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In this paper, we introduce a noise which is composed of multiplication of two dichotomous noises, and derive

the probability density and the statistical properties of this noise. The obtained results can help study the resonant

activation phenomenon, the phenomenon of stochastic resonance, the transport of particles, and the nonequilibrium

(phase) transition for the systems driven by this noise.
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1. Introduction

Noise-induced nonequilibrium phenomena have
recently attracted a great deal of attention in a va-
riety of contexts. One example of these phenomena is
the resonant activation (RA),[' =24 here the mean first
passage time (MFPT) of a particle driven by (usually
white) noise over a fluctuating potential barrier ex-
hibits a minimum as a function of the parameter of
the fluctuating potential barrier. This phenomenon
is first identified by Doering and Gadoual’! and fur-
ther studied by a number of other investigators.[2—24
Now, except for the theoretical reports about the
resonance activation phenomenon,!'=2%24 this phe-
nomenon has been found in experiment.?! =231 A sec-
ond example of such a phenomenon caused by the ap-
pearance of the noise is the phenomenon of stochastic
resonance (SR), which has been a subject of great in-
terest in nonlinear physics since the concept of SR
was first proposed in answer to questions about the
periodically recurrent ice ages.?®=27) The SR has at-
tracted considerable interest due to its many applica-
tions in biology, physics, chemistry, and other scien-
tific fields.[?8—33] For the phenomenon of SR, the max-
imum enhancement of a weak periodic signal buried
in noise can be achieved with a nonzero optimum
amount of noise strength, although it is usually con-
sidered to be easier to detect a weak signal when the

noise exists. The mechanisms of the SR effects have
been elucidated by many theoretical approaches (see
Refs.[28-33] and references therein). On the other
hand, the SR has been studied experimentally in var-
ious kinds of systems including electrical, optical, and
neuronal systems (see Ref.[28] and references therein).
A third example is the transport of particles induced
by noise.?*~38] Tt has been found that the spatial sym-
metry breaking and the temporal symmetry breaking
are ingredients for the nonzero flux. A fourth example
of the noise-induced phenomena is the noise-induced
nonequilibrium transition,®®~4! which may be phase
transition®8—4%! or not.[40:41]

All of the studies of the noise-induced phenomena
have been focused on systems subjected to Gaussian
noise (Gaussian white noise and Ornstein—Uhlenbeck
(O-U) noise ) or dichotomous noise (or three-state
noise or white shot noise). But practically, there are
a lot of complicated noises, which are not Gaussian
or dichotomous (or three-state noise or white shot).
In this paper, we will introduce a noise, which is com-
posed of the multiplication of two dichotomous noises,
and derive the probability density and statistical prop-
erties of this noise. Our obtained results can help
study the resonant activation phenomenon, the phe-
nomenon of stochastic resonance, the transport of par-
ticles, and the nonequilibrium (phase) transition for
the systems driven by this noise.
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2. Multiplication of two dichoto- where & (t) is a dichotomous noise that takes two val-

mous noises and its master "¢ and b (a > b), the transition rates from a to b

and from b to a are both \; & (2) is also a dichotomous
equation noise which takes ¢ and d (¢ > d), the transition rates
from ¢ to d and from d to ¢ are both p. In Appendix
In this section, we consider a noise which is the A, we give an example showing the existence of the

multiplication of two dichotomous noises, i. ¢ noise composed of the multiplication of two dichoto-
mous noises.

