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Collisional quantum interference (CQI) in the intramolecular rotational energy transfer was observed in experiment

by Sha and co-workers.[1] The interference angle, which measuring the degree of the coherence, were measured in the

experiment of the static cell. Based on the first Born approximation of time dependent perturbation theory, taking

into accounts the anisotropic Lennard-Jones interaction potentials, this paper describes the theoretical model of CQI in

intramolecular rotational energy transfer in an atom–diatom collision system. In the model, the differential interference

angle for the experiment of the molecular beam is calculated, the changing tendencies of the differential interference angle

with the impact parameter and collision partners are obtained. This theoretical model is important for understanding

or performing this kind of experiments.
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1. Introduction

In intramolecular rotational energy transfer, the
evidence of collisional quantum interference (CQI)
was obtained by Sha et al in the CO A1Π (v =
0) − e3Σ−(v = 1) system in collision with He, Ne
and other partners.[1−4] CQI was also observed by
Chen et al in Na2A

1Σ+
u (v = 8) − b3Π0u(v = 14) sys-

tem in collision with Na (3s).[5] The CQI mentioned
here is different from some other quantum interfer-
ences in molecular dynamics and spectroscopy, such
as quantum beat spectroscopy[6] and rotational co-
herence spectroscopy.[7,8] The CQI is a radiationless
transition process, while the others result from the in-
teraction of an atom and a molecule system.

The experiments of CO (A1Π − e3Σ−)- He, Ne
and other partners were taken in a static cell, so only
the integral cross sections and the integral interfer-
ence angles have been measured.[1,2] The integral in-
terference angle is the average effect of the differ-
ential interference angle.[9−11] If experiments can be
conducted in molecular beams to measure the differ-
ential cross section and the differential interference

angle, the CQI effect might be able to be observed
more precisely. Differential cross sections for rota-
tionally inelastic scattering of NO from He and D2

have been measured by crossed molecular beam prod-
uct imaging,[7] and rotational state-to-state differen-
tial cross sections for the HCL–Ar collision system
have also been measured by using velocity-mapped
ion imaging.[12,13] Similar to these experiments, exper-
iments on the CO (A1Π − e3Σ−) system in collision
with He, Ne and other partners may be performed
in the molecular beams by using velocity-mapped ion
imaging.

To study theoretically experiments of the CO
(A1Π − e3Σ−) system in collision with He, Ne and
other partners in the condition of molecular beams
by using velocity-mapped ion imaging, we proposed
a theoretical model in this paper, basing on the
time dependent first order Born approximation, tak-
ing into account the anisotropic Lennard-Jones inter-
action potentials[14] and ‘straight-line’ trajectory ap-
proximation. The differential interference angle can
be calculated, and the changing tendency of the dif-
ferential interference angle with the impact parameter
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and collision partner is obtained.

2. Theoretical approach

2.1.Hamiltonian

For the atom–diatom system, the Born–
Oppenheimer electronic Hamiltonian is given as

H = HA + HB + V. (1)

Where HA and HB are the electronic Hamiltonians
of the atom A and the diatom B respectively, V rep-
resents the electrostatic interaction potential between
the atom and diatom in the space frame,

V (R, θ, φ) =
∑

l,m,k

Vl,k(R)Dl
m,k (Ω)Cl

m(θ, φ), (2)

where R is the distance from the atom to the mass
centre of diatom, Dl

m,k(Ω) is the Wigner D rotational
matrix, the Euler angles Ω = α, β, γ refer to the space
fixed orientation of the diatomic molecule, Cl

m(θ, φ) is
a Racah spherical harmonic function, the angles θ, φ

describe the orientation of R in the space frame. In the
atom and 1Π -states diatomic molecules system, k = 0
or k = ±2,[15] which reflects the Π electronic cloud
distribution of C2v group. In the atom and 3Σ -states
diatomic molecules system, k = 0.[16] The evolution
of the interaction potential is

V (t) = U+(t, 0)V U(t, 0). (3)

Where U(t, 0) is the time evolution operator,

U(t, 0) = exp(−iH0t/~). (4)

If only rotational energy transfer is considered,

H0 = ω~ = 2πhcBTJ(J + 1), (5)

for the 3Σ -states diatomic molecules

H0 = ω~ = 2πhc[BSJ(J + 1)− 2Ω ′Λ + Λ2] (6)

for the 1Π -states diatomic molecules, where Λ = 1
and Ω ′ = Ω = ±1 or Ω ′ = −Ω = ±1.

