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In the real world, the inputs of many complicated systems are time-varying functions or processes. In order

to predict the outputs of these systems with high speed and accuracy, this paper proposes a time series prediction

model based on the wavelet process neural network, and develops the corresponding learning algorithm based on the

expansion of the orthogonal basis functions. The effectiveness of the proposed time series prediction model and its

learning algorithm is proved by the Mackey–Glass time series prediction, and the comparative prediction results indicate

that the proposed time series prediction model based on the wavelet process neural network seems to perform well and

appears suitable for using as a good tool to predict the highly complex nonlinear time series.
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1. Introduction

Time series prediction plays an important role in
various fields, ranging from economics through physics
to engineering.[1] The previous time series prediction
methods mainly include statistical models fitting and
traditional artificial neural networks. The statisti-
cal models fitting methods like Auto-Regression (AR),
Moving Average (MA), Auto-Regression Moving Av-
erage (ARMA) are all linear mapping ones. There
are only a few nonlinear models such as double linear
model, yet they are limited in the degree, which makes
it hard to find suitable expression for the varying pro-
cess in the complex systems. In 1989, Hornik and
Funahashi proved respectively that multilayer feedfor-
ward neural networks can approximate to any contin-
uous function.[2,3] It seems that artificial neural net-
works have great potential to high nonlinear and un-
certain systems. Nowadays, artificial neural networks
were widely adopted to predict the nonlinear time
series.[4−7]

However, in real world, the inputs of many com-
plicated systems are time-varying functions or pro-
cesses. It is difficult for traditional artificial neural
networks to predict the outputs of these systems ac-
curately and directly, due to the pact that inputs of

the traditional artificial neural networks are all instan-
taneous discrete values. To overcome this limitation,
He and Liang proposed artificial process neuron model
in 2000.[8] From a point view of architecture, process
neuron model is similar to traditional artificial neu-
ron model. The major characteristics, which distin-
guish process neuron from traditional artificial neu-
ron, are that inputs, outputs and corresponding con-
nection weights of process neuron can be time-varying
functions. Process neural networks (PNN) are com-
prised of densely interconnected process neurons, and
the special characteristics of the process neuron make
the PNN very suitable to simulate the aforementioned
complicated systems.[9−11]

In order to optimize the performance of the PNN,
the architecture of the PNN must be selected. It is
well known that wavelets offer an adequate frame-
work for the representation of ‘natural’ signals and
images that are described by piecewise smooth func-
tions, with rather sharp transitions between neigh-
bouring domains. This results in a local correlation
structure of signal samples, which decays fast for far-
ther apart ones. A similar structure exists in the fre-
quency domain, corresponding to the band structure
of the natural sources spectra. Wavelet representa-
tions are adequate building blocks for rather general
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functions of the mentioned type.[12] Combining the
advantages offered by PNN, on one hand, has wavelet
representation, on the other, is an attractive idea. Ac-
cording to this analysis, a time series prediction model
based on wavelet process neural network (WPNN) is
proposed in this paper to predict nonlinear time series.

The plan of this paper is as follows: In Section 2,
the wavelet process neuron model is presented, which
sets the foundation for the remainder of this paper.
In Section 3, a time series prediction model based on
the WPNN is proposed. In Section 4, a corresponding
learning algorithm for the proposed time series model
is developed. To simplify the computational complex-
ity of the learning algorithm, appropriate orthogonal
functions are selected as basis functions to expand the
input functions and the corresponding weight func-
tions of the WPNN at the same time. In Section 5,
the effectiveness of the proposed time series prediction
model based on the WPNN and its learning algorithm
is proved by the Mackey–Glass time series prediction,
and the comparative prediction results highlight the
performance of the proposed time series prediction
model. Conclusions are given in Section 6.

2. Wavelet process neuron

The wavelet process neuron model is composed
of three sections: inputs, an activation unit and out-
put. This is based on the fact that a biological neu-
ron is composed of three basic parts: a dendrite, a
soma and an axonal tree. Generally, the inputs and
connection weights of the neuron in traditional neu-
ral networks are discrete values. However, the inputs
and connection weights of the wavelet process neuron
are continuous time-varying functions. An aggrega-
tion operator on time is added to the wavelet process
neuron, which provides the WPNN with the capability
of handling two dimensional information of time and
space simultaneously. The architecture of the wavelet
process neuron is depicted in Fig.1.

Fig.1. The sketch diagram of wavelet process neuron

model.