E(t) = &1(H)Ea(t), (1) The master equation for the noise £(t) is

|

0¢P(a,c,t | wo,y0,t0) = —(A+ p)Pla,c,t | wo,y0,t0) + AP(b, ¢, t | w0, yo0,t0) + 1P (a,d,t | zo,y0,%0),
Oy P(b,c,t | mo,y0,to) = —(A+ p)P(b,c,t | 0,90, t0) + AP(a, ¢, t | 2o, Y0, t0) + P (b, d,t | xo,yo,to),
OyP(a,d,t | zo,y0,t0) = —(A + ) P(a,d,t | 2o,y0,t0) + AP(b,d,t | 20,Y0,t0) + pP(a,c,t | xo, Yo, to),
Oy P(b,d,t | x0,y0,t0) = —(A + ) P(b,d,t | 20,y0,t0) + AP(a,d,t | zo,Y0,t0) + pP(b, c,t | 20, y0,t0), (2)

in which we have assumed the stochastic process to be in an initial state t = to, £1 (o) = o and £2(to) = o, so the
initial condition is P(z,y,to | o, Y0,t0) = OazeOyye- P(a,¢,t | Zo,y0,%0), P(b,c,t | o0, y0,%0), Pla,d,t | xo, Yo, t0)
and P(b,d,t | zg,y0,to) are the conditional probabilities. P(a,c,t | xo,yo,to) represents that the dichotomous
noises are in &;(t) = a and &»(t) = c¢ configuration, and at time ¢, with the initial state ¢ = ¢g, &1 (o) = o
and &(tg) = yo. The same understanding is applicable for P(b,c,t | zo,¥y0,t0), Pla,d,t | xo,yo,t0) and
P(b7 d7 t | 205 Yo, tO)'

For convenience, we write Py

P(G,C,t | Il'o,y(),to), P2 = P(b,C,t | I03y07t0)7 P3 = P(avdvt | I07y03t0)
and Py = P(b,d,t | xo,Yo0,t0). So Eq.(2) can be written as

Py —(A+p) A 1% 0 Py

0| P A —(A+p) 0 iz Py
_ x (3)

ot | Py 1% 0 —(A+p) A Py

Py 0 p A —(A+p) Py

3. Probability densities

It is easy to find that the matrix of the homogeneous part about P; (i = 1,2,3,4) in Eq.(3) has three
nonzero eigenvalues and a zero eigenvalue, which are r1 = —2X, ro = —2u, r3 = —2(A + ), and r4 = 0. So, if
A # 1, the general solution of Eq.(3) is

P = CfY + O exp[=2X(t — to)] + € expl—2pa(t — t0)]C5" exp[=2(A + ) (t — to)); (4)
if A = p, there will be two dependent eigenvalues and the general solution of Eq.(3) is
Py = B + [B{Y + BV (¢ — to) exp(=2A(t — t0))] + B{Y exp[~4A(t — to)] (5)

where i = 1,2,3,4; if u # A, the solution of Eq.(3) can be obtained as (see Appendix B)
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1 1 1 1 1
P = 2+ | =7+ 5(0azoOey, + dazyday,) e 5 (GazoOeyo + Obag Oy, ) o2l
4 4 2 4 2
1 1
+ _Z + §(§aw06cy0 + 6bm05dy0):| 8_2(A+M)(t_t0)7
1 11 1 1
P2 == |-+ 7(5a1’050y0 + 6a$05dyo) e—2>\(t—t0) + =t 7(51190066740 + 517105090) ei2u(t7t0)
4 4 2 4 2
1 1
- 71 + §(§ax06cyg + 5b$05dy0):| 672(A+H)(t7t0)7
1 1 1 | 1 1 1
Py =+ =0+ *(5%0501/0 + 6awo(5dyo) e + *(5%0501/0 + 5bfl«‘ofscyo) e~ 2#(+=%)
471 4 2 | 42 ]
T .
- _Z + 5(6aw050y0 + 6bw06dy0) 6_2()\+M)(t_t0)7
T [ 1 1 IR M 1 1 1 —one
Po=g-717 5 BazoOeyo +6az05dyo)_ e AUt -1 5 (BazoBeyo +5bzoécyo)_ e~ 2u(i=to)
ST -
+ *Z + 5(6(127050@;0 + 5bx0 5dyo) 672()\+M)(t7t0); (6)

if = A, the solution of Eq.(3) is (see Appendix B)

