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We propose the methods of generating multipartite entanglement by considering the interaction of a system of N

two-level atoms in M cavities of high quality factor with a strong classical driving field. It is shown that, with the cavity

detuning, the applied driving field detuning and vacuum Rabi coupling, we can produce an entangled coherent state

in two single-mode cavities and generate the entangled coherent cluster states in two bimodal vacuum cavities. Tuning

these parameters also allows us to acquire the anti-Jaynes—Cummings (AJC) interaction, with which we can generate

the maximally two-photon entangled states, and the two-atom and the two-photon entangled cluster states.
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1. Introduction

Entanglement plays a crucial role in quantum in-
formation processing.[l] Quantum algorithms (partic-
ularly, Shor’s algorithm of finding the prime factors
of an n-bit integer) exploit entanglement to speed up
computation. In addition, quantum communication
protocols use entangled states as a medium to send
information. However, creating entangled states is a
great challenge to both theoretical and experimental
physicists. Recently, there is much interest in the
It has be-

come clear for there to be several inequivalent classes

quantum entanglement of many qubits.

of entangled states in a system shared by three and
more parties.[?) In Ref.[3], Briegel and Raussendorfl”!
introduced a class of entangled states, i.e. the clus-
ter states, which can be regarded as a resource for
Greenberger-Horne—Zeilinger (GHZ) states and are
more immune to decoherence than the GHZ states.!*!
In Ref.[5], the proof of Bell’s theorem without the in-
equalities was given for cluster states, and a new Bell
inequality was considered, which is maximally violated
by the four-qubit cluster state, but it was not violated
by the four-qubit GHZ state. On the other hand, clus-
ter states have been shown to constitute a universal
resource for quantum computation assisted by local
measurement only. 6]

Cavity QED, entangled state, anti-Jaynes—Cummings, cluster state

Some schemes for preparing the four-qubit clus-

ter statel7—12]

have been proposed in optical systems.
In Ref.[7], Zou and Mathis proposed a scheme to
generate a four-photon polarization-entangled cluster
state only by using linear optical elements and a four-

photon coincidence detection, but the successful prob-

ability is less than 1 Because the coherent state can
be used to encode quantum information on continu-
ous variables,*3 in this paper we propose a scheme to
generate the entangled coherent state in the following

form:
|94) = Ni(la)|a) £ ] —a)| — ),

and
|¥s) = Ni(|o)| — ) £ | — a)|a)), (1)

where Ny is the normalization constants, and |«) and
|—a) are two coherent states with the same amplitudes
but a phase difference of w. We also generate the four-
mode coherent cluster states as mentioned before.[4]
In this paper, we propose a cluster-type four-qubit co-
herent state that is generated by using two bimodal
QED cavities, two two-level Rydberg atoms that are
driven by an external classical field respectively, a
single-mode cavity, a Hadamard gate and an atomic
ionization detector. Favourable features of our scheme

are that the two bimodal QED cavities are vacuum,
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and in the third cavity the photon-number-dependent
part in the effective Hamiltonian is cancelled. There-
fore, the system is insensitive to cavity decay and ther-
mal field; our scheme is easily realizable by using the
cavity QED techniques.

If the dressed-state basis is chosen, the purely
anti-Jaynes-Cummings (AJC) interaction is demon-
strated. In this system, we can generate the cluster
state between two atoms and two photons by the AJC

interaction in the following form:
1
|cluster) :§(|e,e, 1,1) + e, g,1,0)

19,9,0,0)), (2)

where |e) and |g) are the excited and the ground states

+ |g,e,0,1> -

of the two atoms, while |1) and |0) present the single-
photon cavity and the vacuum cavity, respectively. A
number of other interesting situations can arise when

the AJC interaction is chosen.

2. Theoretical model

We consider a spatially narrow bunch of N iden-
tical two-level atoms (transition frequency wp) in a
single-photon interaction with M modes (frequency
wei) of a high-quality cavity, driven additionally by
an external classical field with a frequency wy. The

Hamiltonian of the system can be expressed as (h =
1)[15]

N M
H —=Wo Z Szyj + chia;‘i_ai
=1 =1
JN M
+ Z Zgij(aj'Sj_ + Cl,zs;_)

j=1i=1
N . .
+ 0 (e G elvrts ), (3)
j=1
1 +_
where 5. ; = 5 (|ej){ejl —9;)(9;1), S = lej){g;, and
S; = |g;j){e;| are the jth atomic spin operators for

population, raising, and lowering, respectively; a; and
a; are the creation and annihilation operators for the
cavity mode; and g;; and {2 are the coupling constants
of each atom to the cavity modes and to the driving
field, respectively. In the rotating frame with respect
to the driving field frequency wy,, the Hamiltonian is
given by