The output of the wavelet process neuron model
can be expressed as

y = f

(
n∑

i=1

∫ T

0

ωi(t)xi(t)dt− θ

)
. (1)

Where xi(t) ∈ C[0, T ] is the ith input function, i =
1, 2, . . . , n, C[0, T ] denotes the space of the continu-
ous functions, ωi(t) is the ith weight function, θ is
the threshold, f(·) is the activation function, which is
related to the wavelet transform theory.

Wavelet transform is a classic mathematical the-
ory which is considered as a great breakthrough fol-
lowing Fourier analysis, and has been widely used in
various fields. Suppose that ψ(x) ∈ L2(R) satisfies
the following admissibility condition:

Cψ =
∫

R

∣∣∣ψ̂(ω)
∣∣∣
2

|ω| dω < ∞. (2)

Where ψ̂(ω) denotes the Fourier transform. Take
ψ(x) as a mother wavelet, then it can generate a
family of functions by the operation of dilation and
translation.[13] Where ψa,b(x) can be expressed as

ψa,b(x) =
1√
a
ψ

(
x− b

a

)
. (3)

Where the parameters a and b are the dilation and
translation parameters expressed in real number R,
respectively. The basic idea behind the wavelet trans-
form is to represent arbitrary function f(x) as a su-
perposition of wavelets. The continuous wavelet trans-
form of f(t) is given by

Wf (a, b) = (f, ψa,b) =
1√
|a|

∫ +∞

−∞
ψa,b(x)f(x)dx.

(4)
In terms of wavelet transformation theory, the in-

verse continuous wavelet transform can be obtained
through the following formula

f(x)

=
1

Cψ

∫ +∞

0

da

a2

∫ +∞

−∞
Wf (a, b)ψa,b(t)db

=
1

Cψ

∫ +∞

0

da

a2

∫ +∞

−∞
Wf (a, b)

1√
a
ψ

(
t− b

a

)
db.

(5)

3. Time series prediction model

based on WPNN

A time series is a sequence of vectors, x(m),
m = 0, 1, . . ., where m represents elapsed time. For-
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mally, the time series prediction based on traditional
artificial neural networks can be stated as: find a func-
tion G : RN → R such as to obtain an estimate of x

at time m + h (h > 0), from the N time steps back
from time m, so that: x(m + h) = G(x(m), x(m −
1), . . . , x(m−N +1)). Normally h will be one, so that
G(·) will forecast the next value of x. It is obvious
that the inputs of the traditional artificial neural net-
works are discrete values, it is difficult to express how
x(m − 1) influences x(m) and how x(m − N + 1) in-
fluences x(m − N)at the same time, and so on. This
is a shortcoming of the time series prediction method
based on traditional artificial neural networks, which
makes it have low prediction accuracy. In order to
overcome this limitation, a novel time series predic-
tion method based on the WPNN is proposed in this
section. The inputs and the corresponding connection
weights of the WPNN are continuous time-varying
functions. (x(m), x(m− 1), . . . , x(m−N + 1)) can be
used to generate a continuous function xm(t) by some
mathematical method, where t ∈ [m−N+1,m]. Then,
the time series prediction based on the WPNN can be
stated as: find a functional F : C([m−N +1,m]) → R

such as to obtain an estimate of x at time m + 1 on
[m−N + 1,m], so that x(m + 1) = F (xm(t)).

The topological architecture of the proposed time
series prediction model based on the WPNN is de-
picted in Fig.2.

Fig.2. The topological architecture of the time series pre-

diction model based on WPNN.

From Fig.2, it can be seen that the time series
prediction model based on the WPNN is comprised of
three layers. The first layer is the input layer, which
has only one node. The second layer is the hidden
layer, which is composed of n wavelet process neu-
rons. The last layer is the output layer, which also
has only one node.

Let x(t) = xm(t), m = T and N = T + 1, then
the estimate of x(m + 1) by the time series prediction
model based on the WPNN can be expressed as:

y =
n∑

i=1

viψ

(∫ T

0
ωi(t)x(t)dt− bi

ai

)
. (6)

Where ωi(t) is the connection weight function between
the i-th wavelet process neuron in the hidden layer
and the input unit. vi is the connection weight be-
tween the i-th wavelet process neuron in the hidden
layer and the output unit. ψ(·) is the wavelet basis
function of the wavelet process neurons in the hidden
layer.

4. Learning algorithm

Suppose that d = x(m + 1), and y is the corre-
sponding estimate of x(m + 1) by the proposed time
series prediction model based on the WPNN. Thus,
the mean square error of the proposed model can be
defined below

E =
1
2
(y − d)2

=
1
2

(
n∑

i=1

viψ

(∫ T

0
ωi(t)x(t)dt− bi

ai

)
− d

)2

. (7)

It is obvious that Eq.(7) is very difficult to be im-
plemented by the computer directly. In order to raise
the efficiency of the computation and the adaptability
to practical problems resolving of the proposed time
series prediction model based on the WPNN, a set of
appropriate orthogonal basis functions are introduced
into the input space of the WPNN.