1 1 T 1 1 ]
Pl = Z + §(§aw060y0 - 61):1:0 5dy0) e_ZA(t_tO) + _Z + 5(6001065210 + 6b$06dyo) 6_4/\(t_t0)7
11 1 —ong—tey [ 1,1 1 —axct—to)
P2 = Z + 5(6bx05cy0 - 5aa:o 5dyo) e o _Z 5(501050740 + 5b$05d740) € ’
1 1 | —2X(t—t0) 11 ] —4A(t—to)
Py = 4 §(§bx05cyo — Oawoddyo) | € 4 5(5%0502/0 + Ot Oty ) | € ’
1 1 1 —ongmtey , [ 11 1 —ax—to)
Py = 4 5(5aw05cy0 — ObaoOdyo ) | € + 4 5(511930501/0 + O Oayo) | © : (7)

This process £(t) = &1(t)€2(t) has the stationary solution [obtained by letting tg — —oco (or t — c0) in Eqs.(6)
and (7)] as follows:

1
Ps(x,y):P1:P2:P3:P4:1. (8)

4. Statistical properties

The first cumulant (i.e. the mean value) of £(¢) can be straightforwardly computed and given as

<€(t) | [l’(),yo,to} = Z xyp(xa:%t | $07y03t0)7 (9)
(z,y)
in which (z,y)e{(a,c), (b,¢), (a,d), (b,d)}.

If 11 # A, substituting expression (6) into expression (9), we can have

1
(€@®) | [zo,yo,t0]) = acPy + bcPy + adPs + bdPy = Z(ac + bc+ ad + bd)

[ 1 1
+(ac — bc + ad — bd) ~1 + 5(5%05@0 + 5%05@0)] e 2M(t—to)
: 1 1
+(ac+ bc — ad — bd) ~1 + 5(5%05@0 + 51,3505@0)] e 21(t=to)
r 1 1
+(ac — be — ad + bd) -7 5(6%06% + 6bm06dyo)} e 2t (t—to) (10)

Now, there are four cases for the initial condition, which are (z¢,y0) = (a,c), (b,¢), (a,d) and (b,d). For these

four cases, we give the expression (10) in Appendix C.
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If © = A, substituting expression (7) into expression (9), we have

1 1
(€06) | [0, o o]} = (e +be + ad + bd) + S[(ac — 0d) Bazaeys — e
—|—(bC - a‘d) (6b30060y0 - 6a$06dy0)]e_2)\(t_t0)

1

1
+(ac —be — ad + bd) | == + = (8w Oeyo + ObwgOdyo) | €710, (11)

Similarly, for expression (11), there are also four cases,
which are (zg,y0) = (a,¢), (xo,y0) = (b,¢), (xo,y0) =
(a,d), and (zo,yo) = (b,d). For these four cases, we
give the expression (11) in Appendix C.

In a stationary state, from the above expressions
(10) and (11), we have

(€(t)s = i(ac + be + ad + bd).

Similarly, the variance (i.e. the second order cu-
mulant) of £(¢) can also be computed. Here we give
only the stationary variance, which is easily computed
and given by

((€()%)s — (€3

1
= Z(G%Q +b%c? + a?d? + b2d?)

1
—E(ac—l—bc—i—ad—&—bd)Q. (12)

(€()€(s))

4 2

The third and higher order cumulants can be ob-
tained by using the above method. In the following,
we compute the stationary time correlation function.
To do this, we write (assuming ¢t > s)

(E(DE()s
= 2

(@,y),(z"y)
1
= 12 7Yy [ 12y 8])

= IS ) | [ 8] (13)
4

wyx'y' Pz, y,t | 2,y s)Ps(a’,y)

There are two cases for expression (13), which are
p#Xand p= A If p# A\ from expression (13) and
expressions (C1)—(C4), we can have

1 1
= (£(t)2 + E(ac + ad)(ac — be+ ad — bd)e_Q’\(t_s) + Tﬁ(ac + be)(ac + be — ad — bd)e_Q“(t_s)
1
+E(ac + bd)(ac — be — ad + bd)e™ 2AHmt=s), (14)
in which ¢ > s; if 4 = A, from expression (13) and expressions (C5)—(C8), we can obtain
1
(EDEE)s = (EW)2 + (22 + 126 + a2 + P — dachd)e™ 0~
1
—&-E(ac + bd)(ac — be — ad + bd)e ™= (15)

where ¢t > s.

