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Based on relativistic multichannel theory, this paper calculates the energy levels of autoionization Rydberg series

4s2nf(n = 4 − 23)Jπ = (7/2)◦ of scandium at different levels of approximation within the framework of multichannel

quantum defect theory. The present results show that the dipole polarizations play an important role. Considering the

dynamical dipole polarization effects, this paper finds that the difference between calculated and experimental quantum

defects for the 4s2nf(n = 4 − 23)Jπ = (7/2)◦ series is generally about 0.01–0.03. Furthermore, the reason that 4s216f

is obscured in experimental spectra is suggested to be the interaction with the neighbouring resonance state converged

to 3d2(1G4) of Sc+.
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1. Introduction

The investigation of electron–electron correlations
of atoms is a significant subject in modern physics
research. Atomic scandium (Sc) has three valence
electrons and is the simplest open-shell atom with
a partially filled d subshell, and can show complex
spectra.[1] In fact, as shown in Table 1, the first 13 lev-
els of Sc+ have a spread of only 14 000 cm−1−1.7 eV;[2]

the small spread is partly due to the near degeneracy
of the 4s and 3d orbitals.[3] Consequently, there are
rich and complex energy structures especially close to
the first ionization threshold. Therefore, Sc can be
employed to demonstrate rich electron–electron corre-
lation effects. In addition, rare earth element is now
widely used in material industry,[4,5] understanding of
the electronic structure of rare earth element would
benefit the applications in relative industries. As the
simplest rare earth element, the lessons leaned from
scandium may apply to other transition metals since
the valence shells for all these atoms include both s
and d orbitals.[3] These make scandium especially at-
tractive from both theoretical and experimental point

of view.

Table 1. Experimental Sc+ energy levels.[2]

Config. Term J Energy/cm−1

3d4s 3D 1 0

3D 2 67.72

3D 3 177.76

3d4s 1D 2 2540.95

3d2 3F 2 4802.87

3 4883.57

4 4987.79

3d2 1D 2 10944.56

4s2 1S 0 11736.36

3d2 3P 0 12074.10

1 12101.50

2 12154.42

3d2 1G 4 14261.32

3d2 1S 0 25955.2

3d4p · · · · · · · · ·
4s4p 3P 0 39002.20

1 39115.04

2 39345.52

4s4p 1P 1 55715.36
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Here, we take the autoionization Rydberg series
4s2nf(n = 4 − 23)Jπ = (7/2)◦ of scandium as an ex-
ample to elucidate electron–electron correlation effects
of atomic scandium. Experimentally, the absorption
spectrum of scandium has been photographed in the
spectral range 120–320 nm.[6] The autoionization Ry-
dberg series 4s2nf(n = 4 − 23)Jπ = (7/2)◦ are iden-
tified as well as other seven Rydberg and autoion-
ization series. Theoretically, Greene et al [3] calcu-
lated the photoionization cross section of Sc from the
3d4s2(2D3/2,5/2) ground electronic state using eigen-
channel R-matrix calculations. It should be noted
that the techniques employed by Greene et al [3] are
‘nearly’ ab initio, i.e. the effects of the 18 core elec-
trons are described using a screened Coulomb poten-
tial [7,8] with a dipole polarizability, and spin-orbit
effects are incorporated through the LS − jj frame
transformation.[9,10] As for the 4s2nf(n = 4−23)Jπ =
(7/2)◦ series, the difference between the calculated
quantum defects by Greene et al [3] and experimental
quantum defects[6] was less than 0.02 for n = 4 − 15
with the exception of n = 13, and the difference for
n = 16 − 23 was larger than 0.05. The relationship
between the excited orbital energy εi and the eigen-
channel quantum defect µi is shown in the following
formula. Noted that all these formulas in this paper
are written in atomic units.

εi = −1
2
ν2

i , (1)

here νi = n−µi is the effective quantum number of the
ith channel, µi is the quantum defect for eigenchannel
i.