Let x(t) = xm(t), by Weierstrass approximation
theorem, if any ε > 0 is given, then there exists a
polynomial P (t) on [0, T ] such that|x(t) − P (t)| < ε

for all t ∈ [0, T ]. In short, any x(t) ∈ C[0, T ] can
be uniformly approximated on [0, T ] by polynomi-
als Pk(t) (k = 1, 2, . . .) to any degree of accuracy.
Therefore, x(t) can be written in the form x(t) =
K∑

k=1

akPk(t), where the coefficient ak ∈ R is easy to

find. Suppose that the set of Pk(t) is independent.
There is a relationship between orthogonality and in-
dependence. It is possible to convert a set of indepen-
dent functions Pk(t) into a set of orthogonal functions
bk(t) that spans the same space. The standard pro-
cedure to accomplish this conversion is called Gram–
Schmidt orthogonalization. Therefore, the input func-
tion x(t) and the connection weight function ωi(t) can

be expanded respectively as x(t) =
K∑

k=1

ckbk(t) and

ωi(t) =
K∑

k=1

ωikbk(t), ck, ωik ∈ R, at the same time.

According to the property of the orthogonal basis
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functions,
∫ T

0
bk(t)bl(t)dt =





1 l = k

0 l 6= k
, thus, Eq.(6)

can be substituted by

y =
n∑

i=1

viψ




K∑
k=1

ωikck − bi

ai


. (8)

This allows us to conveniently write out an ex-
pression for mean square error of the proposed model
as

E =
1
2
(y − d)2

=
1
2




n∑

i=1

viψ




K∑
k=1

ωikck − bi

ai


− d




2

. (9)

The learning algorithm will adjust vi, ωik, ai and
bi to minimize the mean square error of the proposed
time series prediction model based on the WPNN ac-
cording to Eq.(9).

For the convenience of analysis, Zi is defined as

Zi =

K∑
k=1

ωikck − bi

ai
. Applying gradient descent on

this estimate of the mean square error, we have

∆vi = −∂E

∂vi
= −(y − d)ψ(Zi),

∆ωik = − ∂E

∂ωik
= −(y − d)viψ

′(Zi)
ck

ai
,

∆ai = −∂E

∂ai
= −(y − d)viψ

′(Zi)
(
−Zi

ai

)
,

∆bi = −∂E

∂bi
= −(y − d)viψ

′(Zi)
(
− 1

ai

)
. (10)

This yields the update rules for each iteration step to
be

vi(s + 1) = vi(s) + α∆vi,

ωik(s + 1) = ωik(s) + β∆ωik,

ai(s + 1) = ai(s) + γ∆ai,

bi(s + 1) = bi(s) + η∆bi. (11)

Where α, β, γ and η are learning rate, s is the iteration
times.

The usually used basis functions ψ(·) include
Gaussian radial basis functions, B-spline basis func-
tions, wavelet basis functions and some neuro-fuzzy
basis functions. In this paper, Morlet wavelet function
is selected as the activation function of the wavelet

process neurons in the hidden layer of the WPNN.
The Morlet wavelet is a cosine modulate Gauss wave.
It exhibits good locality features in both time and fre-
quency. The Morlet wavelet function can be written
as

ψ(x)

= cos
(

1.75
x− b

a

)
exp

(
−0.5

(
x− b

a

)2
)

. (12)

The complete procedure of the learning algorithm
is summarized as follows:

step 1 Select appropriate orthogonal basis func-
tions to expand the input function and the connection
weight functions of the time series prediction model
based on the WPNN.

step 2 Set output error goal ε > 0; initialize
iteration s = 0, and set max iteration as S.

step 3 Initialize vi, ωik, ai and bi.
step 4 Utilize Eq.(9) to calculate the mean

square error E, if E < ε or s > S, go to step6; other-
wise, go to step5.

step 5 Update vi, ωik, ai and bi according to
Eq.(10) and Eq.(11); s + 1 → s, go to step 4.

step 6 Output results; stop.

5. Mackey–Glass time series pre-

diction

In this section, the performance of the proposed
time series prediction model based on the WPNN is
validated by the Mackey–Glass time series prediction.
The time series is generated by the chaotic Mackey–
Glass differential delay equation[14] defined as

dx

dt
=

Ax(t− τ)
1 + x(t− τ)10

−Bx(t). (13)

Where t is a variable, x is a function of t, τ is the time
delay. The initial conditions used in this paper are set
as A = 0.2, B = 0.1, τ = 17 and x(0) = 1.2.

