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This paper calculates quantum-mechanically the photoelectron energy spectra excited by attosecond x-rays in the

presence of a few-cycle laser. A photoelectron laser phase determination method is used for precise measurements of

the pulse natural properties of x-ray intensity and the instantaneous frequency profiles. As a direct procedure without

any previous pulse profile assumptions and time-resolved measurements as well as data fitting analysis, this method

can be used to improve the time resolutions of attosecond timing and measurements with metrological precision. The

measurement range is half of a laser optical cycle.
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1. Introduction

With the development of state-of-the-art ultra-
short laser systems, high-order harmonic generation
(HHG) has been an effective way to produce attosec-
ond extreme ultra-violet (XUV) and x-ray pulses. In
this research area, many Chinese authors have re-
ported their results of studying the atomic ioniza-
tion in a strong laser field and the dynamic mech-
anism of HHG.[1−8] Different from the XUV pulses,
attosecond x-rays particularly in the water-window
(283.7−532.1 eV) have their own advantages in ultra-
fast chemical reaction researches.[9] Today, producing
and measuring such attosecond x-rays is a subject at-
tracting increasing attention.

The natural properties of an x-ray pulse include
temporal distributions of intensity and the instanta-
neous frequency. They may be complicated due to
x-ray generation mechanism, transports and interac-
tions with media. So far, several methods have been
developed to measure the pulse durations of attosec-
ond XUVs.[10−22] However, most of them use previ-
ous pulse assumptions and data fitting analysis with
time-resolved measurements of photoelectron spectra.
In fact, reconstructing the natural properties of an at-

tosecond x-ray with metrological precisions from non-
time-resolved measurement data still remains a chal-
lenge, but such measured properties are useful for fast
online pulse evaluation and improvement.

Seeking new methods to measure atto- and fem-
tosecond x-ray pulses, we proposed transfer equa-
tions and photoelectron laser phase determination
methods.[23−27] With these transfer equations and
methods, the birth time of each photoelectron mea-
sured in a cross correlation experiment between an
attosecond x-ray and a few-cycle dressing laser [10−13]

can be determined, and the detailed x-ray pulse infor-
mation can be reconstructed directly from a measured
photoelectron energy spectrum (PES). However, these
works were based on semi-classical calculations.

In this paper, the quantum-mechanically calcu-
lated PESs are compared with their classical predic-
tions. We use the photoelectron laser phase deter-
mination method to reconstruct both the intensity
and the instantaneous frequency profiles of attosecond
x-rays from quantum–mechanically calculated PESs.
The results show how the quantum effect of photo-
ionization plays a role in determining the photoelec-
tron laser phase, and that the method works on high
precisions with high energy attosecond x-rays.
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2. Strong field approximation

The electron motion satisfies the time-dependent
Shrödinger equation in atomic units:

i
∂

∂t
Ψ(r, t) =

[
−1

2
∇2 − 1

r
− rE(t)

]
Ψ(r, t), (1)

where r = (x, y, z) denotes the space coordinates,
and Ψ(r, t) represents the electron wavefunction. The
electric field E(t) = EL(t) + EX(t) comprises the
contribution of a linearly polarized laser, EL(t) =
E0F (t) cos(ωLt + Φ) (x direction, Φ is the carrier-
envelope phase), and an x-ray, EX(t) = EX cos(ωXt)
(x direction). F (t) is the laser field (maximum of E0)
envelope shape peaked at t = 0. ωL and ωX are laser
and x-ray angular frequencies, respectively. The elec-
tric field is related to the vector potential A(t) by
E(t) = −(1/c)∂tA(t), where c is the velocity of light.

Equation (1) can be solved analytically by ap-
plying the strong field approximation (SFA).[28,29]

As a result, the Coulomb continuum eigenfunctions
may be substituted by plane waves, and Eq.(1)
is integrated by using the expression Ψ(r, t) =
eiIpt

(|0〉+
∫

d3pb(p, t)|p〉). Here |0〉 denotes the
atomic ground state with ionization potential Ip. The
plane wave is given by |p〉 = exp(ip · r), in which p is
the canonical momentum of electron, p = v + A(t),
and v is the velocity of electron. b(p, t) is the momen-
tum space wavefunction of free electrons. Within the

SFA, the probability amplitude for transition from |0〉
to a final state |p〉 is

b(p) = i
∫ ∞

−∞
dtE(t)dx[p−A(t)]e−ieS(t), (2)

where S̃(t) is defined as the quasiclassical action,

S̃(t) =
∫ ∞

t

dt′
{

[p−A(t′)]2

2
+ Ip

}
. (3)

Here, d(p) = 〈p|x|0〉 is the atomic dipole matrix el-
ement for the bound-free transition, and dx(p) is the
component parallel to the polarization axis. dx(p) =
i27/2α5/4p/π(2Ip+p2)3 for the hydrogen bound s state
(α = 2Ip, Ip = 13.6 eV).