In this paper, based on relativistic multichannel
theory which is a completely ab initio and fully rela-
tivistic non-perturbative theory, we calculated energy
levels of 4s2nf(n = 4 − 23)Jπ = (7/2)◦ series at dif-
ferent levels of approximation, i.e., electron–electron
correlations have been treated by configuration inter-
actions through choosing appropriate channels. Our
results show that the dipole polarizations play an
important role on this autoionization Rydberg series
4s2nf(n = 4 − 23)Jπ = (7/2)◦. Considering the dy-
namical dipole polarization effects, we find that the
difference between calculated and experimental quan-
tum defects[6] for this series is generally about 0.01–
0.03 for n = 4−23 with the exception of n = 20, 22, 23.
Furthermore, the reason that 4s216f is obscured in ex-
perimental spectra is suggested to be the interaction
with the neighbouring resonance state converged to
3d2(1G4)of Sc+.

2. Theoretical method

Within the framework of multichannel quantum
defect theory (MQDT),[10−14] infinite Rydberg or-
bitals and adjacent continua orbitals can be treated
in a unified manner through a compact set of physi-
cal parameters (e.g., eigenchannel quantum defects µα

and transformation matrices Uiα). Usually, MQDT
parameters (µα, Uiα) are determined semi-empirically
by fitting accurate energy levels into spectroscopic
data or by the first principle calculations. Relativis-
tic multichannel theory (RMCT) can be regarded as
an extension of the traditional configuration interac-
tion method by including the continuum configura-
tion interactions.[15−20] It aims directly to calculate
the MQDT parameters (µα, Uiα) and has been used
to calculate energy levels, Landé g factors, and the
coupling scheme within the framework of the MQDT
method.[16−21]

In the framework of the relativistic channel the-
ory, a relativistic atomic Hamiltonian is written as

H =
∑

i

(
cαi · pi + βimc2 − Ze2

ri

)
+

∑

i>j

e2

rij

= H0 + V. (2)

A relativistic atomic self-consistent Hamiltonian
H0 can be obtained by an atomic self-consistent field
(SCF) calculation such as Dirac–Slater SCF with a
local exchange approximation,[22,23]

H0 =
∑

i

hi

=
∑

i

[(cαi · pi) + βimc2 + VSCF(ri)], (3)

and a residual interaction V is defined as

V =
∑

i

[
−Ze2

ri
− VSCF(ri)

]
+

∑

i>j

e2

rij
. (4)

Based on VSCF, we can calculate all bound and
unbound single-electron wavefunctions ϕa with com-
bined quantum numbers a = nk or εk. From such
a complete set of single-electron wavefunctions (i.e.
orbitals), we construct bound and continuum con-
figuration wavefunctions (Φn or Φiε) as antisym-
metrized product-type wavefunctions of N single-
electron wavefunctions with electron occupation dis-
tributions and appropriate angular momentum cou-
plings. N -electron wavefunctions can be expressed
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as:[15−20]

Ψ(E, i) =
∑

n

An(E, i)Φn

+
∑

j

∫

εc

Bjε(E, i)Φjε · dε. (5)

The index j refers to various ionization channels
which are various classes of configuration wavefunc-
tions (Φn or Φiε) with the same core state and differ-
ent radial excited orbitals (ϕnk or ϕεk) with similar
angular momentum couplings, and the energy inte-
gration can be treated by appropriate energy messages
and starts from εc(decided according to convenience of
computation) above which infinite Rydberg-type con-
figuration functions are treated as channels. The co-
efficients An(E, i) and Biε(E, i) in Eq.(5) can be ex-
pressed in terms of a K matrix.[15−20]

An(E, i) =
Kn,iE

E − Eo
n

·D(E, i), (6)

Bjε(E, i) =
[
P

Kjε,iE

(E − ε)
+ δji · δ(ε− E)

]

·N(E, i). (7)

With the calculated matrix elements of resid-
ual interactions Vn,n′ , Vn,jε, Vjε,j′ε′ (representing
discrete–discrete, discrete–continuum, continuum–
continuum interactions respectively), it then leads to
Lippmann–Schwinger integral equations of the K ma-
trix,

