

Exp.[11] D0=3.40±0.16 — — — — —

Exp.[12] 3.386≤ De ≤3.667 — — — — —

Exp.[21] — 0.10372 3283 16.6670 0.6476 78

Exp.[22] — 0.10376 3282.583 — — 78.915

Exp.[23] — 0.1037 3282.1 16.67 0.648 78.3

Theory[6] 3.580 0.1039 3269.3 16.60 0.648 78.8

Theory[7] 3.516 0.10371 3279.4 16.671 0.6522 78.7

Theory[8] 3.600 0.10363 3282.64 — — 79.097

Theory[9] 3.591 0.1037 3284 16.665 0.659 81



No. 6 Elastic scattering of two H(2Sg) and N(4Su) atoms at low temperatures . . . 2093

The earlier investigations about NH (X3Σ−) rad-
ical were performed by Meyer et al [6] Meyer et al
calculated the De, Re and ωe values using the cou-
pled electron pair approach with the Gaussian type
orbitals, which comprised 4s, 4p, 2d and 1f func-
tions for N and 4s, 2p, 1d for H atom. As we see,
their ωe value from the measurements[10] are too small
by 12.97 cm−1. Peterson et al [7] used a number of
methods and basis sets for a series of benchmark
calculations. And the best results were obtained at
the CASSCF+1+2/cc-PV5Z level of theory. Lately,
Martin[8] used the CCSD(T) method with the AUG-
cc-PV5Zuc basis set, and Hirata et al [9] combined the
DK3-CCSD, DK3-CCSDT and DK3-CCSDTQ theo-
ries with the cc-PVTZ, cc-PVQZ and cc-PV5Z basis
sets to carry out the sophisticated calculations so as
to attain the accurate Re, De and ωe. From Table 3,
we find that the accuracy of these calculations[7−9] is
equivalent to ours. However, we should notice that
these calculations did not give the expression of the
APEF, which is very useful in the elastic collision in-
vestigations, and did not make the vibrational man-
ifold calculations, either. Therefore, the present in-
vestigations are more complete when compared with
previous theories.

In the adiabatic approximation, the vibrational
levels of a given electronic state of a diatomic molecule
can be obtained by solving the following radial
Schrödinger equation of nuclear motion,

[
− ~

2

2µ

d2

dr2
+

~2

2µr2
J(J + 1) + V (r)

]
Ψν,J(r)

= Eν,JΨν,J(r). (9)

Here V (r) is the adiabatic rotationless APEF tabu-
lated in Table 2, ν and J are the vibrational and ro-
tational quantum numbers, respectively, µ is the re-
duced mass of this NH radical. The rotational sub-
level of a given vibrational level is represented by the
following power series:[29]

Eν,J =G(ν) + Bν [J(J + 1)]−Dν [J(J + 1)]2

+ Hν [J(J + 1)]3 + Lν [J(J + 1)]4

+ Mν [J(J + 1)]5 + Nν [J(J + 1)]6

+ Oν [J(J + 1)]7. (10)

By solving Eq.(9) numerically, we have obtained
a total of 14 vibrational states for NH (X3Σ−) with
zero angular momentum. For each vibrational state,
1 vibrational level, G(ν), 1 inertial rotation constant,
Bν , and 6 centrifugal distortion constants, Dν , Hν ,
Lν , Mν , Nν and Oν , are obtained. They are collected
in Tables 3 and 4, respectively.

Unfortunately, we have not found any measure-
ments about the vibrational levels, classical turning
points, inertial rotation and centrifugal distortion con-
stants for this NH (X3Σ−) radical. Thus we cannot
make any direct comparison. But according to the
high-quality fitting process of the APEF and the good
agreement between the present spectroscopic parame-
ters and the measurements, [10−12,21−23] we have rea-
sons to believe that the results collected in Tables 3
and 4 are reliable.

Table 4. The vibrational levels, classical turning points and inertial rotation constants for the

vibrational states of NH (X3Σ−) at the CCSD(T)/cc-PV6Z level of theory.

ν G(ν)/cm−1 Rmin/nm Rmax/nm Bν/cm−1 ν G(ν)/cm−1 Rmin/nm Rmax/nm Bν/cm−1

0 1607.032 0.094291 0.11555 16.346635 7 20366.699 0.077054 0.17319 11.834296

1 4710.500 0.088704 0.12615 15.704974 8 22402.851 0.076112 0.18202 11.063115

2 7681.149 0.085375 0.13461 15.083671 9 24235.923 0.075317 0.19194 10.203858

3 10516.290 0.082947 0.14236 14.468806 10 25840.187 0.074656 0.20361 9.2125054

4 13210.780 0.081036 0.14985 13.848301 11 27178.308 0.074128 0.21845 8.0031690

5 15757.342 0.079472 0.15734 13.210721 12 28188.267 0.073742 0.24043 6.3542717

6 18146.581 0.078162 0.16505 12.544064 13 28739.361 0.073535 0.30177 3.4463196

Table 5. The centrifugal distortion constants for the vibrational states of NH (X3Σ−) with

zero angular momentum at the CCSD(T)/cc-PV6Z level of theory.