5. Conclusion and discussion

In this paper, we have introduced a noise com-
posed of multiplication of two dichotomous noises,
and investigated the probability density and the sta-
tistical properties of this noise. We have found that
the probability density and the statistical properties
of this noise (composed of multiplication of two di-

chotomous noises) all depend on the initial condition
of the noise; while the stationary ones do not depend
on the initial condition of the noise. The results ob-
tained in the paper can help study the resonant ac-
tivation phenomenon, the phenomenon of stochastic
resonance, the transport of particles, and the nonequi-
librium (phase) transition for the systems driven by
this noise.
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In addition, in this paper only the noise that is
composed of the multiplication of two dichotomous
noise is studied. For this noise, the values ac, ad, bc
and bd, i.e. four values are taken. The transition rates
from ac to ad and from ad to ac are both p; The tran-
sition rates from ac to bc and from bc to ac are both
A; the transition rates from be to bd and from bd to be
are both p; and the transition rates from ad to bd and
from bd to ad are both A. The noise can be vividly
presented in Fig.1. Thus, the noise that is composed
of the multiplication of two dichotomous noise is a spe-
cial case for the four-state noise. In Fig.2, we present
a general four-state noise. It can be clearly seen from

I
ac h ad
I
A A
A A A A
\
nw
be T b
nw

Fig.1. A vivid representation for the noise £(t) = &1 (¢)&2(t)
considered in the paper. The noise takes values ac, ad, bc and
bd. The transition rates from ac to ad and from ad to ac are
both p; The transition rates from ac to bc and from bc to ac
are both A; The transition rates from bc to bd and from bd to
be are both p; And the transition rates from ad to bd and from
bd to ad are both .

H1

2]

H3

M5
Fig.2. A representation for a general four-state noise, in which
the values a, b, c and d are taken and the transition rates from
one value to another are also presented.

Figs.1 and 2 that the noise shown in Fig.1 is a spe-
cial case for the noise shown in Fig.2. In the next
paper of mine, the probability density and statistical
properties for a four-state Markovian noise will be in-
vestigated, for the detailed investigation into its prob-
ability density and statistical properties has not been
made though a lot of phenomena induced by four-state

noise have been found.

Appendix A

In this Appendix, we give an example showing the
existence of the noise composed of the multiplication
of two dichotomous noises.

See an electric circuit in Fig.Al, where R is a
resistance (constant), and r(t) a dichotomous resis-
tor that fluctuates between two values r, and 7y,
with mean waiting times ¢, and t;, respectively. The
dichotomous resistor can be obtained by inserting
into the circuit a point contact whose conductance
is controlled by an asymmetric two-level system tun-
nelling incoherently between the two states with rates
v =1/t, and v/ = 1/t;,.14243] Accordingly, the fluctu-
ations in the point contact resistor can be modelled as
a stationary Markovian dichotomous noise.