Kn′,iE = Vn′,iE +
∑

j

∫

εc

Vn′,jεKjε,iE

E − ε
dε

+
∑

n

Vn′,nKn,iE

E − E0
n

, (8)

Kj′ε′,iE = Vj′ε′,iE +
∑

j

∫

εc

Vj′ε′,jεKjε,iE

E − ε
dε

+
∑

n

Vj′ε′,nKn,iE

E − E0
n

, (9)

where E0
kn = E0

kc + εn and E0
kc are the energies of

various relevant ionic cores. After solving the inte-
gral equation, the physical parameters (eigenchannel
quantum defects µα, and transformation matrix Uiα)
in MQDT can be obtained directly, just by diagonal-
izing the K matrix on energy shell.[15−20]

For the closed dissociation channels, the orbital

energy εi = − 1
2νi

< 0, the excitation energy ε in the

autoionization region can be expressed in terms of νi:

ε = Ii + εi = Ii − 1
2ν2

i

, (10)

where Ii represents the ith autoionization threshold.
With a specified energy ε which lies in continua en-
ergy levels, we can obtain the corresponding νi for ith
dissociation channel from Eq.(10).

3. Result and discussion

Based on RMCT, we calculated energy levels of
autoionization Rydberg series 4s2nf(n = 4− 23)Jπ =
(7/2)◦ of scandium at different levels of approxima-
tion.

Starting with the relativistic self-consistent
Hamiltonian in Eq.(3), we calculate the self-consistent
quantum defects µ1 of 4s2nf(n = 4 − 23)Jπ = (7/2)◦

series. As shown in Fig.1, the self-consistent quan-
tum defects µ1 of 4s2nf Jπ = (7/2)◦ series change
slowly and smoothly near the ionization threshold of
4s2, which reflects the accuracy of our calculations.
Noted that these calculated self-consistent quantum
defects are much smaller than the experimental data,
the difference is more than 0.1 as shown in Table 2.
The experimental quantum defects µEXP are obtained
from experimental energy levels[2] and Eq.(10). Noted
that the 4s216f is obscured in experimental spectra, we
will discuss the reason later.

Fig.1. The quantum defects of the 4s2nf(n = 4−23)Jπ =

(7/2)◦ series as the function of energy, E = 0 corresponds

to the ionization threshold of 4s2(1S) of scandium. µ1

are self-consistent quantum defects; µ2 are eigenchannel

quantum defects obtained by FCA; µ3 are eigenchannel

quantum defects obtained by considering dipole polariza-

tion effects; µ4 are quantum defects obtained from the

energy levels calculated by considering the effects of the

first 14 levels of Sc+ and Eq.(10); µEXP are experimen-

tal quantum defects obtained from experimental energy

levels[2] and Eq.(10) with the ionization threshold of 4s2

of scandium.
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In order to treat the electron–electron cor-
relations more precisely, we first just considered
the configuration interactions in a single channel
(4s2, 1S)+0 (ϕnf7/2, ϕεf7/2), which means that the ionic
core state 4s2 of our target series is ‘frozen’, does
not be changed by excited electron, i.e., it is so
called ‘frozen core approximation (FCA)’. As shown
in Fig.1, the eigenchannel quantum defects µ2 of 4s2nf

Jπ = (7/2)◦ series calculated by FCA also change
slowly and smoothly near the ionization threshold of
4s2, which reflects the accuracy of our calculations.
In the energy region of interest, the FCA quantum de-
fects µ2 are larger than µ1 as shown in Fig.1. However,
the difference between µ2 and µEXP is still generally
about 0.08 as shown in Table 2.