ν −Dν(×10−3)/cm−1 Hν (×10−7)/cm−1 Lν(×10−11)/cm−1 Mν(×10−15)/cm−1 Nν(×10−18)/cm−1 Oν(×10−21)/cm−1

0 –1.7317969 1.2846276 –0.8263930 0.8088030 –0.5754976 0.08859022

1 –1.6659806 1.2277890 –1.4390066 1.4204445 –0.5016368 0.08097689

2 –1.6218545 1.1363109 –1.8877028 1.8771611 –0.6646046 0.07340355

3 –1.5978920 1.0201792 –2.2897812 1.9314345 –0.9825752 0.05008582
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Table 5. (Continued)

ν −Dν(×10−3)/cm−1 Hν (×10−7)/cm−1 Lν(×10−11)/cm−1 Mν(×10−15)/cm−1 Nν(×10−18)/cm−1 Oν(×10−21)/cm−1

4 –1.5935647 0.8752964 –2.7530113 1.3575978 –1.5199686 –0.04930495

5 –1.6099059 0.6853063 –3.4100506 –0.3400751 –2.5483739 –0.37895343

6 –1.6502241 0.4171389 –4.4863563 –4.4122981 –4.8535274 –1.4194429

7 –1.7214728 0.0063941 –6.4595722 –14.243950 –10.896786 –4.9414604

8 –1.8372641 –0.6819404 –10.519883 –40.221567 –29.762286 –18.881160

9 –2.0252423 –1.9695143 –20.199271 –121.03629 –103.91571 –90.089906

10 –2.3482242 –4.7842847 –48.894343 –451.06984 –518.29074 –642.15369

11 –2.9825600 –12.784771 –172.99096 –2662.1149 –4859.5006 –9807.9469

12 –4.6811560 –52.588606 –1388.1988 –46483.793 –181908.26 –786132.27

13 –11.415473 –211.41380 4957.1590 1019481.4 3186539.3 –70535637

4. Total and partial-wave elastic

cross sections

Employing the potential tabulated in Table 2, we
can numerically solve Eq.(1) by the Numerov method.
The partial-wave phase shift δl of the elastic colli-
sions between two ground-state hydrogen and nitrogen
atoms for the ground state X3Σ− of this NH radical
is calculated according to the formula (4). The elastic
partial-wave cross sections and the total elastic cross
sections are calculated by using Eqs.(5) and (6). The
collision energy dependence of the total elastic cross
sections calculated at low and ultralow temperatures
is shown in Fig.1. The collision energy dependences
of the s-wave, p-wave and d-wave elastic cross sections
are depicted in Figs.2–4, respectively.

Fig.1. Total cross sections for elastic scattering between

two ground-state atoms, N and H, in the ground state of

NH radical.

Fig.2. s-wave cross sections for elastic scattering between

the two ground-state atoms, N and H, in the ground-state

NH radical.

Fig.3. p-wave cross sections for elastic scattering between

two ground-state atoms, N and H, in the ground-state NH

radical.
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Fig.4. d-wave cross sections for elastic scattering between

two ground-state atoms, N and H, in the ground-state NH

radical.

As shown in Fig.1, the total cross sections of elas-
tic collisions between two ground-state atoms, hydro-
gen and nitrogen, are very large and are almost con-
stant at ultralow temperatures. From Figs.2–4, we
can see that the s-wave cross sections are significant
when the energy is below 10−6 a.u.. Thus the total
elastic cross sections are dominated by s-wave scatter-
ing at this energy range. With the increase of energy,
the s-wave cross section tends to decrease, but the
decrease is obviously overcome by the higher partial-
wave contributions, which initially increase with im-
pact energy from zero before passing through maxi-
mum. As shown in Figs.1 and 4, small oscillations
occur by the addition of d partial wave around the
energies of 4.0–9.0×10−5 a.u..

A sharp structure can be found in Fig.1. From
Figs.2–4, one can see that this sharp structure results
from the shape resonance. Obviously, the most promi-
nent of this shape resonance comes from the p-wave
contributions. For the low-energy atomic collisions,
because the collision energy of ultracold atoms is lower
than the centrifugal barrier, the shape resonance that
is associated with quasi-bound state trapped by the
centrifugal barrier is important. Accurate calculations
show that the pronounced shape resonance occurs at
energy of 6.1×10−6 a.u. It is consistent with the res-
onant position of p partial wave.

We have investigated the elastic collisions of two
Li atoms at low and ultralow energy ranges using
the present theoretical method.[17] The attained re-
sults are in excellent agreement with the experiments.
Meanwhile, the above analyses have shown that the
interaction potential constructed in this paper is reli-
able and accurate. Therefore, though no experimental
and theoretical results can be found about the elastic
collisions between two N and H atoms at low and ul-
tralow energy ranges, we believe that various elastic
cross sections calculated at low temperatures are re-
liable and accurate. These results are expected to be
tested by experiments and other theories in the future.

5. Conclusions

We have constructed the accurate potential at the
CCSD(T)/cc-PV6Z level of theory. Using this poten-
tial, we have calculated the spectroscopic parameters
and the vibrational manifolds. Excellent agreement
is found when comparing them with the experiments
wherever available. The elastic scattering properties,
such as the total elastic cross sections, s-wave, p-wave
and d-wave cross sections are investigated for the first
time by using the present potential. It has been found
that the total elastic cross sections are almost constant
and are dominated by s-wave scattering when the colli-
sion energy is below 10−6 a.u.. The pronounced shape
resonance in the total elastic cross sections, which may
be detected experimentally in the future, is found at
energy of 6.1×10−6 a.u.. Calculations have pointed
out that the shape resonance comes from the p-wave
contributions.
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