N M
= Z AS, ;i + Z Siata;

N
ZS++S

N M
+ZZgw a; S +a,S+) (4)

j=1i=

=

where A = wg —wy, and §; = we; — wr. Assume that

A = 0 is satisfied, then in the interaction picture we
will have

H, —oiHot frLe—iHg't
i = I

=5 30> gl = =)

j=1i=1
+ eiQQt|_~_j><_j| _ e—12!2t‘ ><+ ” —16it
+ H.c., (5)
where
M N
HE =Y diafa;+ 2 (S +5;), (6)
i=1 j=1
N M
Hf = Zzgij(aj_sj_ +a;S)), (7)
j=1i=1
1450 = (lg;) £ le;))/v2, and S;.|+;) = (S +
S7)|E;j) = £|%;). In a strong driving regime in which

2> 0, gi5, the effective Hamiltonian in the rotating-
wave approximation is obtained as

Hion = 3 30 3 gial+5) kil = =3}

1M
M:

—~
L
S o=
B

o +CL e15t)

S
&

I
‘Fﬂ: x
M =

Il
-
.
Il
-

Sj acgij( + —id;t +a; e15 t). (8)

J
A noticeable feature of expression (8), more evident
if 5 =0, N =1, and M = 1 are chosen, is the si-
multaneous realization of Jaynes—-Cummings (JC) and
anti-Jaynes—Cummings (AJC) interactions. Some ex-
amples of the possible application of the interaction
described by expression (8) are given in the following.

3. Generation of entangled coher-
ent states and cluster-type of

four-qubit coherent states

We consider that two identical two-level atoms
that are driven by a strong classical field enter into
a single-mode cavity separately. At ¢t = 0, the initial
state of the system is |g4)|04) ® |gB)|05), and the
evolved state given by expression (8) in time ¢ will be
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[9(0) = {1+ lan) + -4l - ea)) ® 5 (+laz) +-2)] - az)
— 5| 5t akee) + 1= l-aD)|Ganlas) +1 - as)l - az)

+ 5| s (kall-s) + 1-a+aD]  — asblas) +las)] - a)), )

with aq = ga(el®4t —1)/204, and ap = gp(e?8t —
1)/26p.
gAa = g = g, we have ay = ap = —igt/2. On the

For the simpler case, 4 = dp = 0 and

basis of the states |e) and |g), we can write expression
(9) in the following form:

|¥(t) = 2\%[|¢+>(|a,4,043> +[—aa,—ap))

+[UF)(|aa,ap) = | — aa, —ap))
+ 17 ) (Jaa, —ap) + | — aa,ap))
+127)(| — aa,ap) — |aa, —ag))], (10

where 1
|6F) = 7(|9A,QB> + lea,en)),

and 1
|vF) = ﬁ(\gmelﬁ +lea, 9B)), (11)

Expression (10) shows that we can acquire the four
entangled coherent states by measuring the four
Bell-states, respectively. These states have recently
been proposed as an important tool in the theory
and experiments relating to the field of quantum
information.['617] We also find that these states can
be generated by simultaneously implementing a dis-
placement in each of the two vacuum cavity modes,
and we also can achieve a successful probability of 1
for our scheme.

To generate the entangled cluster states for two
optical cavities, we concentrate on the case in which a
two-level atom interacts with an optical cavity, with a
strong external driving field assisted. From expression
(8), we can acquire the associated Hamiltonian

1 . )
H.g :§(S+ + S7)[gr(are™OR! 4+ afelont)

+gr(age ! 4 afel®t)), (12)

where gr and g are the coupling strengths of the
atom, respectively, to the right-circularly and the left-
circularly polarized modes of the cavity field, ST and
S~ are the atomic spin operators for raising and low-
ering; ag and ar (af and af) are the annihilation
(creation) operators of the right-circularly and the

[

left-circularly polarized modes of the cavity field, re-
spectively. Considering two atoms and two optical
cavities, i.e. the atom A and the optical cavity A,
the atom B and the optical cavity B, let them in-
teract with each other as expressed by the Hamilto-
nian. For the simpler case, we have gr = g1 = ¢ and
0r = 0 = 0. And we prepare the system initially in
the state [ga)|04r)|04L) ® |9B)|0BR)|0BL), the state
evolution of the whole system will be