Table 2. The comparison of quantum defects of 4s2nf(n = 4−23)Jπ = (7/2)◦ between exper-

imental and calculated by different levels of approximation, and energy levels of experimental

EEXP and calculated E3 obtained by considering dipole polarization effects.

n E
[2]
EXP/cm−1 E3/cm−1 ∆µ∗1 ∆µ∗2 ∆µ∗3 ∆µ∗4

4 57485.7 57456.3 0.10 0.06 -0.01 0.07

5 60090.4 60047.7 0.10 0.06 –0.02 0.05

6 61498.0 61468.1 0.12 0.06 –0.03 0.08

7 62343.8 62324.3 0.13 0.07 –0.03 0.08

8 62886.2 62878.2 0.13 0.08 –0.02 0.09

9 63267.0 63257.0 0.12 0.07 –0.03 0.08

10 63533.2 63525.5 0.13 0.07 –0.03 0.08

11 63729.6 63724.4 0.13 0.08 –0.03 0.04

12 63878.6 63875.4 0.14 0.08 –0.02 0.09

13 63993.8 63992.5 0.15 0.10 –0.01 0.05

14 64086.2 64085.2 0.15 0.10 –0.01 0.06

15 64160.4 64159.8 0.15 0.10 –0.01 0.12

16 Obscured 64220.1

17 64271.2 64271.2 0.16 0.11 0.00 0.09

18 64312.4 64313.4 0.19 0.14 0.02 0.12

19 64348.0 64349.0 0.20 0.14 0.03 0.13

20 64378.3 64379.4 0.21 0.15 0.04 0.19

21 64404.8 64405.6 0.20 0.14 0.03 0.14

22 64426.6 64428.2 0.24 0.19 0.07 0.18

23 64445.8 64447.9 0.28 0.22 0.11 0.23

∗∆µi = µEXP − µi, µ1 are self-consistent quantum defects; µ2 are eigenchannel quantum defects

obtained by FCA; µ3 are eigenchannel quantum defects obtained by considering dipole polarization

effects; µ4 are quantum defects obtained from the energy levels calculated by considering the effects

of the first 14 levels of Sc+ and Eq.(10).

Furthermore, the other ionization channels with
excited-state cores and appropriate excited orbitals
will be important for electron–electron correlations,
such as dynamical polarizations.[18,19] Dynamical po-
larizations mean that the ionic core is polarized by
excited electron, i.e., result in the |∆l| = 1, 2, · · ·,
here l is the angular quantum number of ionic core.
|∆l| = 1 is called dipole polarization, |∆l| = 2
is called quadrupole polarization, etc. As an ex-
ample of ionic core 4s2 in this work, |∆l| = 1
corresponds to 4s4p, · · · ; |∆l| = 2 corresponds
to 4s3d, 4s4d, · · ·. For 4s2nf(n = 4 − 23)Jπ =

(7/2)◦, there are four channels with the ionic core
4s4p related to dipole polarization effects: (4s4p,
1P )+1 (ϕnf5/2, ϕεf5/2), (4s4p, 3P )−1 (ϕnf5/2, ϕεf5/2),
(4s4p, 3P )−2 (ϕnf3/2, ϕεf3/2), (4s4p, 3P )−2 (ϕnf5/2,

ϕεf5/2). Noted that, these four channels are strongly
closed channels, i.e., their precursor states are far
above the energy region of 4s2nf(n = 4 − 23)Jπ =
(7/2)◦ series, thus there is only one dissociation phys-
ical channel (4s2, 1S)+0 (ϕnf7/2, ϕεf7/2) below the ion-
ization threshold 4s2(1S). Considering the dipole po-
larization effects, we find that the eigenchannel quan-
tum defects µ3 of 4s2nfJπ = (7/2)◦ series also change
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slowly and smoothly near the ionization threshold of
4s2, which reflects the accuracy of our calculations
and is shown in Fig.1. In the energy region of inter-
est, eigenchannel quantum defects µ3 is larger than
the eigenquantum defect µ2 obtained from FCA as
shown in Fig.1. And µ3 is in good agreement with
the experimental results µEXP, more specifically, the
difference between them is generally about 0.01–0.03
with the exception of n = 20, 22, 23 as shown in Table
2. When n is larger than 20, the difference of quantum
defect is 0.04 for n = 20, 0.07 for n = 22, and 0.11
for n = 23 respectively. The reason that difference
becomes larger for high n ≥ 20 is discussed as follows:
based on Eq.(1), one can get ∆µ = ∆E(n−µ)3. Here
∆µ is the difference of experimental and calculated
quantum defects, ∆E is the difference of experimental
and calculated energy level correspondingly, µ is the
quantum defects. Therefore, the error in the quan-
tum defect increases rapidly as n gets large even if
there is a small error in energy level. For example,
when n equals 23, a small error in energy level about
1 cm−1 results in a error in quantum defects about
0.05, while as n = 10, the same error in energy level
(1 cm−1) results in a error in quantum defects about
0.004.