2.2.Wavefunction for the 1Π -state di-

atomic molecule

For a 1Π -state diatomic molecule, the wavefunc-
tions are of definite parity, which may be written as

|JMε〉 =
1√
2

[|JM |Ω |〉+ ε |JM,− |Ω |〉] , (7)

where J is the total angular momentum quantum
number, M is the projection of J along a space-fixed
Z-axis, Ω = Λ = ±1 are the projection of total angu-
lar momentum on the molecular frame, and ε = ±1.
The quantity ε will be designated as the parity index.
Within the spectroscopic nomenclature, the ε = +1
levels are designated as e and the ε = −1 levels as
f .[17] The rotational wavefunction |JMΩ〉 which ap-
pears in Eq.(7) can be written as a rotational matrix
element

|JMΩ〉 =
[
(2J + 1) /8π2

]1/2
DJ∗

MΩ (αβγ). (8)

Consider the interaction between a 1Π diatomic
molecule and a spherical atom in a singlet state, the
total wavefunction is usually expanded in terms of
the eigenfunction of the total angular momentum =,
which are defined by

|JΩε=ς〉 =
∑

MML

〈JMLML|=ς〉 |LML〉 |JMε〉, (9)

where ς is the space-frame projection of =, L is the
orbital angular momentum of the atom-molecule pair
with space-frame projection ML, and |LML〉 is a
spherical harmonic[18]

|LML〉 = Y L
ML

(θ, φ)

= [(2L + 1)/4π]1/2
DL

ML,0(θ, φ, 0). (10)

2.3.Wavefunction for the 3Σ state di-

atomic molecule

For a 3ΣΩ state molecule, Ω = 0 or ±1, In the
case of |Ω | = 1, the wavefunction can be written as

|NM1ε〉
=

1√
2

[|NM,Ω = 1〉+ ε |NM,Ω = −1〉] , (11)

where the parity index ε can take on the values ±1. In
contemporary spectroscopy notation, ε = 1 levels are
labelled f for Σ+ states and e for Σ− states; ε = −1
levels are labelled e for Σ+ states and f for Σ− states.
For the CO e3Σ− state in the experiment, ε = 1 levels
are labelled e parity (F1 and F3); ε = −1 levels are
labelled f parity (F2). Ω = 0 and Ω = ±1 levels are
mixed by the nuclear rotation and spin-rotation terms
in the molecular Hamiltonian.[19] The wave functions
for F1, F2 and F3 levels can be written as

|NMF1〉 = cos ςJ |NM0〉+ sin ςJ |NM1ε〉 , (12)

|NMF2〉 = |NM1ε〉 , (13)

|NMF3〉 = − sin ςJ |NM0〉+ cos ςJ |NM1ε〉 , (14)
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where

cos ςN =
[
F2(N)− F1(N)
F3(N)− F1(N)

]1/2

, (15)

sin ςN =
[
F3(N)− F2(N)
F3(N)− F1(N)

]1/2

. (16)

For Hund’s case (b),[20] the energy eigenvalues are
well expressed, which leads to a narrowly paced triplet
structure denoted by the terms of F1 for N = J − 1 ,
F2 for N = J , and F3 for N = J + 1,

F1 = BN(N + 1)− (2N − 1)B − λ

+
[
λ2 − 2Bλ + B2(2N − 1)2

]1/2

−γN +
1
2
γ, (17)