Fig.A1l. An electric circuit, where R is a resistance (con-
stant) and r(t) a dichotomous resistor that fluctuates be-
tween two values rq and 7, with mean waiting times tq
and tp, respectively.
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For this circuit, the total resistance is After considering the initial condition, we have, if
p# A
Rr(t) R
Ro(t) = = r(t) = &()&2(1),
R+r(t) R+r(t) P(a,c,to | zo,v0,t0)

in which & (t) = R/(R+r(t)) and &(t) = r(t). &i(1) = OV + OV + Y + CFY = bazy ey
fluctuates between a = R/(R+1,) and b = R/(R+7y) P(b,c,to | o, y0,t0)
(the transition rate from a to b is v and transition rate _ Cil) _ 02(1) + C?EI) _ Cil) = Gbrg Oeyos

from b to a is y'), and & (t) fluctuates between two val-
P(a’7 d7 tO | Zo, Yo, tO)

ues ¢ =1, and d = rp (the transition rate from c to d ) 1) 1) )
=0 +0y = 03 -0y’ = 5ax05dyov

is v and that from d to ¢ is 7).
Then, we have a noise that is composed of the P(b,d,to | w0, y0,t0)
multiplication of two dichotomous noises. = C{l) - 02(1) - Cél) + C’il) = Obawo Odyo s

from which we can obtain

3 1
Appendlx B Cil) = Z(‘Sawo 5Cyo + 5bxo 5cyo + 5awo‘5dyo + 5bx05dyo)
_ 1
Substituting expressions (4) and (5) into Eq.(3) 4
and using the comparing-coefficient method, we ob- o _ 71 + 1(5 Suys + Sag Oys)
— axgYc axo?d )
tain ¢V = ¢® = ¢® — c® o _ _c@ _ 2 411 % 09eyo 00dyo
3 4 1 2 3 4 1
02( ) = _CQ( )a C?E ) = C?() ) = —Cé ) = _C?E : Cig )= 1 + 5(&1105%/0 + ObagOeyo )
and C’il) = —C’iz) = —Cf’) = C’£4), and Bg) = @ 1 1
B£2) = BES) = B§4), Bé(ll) = —Bé(f) = _Bé(lg) = C£4), C4 = _Z + 5(60«105590 +5b1305dy0)’
1) _ p@) _ pB _ pl _ 4 _ _pl
By ' =By =By =By =0, By =—DB;" and where we have used Py + P, + P3 + Py = 1; if p = ),

B _ _p® : .
By = —B5". So, the solution of Eq.(3) is, if A # p, from the initial condition, we have

P, = Cfl) + 02(1)6—2/\(15—150)
—|—C§1)e_2“(t_t°) + 0‘&1)6—2(A+#)(t—to)7

Py = Cfl) _ 02(1)6—2/\(15—150)
+C§1)e*2u(t*to) _ 0&1)672(A+#)(t*to),

BY 4 BW 4+ BY = 540000y
B + BYY — BV = 61000040
B — B — BY = 5z, 8y,

B%l) _ Bél) + Bé(ll) = 6bw05dyov
Py = O 4 OfVem2Mt-t0)

_C?(’l)e—m(tfto) . C«il)e—2(A+u)(t7to), from which we can obtain (considering Py + P> + P5 +
P, = Cil) _ 02(1)6—2/\(16—150) P, =1)
(1) —2p(t—t (1) —2(A+pu)(t—to). 1
—C§Hem2nlt=to) 4 OfY 20+ (t—to), BY = Z(5,MO(SCyO + ObaoOeyo + OameOdyo + ObagOdyo )
. 1
if A= p, -
K 1
_ _ _ _ 1
P1 = Bil) + Bél)e 2A(t=to) + Bil)e A tO)’ Bél) = §<5ax066y0 - 6bw05dy0)a
_ p (1) —2x(t—to) _ p(1) —4A(t—to)
Pg—Bl +BQG B4e 5 B(Z)—lé 5 s 5
Py — Bil) _ Bél)e_g)\(t_to) —Bz(;l)e_él/\(t_t‘)), 2 = 5( bzoUcyo — Yazo dyo)v
1 1
P, = Bgl) — Bél)efz)‘(tfto) + Bi1)674A(t7t°). Bzgl) =7 5(5%0601/0 + Ot Odyo ) -
|
Finally, if u # A,
1 1 1 1 1
P = Z + [4 + 5(5“6056?40 + §a$05dyo):| eiz}\(tit[)) i [4 T 5(5‘1%60740 + 55%05690) ef2u(t7t0)