Noted that related to 4s2nfJπ = (7/2)◦ series,
there are 38 open or ‘weakly’ closed channels con-
structed on the first 14 Sc+ levels as shown in Table
1, the ‘weakly’ closed channels mean that their pre-
cursor states are below or in the energy region of our
target series. However, the angular change of the cor-
responding ionic core (except for the core 4s2 itself)
compared to 4s2 is larger than 1, which means that
these channels have multipole polarization effects on
the 4s2nfJπ = (7/2)◦ series. As a comparison, only
these 38 channels entered calculations, the calculated
quantum defects are denoted as µ4. From the trans-
formation matrices Uiα, in which off-diagonal elements
reflects channel–channel interactions, the off-diagonal
elements of Uiα are much smaller than 1, and diago-
nal elements of Uiα are larger than 0.8 in the energy
region of interest. Therefore, the calculated eigen-
quantum defect µ4 is almost the same as the eigen-
quantum defect µ2 obtained from FCA in the energy
region of interest as shown Fig.1. This elucidates that
dipole polarization effects play an important role on
this autoionization Rydberg series 4s2nfJπ = (7/2)◦,
not the multipole polarization effects although these
corresponding channels are open or ‘weakly’ closed
channels.

Now we discuss the reason that the 4s216f is ob-
scured in experimental spectra. Figure 2 displays
the calculated collision eigenphase shifts πτρ for the
Jπ = (7/2)◦ resonances, in which 38 channels en-
tered calculations. It is well known that the collision
eigenphase shift πτρ changes abruptly by π radians
when the energy crosses the positions of the resonance
states . As shown in Fig.2, the collision eigenphase πτρ

changes abruptly by 2π radians within 4 cm−1energy
range, i.e., 64226-64230 cm−1 when energy crosses the
position of 4s216f resonance state. It means that there
is another resonance state as well as 4s216f resonance
state in the 64226-64230 cm−1energy region. Such res-
onance state is converged to 3d2(1G4) of Sc+ based
on our calculations. The configuration interaction be-
tween the two resonance states may be strong since
the energy interval of this two resonance states is so
small, and 4s216f resonance state may be obscured by
the perturbation. Such suggestion is consistent with
the result of Greene et al.[3]

Fig.2. Collision eigenphase shifts πτρ for the Jπ = (7/2)◦

resonance states.

4. Conclusion

Based on RMCT and within the framework of
MQDT, the energy levels of autoionization Rydberg
series 4s2nf(n = 4 − 23)Jπ = (7/2)◦ of scandium
are calculated at different levels of approximation,
i.e., self-consistent method, one channel calculations
(i.e., frozen core approximation), five channels cal-
culations by considering dipole polarization effects,
38 channels calculations by considering multipole po-
larization effects. As shown in Fig.1 and Table 2,
the effects of dipole polarizations of 4s2 as 4s4p play
an important role on autoionization Rydberg series
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4s2nf(n = 4− 23)Jπ = (7/2)◦ , and the difference be-
tween experimental and calculated quantum defects
for this series is generally about 0.01–0.03 with the
exception of n = 20, 22, 23 as shown in Table 2. Fur-
thermore, the reason that 4s216f is obscured in ex-
perimental spectra is suggested to be the interaction
with the neighbouring resonance state converged to

3d2(1G4) of Sc+ as shown in Fig.2.
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