F2 = BN(N + 1), ε = −1, (18)

F3 = BN(N + 1) + (2N + 3)B − λ

− [
λ2 − 2Bλ + B2(2N + 3)2

]1/2

+γ(N + 1) +
1
2
γ. (19)

Consider the interaction between a 3Σ diatomic
molecule and a spherical atom in a singlet state,
the total wavefunction is usually expanded in terms
of eigenfunctions of the total angular momentum =,
which are defined by

|NMFi=ς〉
=

∑

MML

〈NMFiLML|=ς〉 |NMFi〉 |LML〉 . (20)

2.4.Perturbations between singlet and

triplet states

The perturbed wavefunctions are

 ϕS

J

ϕT
J


 =


 |JΩε=ς〉S

|NMFi=ς〉T


 . (21)

The zero order perturbed energies are defined as
E(ϕS

J) and E(ϕT
J ). If νST is the coupling between

these zero order states, the perturbed states have en-
ergies,

E±(JKM)

=
1
2

[
E(ϕS

J ) + E(ϕT
J )

]

±1
2
{ [

E(ϕS
J )− E(ϕT

J )
]2

+ 4ν2
ST }1/2

. (22)

The perturbed wave functions can be written as

 ψS

J

ψT
J


 =


 cos φJ sinφJ

− sinφJ cos φJ





 ϕS

J

ϕT
J


 . (23)

Equation (23) shows that the mutual perturbing
states are repulsive each other. The energy level shifts
∆± are

∆± ≡ E±(JKM)− E(ϕJ), (24)

where ∆+ denotes an upward shift and ∆− a down-
ward shift. The angle φ, characterizing the mixing
effects, is given by,

φ = arcsin
{
νST/

[
E(ψS

J)− E(ψT
J )

]}
. (25)

In the later derivation, according to Eq.(23), we set
that the mixing coefficients cJ ≡ cos φJ and dJ ≡
sinφJ , or cJ ≡ − sinφJ and dJ ≡ cos φJ depending
on the perturbed state which is a singlet or a triplet
state. From Eqs.(22)–(25), the values and the sign of
cJ and dJ can be obtained. cJ and dJ will have the
same sign if energy level J shifts upwards by pertur-
bation, otherwise, cJ and dJ will have the opposite
sign. If both the initial state |i〉 and final state |f〉 of
a collision-induced transition are singlet–triplet mixed
states, then

|i〉 = cJ |JΩε=ς〉S + dJ |NMFi=ς〉T , (26)

and

|f〉 = cJ′ |J ′Ω ′ε′=ς〉S + dJ′ |N ′M ′Fi′=ς〉T . (27)

2.5.The transition matrix element and

the transition probability

According to the first order Born approximation
of time dependent perturbation theory, the transition
matrix element is

〈f |V (t) |i〉
= cJcJ′ 〈J ′Ω ′ε′=ς|V (t) |JΩε=ς〉

+dJdJ′ 〈N ′M ′Fi=ς|V (t) |NMFi=ς〉 , (28)

where only electrostatic interaction is involved with
no magnetic coupling, a transition between the two
states is prohibited. In Eq.(28), according to the per-
turbation theory, N = J and N ′ = J ′. In Eq.(28), the
transitional matrix for the singlet state is
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〈J ′Ω ′ε′=ς|V (t) |JΩε=ς〉

= (−1)J+J′+=−Ω [(2J + 1)(2J ′ + 1)(2L + 1)(2L′ + 1)]1/2
∑

l

1
2

[
1 + εε′(−1)J+J′+l

]

 L′ l L

0 0 0








J L =
L′ J ′ l





×





 J ′ l J

1 0 −1


 exp

(
i$∆Ω=0

J′J t
)
Vl,0[R(t)] + ε


 J ′ l J

−1 2 −1


 exp

(
i$∆Ω=2

J′J t
)
Vl,2[R(t)]