Fourth order Runge–Kutta method with step size
0.1 is used to generate a time series with 408 points
such as {xj}408j=1. Eight consecutive points such as
(xi, xi+1, . . . , xi+7) in the time series are given to gen-
erate an input function IFi by nonlinear least-squares
method, where i = 1, 2, . . . , 400, and the ninth point
xi+8 is used as the corresponding output. Thus, it can
get 400 couples of samples such as {IFi;xi+8}400i=1. The
first 200 couples of samples {IFi;xi+8}200i=1 are utilized
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to train the proposed time series prediction model
based on the WPNN. The model used in this section is
composed of 3 layers, the first layer is the input layer
with one unit, the second layer is the hidden layer,
which consists of 10 wavelet process neurons, and the
last layer is the output layer with one unit. The or-
thogonal Legendre basis functions are selected to ex-
pand the input functions and the connection weight
functions of the WPNN, and the number of the basis
functions is set to 6. According to Ref.[15], initialize
the dilation and translation parameters of the WPNN.
The error goal is set to 0.001, the initial learning rate
is set to 0.01, and the max iteration number is set to
2000. After 546 iterations, the time series prediction
model based on the WPNN has converged. The last
200 couples of samples {IFi;xi+8}400i=201 are selected to
validate the time series prediction model based on the
WPNN. The validation results are shown in Fig.3.

Fig.3. Mackey–Glass time series prediction based on

WPNN.

In order to compare the performance of the
WPNN with that of the traditional neural networks,
a multilayer feedforward neural network (MFNN)

with 3 layers are used to predict the same Mackey–
Glass time series {xj}408j=1. Eight consecutive points
such as (xi, xi+1, . . . , xi+7) in the time series are
used as the inputs of the MFNN, and the ninth
point xi+8 is used as the corresponding output.
Thus, it can get 400 couples of samples such as
{xi, xi+1, . . . , xi+7;xi+8}400i=1. The first 200 couples
of samples {xi, xi+1, . . . , xi+7;xi+8}200i=1 are utilized to
train the MFNN. The first layer of the MFNN is the
input layer with eight units, the second layer is the
hidden layer which has 60 traditional artificial neu-
rons with Sigmoid activation function, and the last
layer is the output layer with one unit. The error goal
is set to 0.001, the initial learning rate is set to 0.01,
and the max iteration number is set to 2000. After
1408 iterations, the MFNN has converged. The last
200 couples of samples {xi, xi+1, . . . , xi+7;xi+8}400i=201

are selected to validate the MFNN. The validation re-
sults are shown in Fig.4.

Fig.4. Mackey–Glass time series prediction based on

MFNN.

From Figs.3 and 4, the analysis of the compara-
tive prediction results is described in Table 1.

Table 1. The comparative prediction results analysis.

Prediction model Convergence iterations Total absolute error/% Average relative error/%

Based on WPNN 546 1.5768 0.92

Based on MFNN 1408 2.9574 1.57

The comparative prediction results as shown in
Fig.3, Fig.4 and Table 1 indicate that the WPNN has
a higher prediction accuracy than the MFNN. The

WPNN seems to perform well and appears suitable
for using as a better tool to predict nonlinear time
series.
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6. Conclusion

In real world, the inputs of many complicated sys-
tems are time-varying functions or processes. How to
predict the outputs of these systems with high speed
and accuracy has received significant attention. The
theoretical foundation of the traditional time series
prediction methods is the function approximation the-
ory. In this paper, it presents that the time series pre-
diction problem can be seen as a functional approxi-
mation problem. According to this analysis, a novel
time series prediction method based on the WPNN
is proposed to solve the aforementioned problem, and
the corresponding learning algorithm is developed. In
order to reduce the computational complexity of the
learning algorithm, a group of appropriate orthogo-

nal functions are introduced into the input function
space of the WPNN, and then the input functions
and the corresponding connection weight functions are
expanded by the orthogonal basis functions at the
same time. With the orthogonality of the orthogo-
nal basis functions, the aggregation operation of the
wavelet process neurons on time is simplified. The
effectiveness of the proposed time series prediction
model based on the WPNN and its learning algorithm
is proved by the Mackey–Glass time series prediction.
The comparative prediction results indicate that the
WPNN has a faster convergence speed and higher pre-
diction accuracy than the MFNN. The WPNN seems
to perform well and appears suitable for using as a
better tool to predict the high complex nonlinear time
series.
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