The PES is given by |b(p)|2. For simplicity, a lin-
early polarized laser with the wavelength λL = 750 nm
and Φ = 0◦ is used in schematic calculations. F (t) =
exp[−4ln2·(t)2/τ2

L] is a Gaussian function with the
pulse duration τL = 7 fs in full width at half max-
imum (FWHM). As shown in Fig.1(a), a τX = 0.2
fs (pulse duration in FWHM) Gaussian shape x-ray
pulse is temporally centred at t = 0.31 fs, being cross-
correlated to the laser phases 0–π/2, or 0–0.625 fs in
time domain. The initial x-ray intensity profile is de-
noted as f0(t). In fact, the x-ray pulse can be tem-
porally located within half laser optical cycle (phases
−π/2–π/2). The instantaneous frequency profile is
assumed to be a simple function, Wi(t), peaked at ω0.

Fig.1. (a) An illustration of cross correlation between laser and x-ray pulses. The solid and dotted lines

are laser field and its envelope, respectively. (b) The photoelectron final energy, W (t), vs birth time t,

modulated with different intensity lasers, S1−4 = (0.5, 2.5, 5, 10)× 1013 W/cm2.

3. Transfer equations and photo-

electron laser phase determi-

nation method

From the classical point of view,[26] the final pho-
toelectron velocity v(t) at θ = 0◦ and 180◦ with re-

spect to the laser polarization can be written as

v(t) = vi(t)± 2
√

U0

me
F (t) sin(ωLt + Φ), (4)

where me and U0 = E2
0/4meω

2
L are the electron mass

and the ponderomotive energy at t = 0, respec-
tively. Here, t denotes the photoelectron birth time.
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The choice of the sign in front of the square root of
Eq.(4) depends on θ = 0◦ (+) or 180◦ (−). vi(t) =√

2Wi(t)/me =
√

2[ωi(t)− Ip]/me is the initial veloc-
ity of a photoelectron born at t. Wi(t) is the corre-
sponding photoelectron initial energy. Its final energy
is W (t) = mev

2(t)/2. v(0) = vi(0) means that no
momentum shift is finally experienced by a photoelec-
tron burn at t = 0. Therefore, we can experimentally
adjust the x-ray pulse start (θ = 0◦ measurement) or
end (θ = 180◦ measurement) to t = 0 by keeping the
low end of PES invariable. Figure 1(b) shows the pho-
toelectron final energies as functions of the birth time
(t), W (t), which are calculated at θ = 0◦ with different
laser intensities, S1−4 = (0.5, 2.5, 5, 10)×1013 W/cm2.

The phase overlapping makes PES complicated.
In the absence of the laser, the measured PES is a sum
of photoelectrons generated at different times. This
means that each spectral position corresponds to two
different birth times for current ωi(t) at S = 0. We call
it complete phase-overlapping. As the laser intensity
increases, the line of Wi(t) is raised from one end in
time domain. With a higher laser intensity (e.g., S4

in Fig.1(b)), most phase-overlapping vanish, only a
small portion of the PES contains phase-overlapping.
For example, circles X and Y in Fig.1(b) point to the
same energy of Wxy where phase-overlapping occurs.
In order to avoid the phase-overlapping and obtain
a continuously increasing line of W (t), dv(t)/dt > 0,
i.e.,

√
U0 > [−√medvi(t)/dt]/[2ωL cos(ωLt+Φ)], is re-

quired. However, the laser-induced part of the above
threshold ionization (ATI) spectrum limits the laser
intensity to be increased to very high level.[18,30] Ac-

cording to the simple condition,[18] 8U0 ≤ ωi(t) − Ip,
the moderate laser intensity S4 = 10 × 1013 W/cm2

(U0 = 5.25 eV) and less ensure that the PESs are fully
separated from the ATI spectra for x-ray frequencies
concerned.