 , (29)

and the transitional matrix of the triplet state is

〈N ′M ′F ′i=ς|V (t) |NMFi=ς〉

= δΩ ′Ω (−1)N+N ′+l+2Ω [(2N + 1)(2N ′ + 1)(2L + 1)(2L′ + 1)]1/2
∑

l


 L′ l L

0 0 0








N L =
L′ N ′ l





×




1
2

[
1 + εε′(−1)N+N ′+l

]

 N ′ l N

1 0 −1


 DN ′N +


 N ′ l N

0 0 0


 EN ′N



 exp(i$N ′N t)Vl,0[R(t)]. (30)

The unpolarized transition probability can be written
as

PJ′J =
1

(2J + 1)

∑

LL′

∣∣∣∣
1
i~

∫ ∞

−∞
〈f |V (t) |i〉dt

∣∣∣∣
2

. (31)

Substituting Eq.(28) into Eq.(31), considering the
orthogonal relationship of the three J symbol,

∑
m1m2


 j1 j2 j3

m1 m2 m3





 j1 j2 j′3

m1 m2 m′
3




=
1

2j3 + 1
δj3,j′3δm3,m′

3
, (32)

∑

j31m3

(2j3 + 1)


 j1 j2 j3

m1 m2 m3





 j1 j2 j3

m′
1 m′

2 m3




= δm1,m′
1
δm2,m′

2
, (33)

one can obtain,

PJJ ′ = c2
Jc2

J′P
S
JJ ′ + d2

Jd2
J′P

T
JJ ′

+2cJcJ′dJdJ′P
Inter
ST (34)

where P S
JJ ′ , PT

JJ ′ are the pure transition probability
of the singlet and triplet states, the third term is the
interference term. The transition probability for the
singlet state is

P S
J′J = P∆Ω=0

JJ ′ + P∆Ω=2
JJ ′ + P Inter

S , (35)

where the spin-orbit conserving transition, the spin-
orbit changing transitions and the interference be-
tween the spin-orbit conserving and the spin-orbit
changing transitions are, respectively,

P∆Ω=0
JJ ′ =

(2J ′ + 1)
~2

∑

L,L′
(2L + 1)(2L′ + 1)

∑

l

F 2


 L′ l L

0 0 0




2 



J L =
L′ J ′ l





2 
 J ′ l J

1 0 −1




2

×
∣∣∣∣
∫ ∞

−∞
exp(i$∆Ω=0

J′J t)Vl,0(R)dt

∣∣∣∣
2

, (36)

P∆Ω=2
JJ ′ =

(2J ′ + 1)
~2

∑

L,L′
(2L + 1)(2L′ + 1)

∑

l

F 2


 L′ l L

0 0 0




2 



J L =
L′ J ′ l





2 
 J ′ l J

−1 2 −1




2

×
∣∣∣∣
∫ ∞

−∞
exp(i$∆Ω=2

J′J t)Vl,2(R)dt

∣∣∣∣
2

, (37)

P Inter
S =

(2J ′ + 1)
~2

∑

L,L′
(2L + 1)(2L′ + 1)

∑

l

F 2


 J ′ l J

1 0 −1





 J ′ l J

−1 2 −1





 L′ l L

0 0 0




2
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×




J L =
L′ J ′ l





2 {∫ ∞

−∞
exp(i$∆Ω=0

J′J t)Vl,0(t)dt

(∫ ∞

−∞
exp(i$∆Ω=2

J′J t)Vl,2(t)dt

)∗
+ h.c.