(6a$°6Cy0 + 5b9ﬁo5dyo):| 972()‘+”)(t*t0)7

N
4 2
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Py

P3

Py

ifp=A

Appendix

1 1
(5‘”0601/0 + 6a$05dyo):| e_2)\(t_t0) + |:_4 + 5((5amo(scyo + (5bxo(50yo):| e—2u(t—t0)

(Oawodcy, + 6bm05dy0)] e—2(>\+u)(t—t0)7

1

(5am06cy0 + §a$05dyo):| 672>‘(t7t0) _ |:_

1
4 + 5(5axo5cyo + 6b105cy0):| e*QM(tfto)

(§a£06cy0 + 5bm05dy0):| efz()\Jru)(tfto)7

Py

Py

Py

P =

_|_

o= NI N= N

+

R N e L Rl SN

C

(511560 5Cyo - 5b$0 5dy0 )
(51)2?0 56?!0 - 60950 6dyo )

(8bwoOcyo — OazoOdyo)

e~ 2A(t—t0) |
o—2M(t—to) _

e—2M(t—to) _

(6am05cy0 - 6bw06dy0):| e_2>‘(t—t0) +

S N L Rl S

[_

(GawoOeyo + 5bm05dy0)] e~ 2t (t—to),

1
(6a;t050y0 + 6%06@0)} e_2)‘(t—t0) _ |:_4 +

+ o+ o+
o= N= N = N

+

1
5(6‘”0 Ocyo + ObzoOeyo )] e

((5amo (5Cy0 + 517:60 5dy0 )

o (t—t0)

(CawoOeyo + ObazgOdyo)

e~ At—to)

(6awo 5cyo + (Sbwo 6dy0 )

(6aa:0 60];0 + 6171306(1_1/0) 6_4)‘(t_t0)_

e~ (t—to)

For expression (10), there are four cases. In this Appendix, we give them as follows:

Case 1 (z0,%) = (a,¢):

1 1
(6(t) | 20,90, tol) = 7 (ac+be + ad + bd) + - (ac — be + ad — bd)e™2X(¢710)

1 1
+1(ac + be — ad — bd)e2#(t—t0) 4 E(GC — be — ad + bd)e~2A+W(E=to),

Case 2 (x0,0) = (b, ¢):

1 1
(€@) | [xo: yo, to]) = Z(ac + be+ ad + bd) + Z(ac + be — ad — bd)e 2t~ t0),

Case 3 (z0,%0) = (a,d):

1 1
(€@) | [0, y0, to]) = Z(ac + bc + ad + bd) + Z(ac —be+ad — bd>e—2)\(t—t0);

Case 4 (z9,%0) = (b,d):

1
(ac — be — ad + bd)e*Q(/\Jm)(t*to)_

(€(6) | o, o, o]} = (ac + be+ad + bd) + |

For expression (11), there are also four cases. They are given as follows:

Case 1 ($07y0) = (a7c):

(€(0) | [zo,yo,t0]) = i(ac + be 4 ad + bd) + %(ac — bd)e2A(t—to)

1
+i(ac — be — ad + bd)e~4At—to),

Case 2 (z9,%0) = (b, ¢):

1 1
(&) | [70,y0,to]) = z(ac + be + ad + bd) + 5(bc — ad)e= 2\~ t0),
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Case 3 (z9,y0) = (a,d):
1 1 —2X(t—t0)
(€@®) | [xo, Yo, to]) = Z(ac—l—bc—l—ad—&—bd) — i(bc—ad)e o) (C7)
Case 4 (x0,y0) = (b,d):
1 1 —2A(t—to)
(€) | [70, o, tol) = § (ac + be +ad + bd) — (ac — bdje~2¢—0
1
—I—i(ac — be — ad + bd)e 4 t—to) (C8)
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