For a photoelectron moving at θ = 0◦, we de-
fine WL

0◦ (WH
0◦) as the final energy measured with low

(high) laser intensity, SL (SH) (or low (high) pondero-
motive energy UL

0 (UH
0 )). According to Ref.[26], we

have the following equations to calculate photoelec-
tron birth time t and initial kinetic energy Wi(t),

F (t) sin(ωLt + Φ) =

√
WH

0◦ −
√

WL
0◦√

2UH
0 −

√
2UL

0

,

Wi(t) =

[√
WH

0◦ −
√

2UH
0 ·

√
WH

0◦ −
√

WL
0◦√

2UH
0 −

√
2UL

0

]2

. (5)

Similarly, for a photoelectron moving at θ = 180◦,

F (t) sin(ωLt + Φ) = −
√

WH
180◦ −

√
WL

180◦√
2UH

0 −
√

2UL
0

,

Wi(t) =

[√
WH

180◦ −
√

2UH
0

×
√

WH
180◦ −

√
WL

180◦√
2UH

0 −
√

2UL
0

]2

, (6)

where WL
180◦ (WH

180◦) denotes the photoelectron final
energy measured with laser intensity SL ( SH). Equa-
tions (5) and (6) are basic equations. The key prob-
lem is how to determine the energies WL

0◦ and WH
0◦ (or

WL
180◦ and WH

180◦) which correspond to the same laser
phase.

Fig.2. (a) Quantum-mechanically calculated integral terms of PESs (thin and thick dotted lines), I(W ),

and classical predictions (solid lines), Ic(W ), with ω0 = 283.7 eV and different laser intensities, S1−4 =

(0.5, 2.5, 5, 10)×1013 W/cm2. (b) ε(W ) vs photoelectron energy W for different laser intensities, S3,4. Here,

ε(W ) = I(W )/Ic(W ). (I)–(III) denote three stages of ε(W ).
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The PES, n(W ), is defined as the number of pho-
toelectrons per unit energy. For an initial x-ray inten-
sity profile f0(t), the number of photoelectrons mea-
sured from energy W1 = Wmin (the low end of the
PES) to W is proportional to the number of x-ray
photons irradiated from the instant t1 = ts to t,[26]

∫ t

ts

f0(t1)dt1 = µ

∫ W

Wmin

n(W1)dW1

≡ µI(W ), (7)

where µ is a constant. The integral of the left-hand
side of Eq.(7) is related only to time t, while the cor-
responding spectral position W is variable (if t 6= 0)
when the laser intensity changes (see circle points in
Fig.2(a)). Therefore, Eq.(7) can be used to determine
the photoelectron energies WL

0◦ and WH
0◦ (or WL

180◦ and
WH

180◦) from the integral terms of two PESs, I(W ),
measured with two laser intensities, SL and SH. Af-
ter solving t for each spectral position W from the
first equation of Eq.(5) or Eq.(6), the initial pho-
toelectron energy Wi(t) can be calculated using the
second equation. The x-ray pulse intensity and the
instantaneous frequency are f(t) = µdI(W )/dt and
ωi(t) = Wi(t) + IP, respectively.

4. Calculations

Figure 2(a) shows the normalized I(W ) (thin
and thick dotted lines) quantum-mechanically calcu-
lated with ω0 = 283.7 eV and different laser intensi-
ties, S1−4 = (0.5, 2.5, 5, 10) × 1013, and their classi-
cal predictions, Ic(W ) (solid lines). As plots show,
the differences between I(W ) and Ic(W ) are small.
These tolerable differences gave clues of deriving the
transfer equations from the classical point of view,[26]

and ensure the use of these equations for attosecond
measurements. At low laser intensities, the differ-
ences between I(W ) and Ic(W ) are obvious. In the
quantum view, the enhancement of photo-ionization
reflects the quantum interferences between electron
wave packets generated at different times. As the
laser intensity increases, the quantum results get close
to the classical predictions. We can define a quan-
tum enhancement factor, ε(W ) ≡ I(W )/Ic(W ). Fig-
ure 2(b) shows ε(W ) with different laser intensities,

S3,4 = (5, 10)× 1013 W/cm2.
Obviously, each line of ε(W ) can be divided into

three stages. In the middle stage (II) (see Fig.2(b)),
ε(W ) ≈ 1, the method gives good pulse reconstruc-
tions (Fig.3). The quantum enhancement will result
in a small time correction δ1 for x-ray frequency pro-
file and δ2 for intensity. Therefore, the final results
of ωi(t) and f(t) should be temporally shifted from
the initially derived data by −δ1 and −δ2, respec-
tively. In the first stage (I) at low W , ε(W ) > 1,
even ε(W ) À 1, the quantum enhancements are much
larger than the classical predictions. Since the val-
ues of f0(t) are small there, the phase determination
method still works well. In the third stage (III) at
high W , I(W ) is notably deviated from Ic(W ) due to
quantum effect.