}
. (38)

The transition probability of the triplet state is

PT
J′J =

(2J ′ + 1)
~2

∑

l

∑

L′L

[(2L + 1)(2L′ + 1)]


 L′ l L

0 0 0




2 



J L =
L′ J ′ l





2




F 2


 J ′ l J

1 0 −1




2

D2
N ′N

+


 J ′ l J

0 0 0




2

E2
N ′N





∣∣∣∣
∫

exp(i$J′J t)Vl,0[R(t)]
∣∣∣∣
2

. (39)

The interference term in Eq.(34) is

P Inter
S,T =

1
2

(2J ′ + 1)
~2

∑

L,L′
(2L + 1)(2L′ + 1)

∑

l

F 2


 L′ l L

0 0 0




2 



J L =
L′ J ′ l





2 
 J ′ l J

1 0 −1




2

D2
N ′N

×
∣∣∣∣
∫ ∞

−∞
exp

(
i$S,∆Ω=0

J′J t
)

Vl,0(R)dt

(∫ ∞

−∞
exp

(
i$T,∆Ω=0

J′J t
)

Vl,0(R)dt

)
+ h.c.

∣∣∣∣
2

. (40)

It should be noted that the interference terms of
Eq.(38) and Eq.(40) are different. The interference
term in Eq.(38) is the interference spin-orbit con-
serving and the spin-orbit changing transitions in the
state of CO(A1Π , v = 0); while the interference term
in Eq.(40) is the interference between the state of
CO(A1Π , v = 0) and the CO(e3Σ , v = 1). The selec-
tion rules of the perturbation between CO(A1Π , v =
0) and the CO(e3Σ , v = 1) are ∆Ω = |ΩS − ΩT| =
0, ∆J = |JS − JT| = 0 and e/f parity conserva-
tion holds,[21] so there is no perturbation between
CO(A1ΠΩ=1, v = 0, J ′) with CO(e3ΣΩ=−1, v = 1, J ′)
at the final state. So in Eq.(40), there is an interfer-

ence term
∑
l

[(
P S,∆Ω=0

JJ ′

)
l

(
PT,∆Ω=0

JJ ′

)
l

]1/2

, resulting

from the perturbation.

2.6.The differential interference angle

Equation (32) can be written as

PJJ ′ = c2
Jc2

J′P
S
JJ ′ + d2

Jd2
J′P

T
JJ ′

+2cJcJ′dJdJ′
(
P S

JJ ′P
T
JJ ′

)1/2
cos θD, (41)

where the differential interference angle

cos θD =
P Inter

[
PT

JJ ′P
S
JJ ′

]1/2
. (42)

The experiment of CO A1Π (v = 0)−e3Σ−(v = 1)
system in collision with He has been done by Sha et al
in a static sample cell with the bulk temperature 77,
253 or 470 K.[1,2] However, Eq.(42) for the differen-
tial interference angle, which has been derived for the
partners with uniform collision velocity, is not suit-
able to deal with the cell experiments in which the
gas species have the Maxwell–Boltzmann velocity dis-
tribution. In this case, Braithwaite et al have derived
a formula to get velocity-averaged probability[22]

PAV =
∫ ∞

0

P (v)v3 exp
(−µv2

2kT

)
dv/

∫ ∞

0

v3 exp
(−µv2

2kT

)
dv = 2

( µ

kT

)2
∫ ∞

0

P (v)v3 exp
(−µv2

2kT

)
dv. (43)

Now, the velocity-averaged differential interference angle can be obtained by first substituting Eq.(43) into
Eq.(34) to get PJJ ′(AV) and then the PJJ ′(AV) into Eq.(41),

cos θD
ST(AV) =

∫∫
P Interv3 exp

(−µv2

2kT

)
dv

(
∫∫ (

P S
JJ ′v

3 exp
(−µv2

2kT

)
dv

)1/2 (∫∫
PT

JJ ′v
3 exp

(−µv2

2kT

)
dv

)1/2
. (44)
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Considering the anisotropic Lennard-Jones interaction potentials, we can write Eq.(3) as

V (R, θ, φ) = 4ε

[( ρ

R

)12

−
( ρ

R

)7
]∑

m

a1,0D
1
m,0

∗ (α, β, γ) C1
m(θ, ϕ)

+4ε

[( ρ

R

)12

−
( ρ

R

)6
]∑

m,k

a2,kD2
m,k

∗ (α, β, γ) C2
m(θ, ϕ) + · · · . (45)

In Eq.(45), al,k is the anisotropic parameter. Because the ratio of a1, 0/a2, 0 for CO collision with He, Ne
and Ar is 0.08 ≤ a1,0/a2,0 ≤ 0.12,[23] and the first term is R−7 for V1 and V3 for the long range interaction
potential, while the second term is R−6 for the long range interaction potential, so for simple discussion in this
paper, we only consider V2. Equation (44) can be written as

cos θD =

∫∫ ∣∣I∆Ω=0
S × I∆Ω=0

T

∣∣ v3 exp
(−µv2

2kT

)
dv

(∫∫ ∣∣(I∆Ω=0
S + agI∆Ω=2

S

)∣∣2 v3 exp
(−µv2

2kT

)
dv

)1/2 (∫∫ ∣∣∣
(
I∆Ω=0
T

∣∣∣
2

v3 exp
(−µv2

2kT

)
dv

)1/2
, (46)

where

I∆Ω
S,T =

∫
exp

(
i$S,T

N ′N t
) (

ρ12

R12
− ρ6

R6

)
dt. (47)

3. Discussion

3.1.The relation of the differential inter-

ference angle and impact parameter

In the static cell experiment, the distribution of
velocity is from 0 to infinite, but, according to the
Maxwell velocity distribution law, the most possible
velocity should be in the middle of Maxwell veloc-
ity distribution curve. The Maxwell velocity curve is
showed in Fig.1, so the differential interference angle
was integrated with velocity from 400 to 1300.

Fig.1. Maxwell velocity distribution curve in CO-Ne col-

lision system.

We can calculate the differential interference an-
gles for the CO A1Π (v = 0) − e3Σ−(v = 1) system
in collision with Ne from the initial rotational state
J = 9 to the final rotational state J ′ = 10. The rota-
tional constants B for the CO A1Π (v = 0) state and
e3Σ−(v = 1) state are 1.6105 cm−1 and 1.2836 cm−1,
respectively.[7] The collision diameter used in our cal-
culation is ρ = 2.75A. The tendencies of the differen-
tial interference angles at T = 253 K and T = 470 K
are presented in Figs.2 and 3.

From the Figs.2 and 3 we can get the conclusions:
(1) The change tendency of the differential in-

terference angle is identical when T = 253K and
T = 470 K, but the angles are different, the inter-
ference degree is bigger in high temperature than in
low temperature.

(2) From the Fig.3, the differential interference
angle increases with the increase of the impact pa-
rameter when b >

√
2ρ, so the interference degree de-

creases. When b > 2 nm, the interference angle is
close to 90, it means that the distance (b > 2 nm) has
overstepped the collision partners effective distance,
and the interaction between atom and diatom is dis-
appeared, so there is no more CQI.

(3) From the Fig.2, when 0 < b <
√

2ρ, there is a
bigger differential interference angle at b = 21/6ρ, the
reason is that the repulsive potential energy equals to
long-range potential in the distance, so the mixing de-
gree of corresponding wavefunctions is weak, and the
interference degree becomes weaker as well.
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Fig.2. The relation of the differential interference θD
ST and

collision parameter b(0 < b <
√

2ρ) in CO-Ne system.
Fig.3. The relation of the differential interference θD

STand

collision parameter b(
√

2ρ < b < 2.2 nm) in CO-Ne sys-

tem.

4. Conclusion

As a further theoretical study of the collision-
induced quantum interference on rotational energy
transfer in atom–diatom system, a dynamic model of
differential interference angle is described in this pa-
per, basing on the time dependent first order Born ap-

proximation, and taking into account the anisotropic
Lennard-Jones interaction potentials, we researched
into the relation of differential interference angle and
collision parameter in CO A1Π (v = 0)−e3Σ−(v = 1)-
Ne system. The calculated value gives a quantitative
description of CQI.
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