The dotted lines in Figs.3(a) and 3(b) are ωi(t)
and f(t) retrieved from the PESs calculated at θ = 0◦

with ω0 = 283.7 eV, SL = 2.5×1013 W/cm2 and SH =
10 × 1013 W/cm2. δ1 = +0.030 fs and δ2 = +0.020 fs
are very small. Experimentally, δ1 can be determined
by extending and temporally shifting the initially de-
rived Wi(t′) to meet the energy position of the low
end of PES measured in the absence of the laser. Ap-
proximately, δ2 ≈ δ1. For θ = 0◦ calculations, only
the rising-sides of ωi(t) and f(t) are successfully re-
constructed. The badly retrieved data of the falling-
sides of ωi(t) and f(t) reflect the phase overlapping.
To solve this problem, we temporally adjust the pulse
end to t = 0 and calculate PESs at θ = 180◦ (or at
θ = 0◦ with a Φ = 180◦ laser field) with the same laser
intensities SL and SH, the falling-sides of ωi(t) and
f(t) are successfully reconstructed, shown as dashed
lines in Figs.3(a) and 3(b). Except for the data with
large deviations from the initial profiles, the combina-
tion of the data calculated at θ = 0◦ and 180◦ gives
successful pulse reconstructions of intensity and the
instantaneous frequency profiles (see open circles in
Figs.3(a) and 3(b)).

Figures 3(c) and 3(d) show successful pulse recon-
structions by combining the data calculated at θ = 0◦

and 180◦ with ω0 = 283.7 eV, SL = 5 × 1013 W/cm2

and SH = 10 × 1013 W/cm2, while Figs.3(e) and
3(f) give similar successful pulse reconstructions with
ω0 = 532.1 eV. Calculations with SH = (20 − 40) ×
1013 W/cm2 give better pulse reconstructions because
of less phase overlapping for current frequency profile.
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Fig.3. Pulse reconstructions with ω0 = 283.7 eV (a-d) and ω0 = 532.1 eV (e,f). (a,b) SL = 2.5 × 1013 W/cm2,

SH = 10 × 1013 W/cm2. (c-f) SL = 5 × 1013 W/cm2, SH = 10 × 1013 W/cm2. Solid lines in (a,c,e) are the x-ray

frequency profile, ωi(t). Solid lines in (b,d,f) are the initial x-ray intensity profile, f0(t). Dotted lines are ωi(t) and

f(t) retrieved from the PESs calculated at θ = 0◦. Dashed lines are ωi(t) and f(t) retrieved at θ = 180◦. Circles

in (a,b) represent the pulse profiles reconstructed by combining the data retrieved at θ = 0◦ and 180◦, which are

almost the same as initial ones.

5. Summary

The transfer equations and the photoelectron
laser phase determination method can be used to mea-
sure high energy attosecond x-rays with high preci-
sions. The quantum effect of photo-ionization results
in a temporal shift in determining the birth time of a
photoelectron. The rising sides of x-ray intensity and
the instantaneous frequency profiles can be directly
reconstructed from two PESs measured at θ = 0◦.
The falling sides can be reconstructed from two PESs
measured at θ = 180◦ (or θ = 0◦ and Φ = 180◦). The
combination of these retrieved data can give success-

ful pulse reconstructions. Wide calculations show that
this method is capable of getting detailed pulse infor-
mation, including possible asymmetries of frequency
and intensity profiles.
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[22] Quéré F, Mairesse Y and Itatani J 2005 J. Mod. Opt. 52

339

V. S. Yakovlev, F. Bammer and A. Scrinzi 2005 J. Mod.

Opt. 52 395

[23] Ge Y C 2005 Acta Phys. Sin. 54 2653 (in Chinese)

[24] Ge Y C, Li Y J and Kang K J 2005 Acta Phys. Sin. 54

2669 (in Chinese)

[25] Ge Y C 2006 Acta Phys. Sin. 55 3386 (in Chinese)

[26] Ge Y C 2006 Chin. Phys. 15 2909

[27] Ge Y C 2006 Phys. Rev. A 74 015803

[28] Lewenstein M, Balcou P, Ivanov M Y, LHuillier A and

Corkum P B 1994 Phys. Rev. A 49 2117

[29] Brabec T and Krausz F 2000 Rev. Mod. Phys. 72 545

[30] Milosevic D B and Ehlotzky F 1998 Phys. Rev. A 58 3124