H \/* |+ |azR>|azL>

i=A,B

+ =)l = @ir)| = air)), (13)

with aar = aar = apr = agr, = a = —igt/2. After
the two atoms A and B have left from the cavities, if
we implement a Hadamard gate operation
— lei)s [=i) — 1g4),

|+i) (14)

the state evolution of the whole system can be written
as

H \/* ‘ez |0‘1R>‘0‘1L>

i=A,B

+19:)| — air)| — air)). (15)

Having completed the Hadamard gate operation, we
send them into the cavity C simultaneously and drive
them by a classical field, then the Hamiltonian is

H =wy g S +w.ete
i=A,B

+ 2l
i=A,B
+02(Sfe W 4 57

(™S, +¢Sh)

eiw't)L

where ¢ and c are the creation and the annihilation

(16)

operators for cavity C; w. and w’ are the frequencies
of cavity C' mode and classical field respectively; ¢ is
the coupling constant between the atom and the cav-
ity field; {2 is the coupling constant between the atom
and the classical field. Assume wy = w’ and strong
driving regime {2 > 4, ¢/, the interaction between the
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atoms and the cavity C' will be a large detuning in- and
teraction. Then the evolution operator of the system g2
is(18l H, = 26(1+Sjs++s;gs +8,St+S,S5). (19)
U(t) = exp(—iHot)exp(—iH.t), (17) According to expressions (17)—(19), we choose the
interaction time ¢ and Rabi-frequency (2 such that
where they appropriately satisfy
— + - 2t 1
Hy=102 ) (55 +57), A8) 9T i (2k+=-)m k=1,2,3,.... (20)
i=A,B 20 4 4

Then we can obtain

U(t)lgallgs) :%(|9A>|9B> —lga)les) — lea)lgn) — lea)len)),
U(t)lga)len) =5(~laallgn) + 9a)les) — leallgn) — eablen),
U(t)lea)lgs) =%(-\9A>|QB> —lga)les) +lea)lgn) — ea)les)),
U(t)lea)les) =%(-\9A>|QB> —lga)les) —lea)lgn) + lea)len)). (21)
Transforming expression (21) leads the state of the system, expression (15), to evolve into
v (1) = 1(|93794>|Cluter ) + 193, €0)|CT) + les, 9a)|C5 ) + les, ea)cluter)), (22)
wherel
|cluter) :%(:Ha,cna, a) +|a,a,—a, —a) + | — o, —a,a,0) F| — o, —a, —a, —av)),
and
|CE) = 1(|Oz a,a ) £ o, o —a, —a) F| —a,—a,a,0) + | — o, —a, —a, —a)). (23)

It is worthy to notice that for the outcome of the atomic measurement, one always ends up with a spatially-
separated four-cavity cluster-type entangled coherent state. For instance, in the events in which atoms are
detected in a state |g4)|gp), one ends up with the state

1
|cluter,”) = §(|a, a,a,a) + |la,a, —a, —a) + | — o, —a,a,a) — | — a, —a, —a, —a)). (24)

4. Generation of maximally two- and
N M

photon entangled states and HO), = ZZ gisll=3) (+5las + [+5)(—;la], (25)

two-atom two-photon entan- e
led cl which represent an effective implementation of a JC
gled cluster state interaction and an AJC interaction in the |£;) atomic

As mentioned before, if the limit §; — +2 is dressed basis. As is known, the anti-JC interaction

taken in expression (5) the resulting Hamiltonians are does mot appear naturally in the context of cavity

QED, while the JC model discards the so-called non-

1 conserving energy terms, corresponding to excitin,
—fZZ%HJ|mwxmm me enersy CSPONINE | e
=it (de-exciting) the internal atomic state while creating

\}
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(annihilating) an intracavity photon. Another notice-
able feature of the interactions described in expres-
sion (25) is that they produce, in a controlled man-
ner, the absorption and the emission of an intracavity
photon while preserving the mean value of energy for
the atomic state. Clearly, the imbalance in the energy
terms originates from the external driving field.

We consider that two identical two-level atoms

le() = 1

i=A,B
2

t t t
:fsin% |[+4,+5,14,15) +isin%cos%

t t t
—isin Z cos %|—A,+B,0A, 1p) + cos % |— A,

2

According to the basis |e) and |g), we choose the interaction time such that it satisfies gt/2 =

expression (26) as the following form:

each dispersively interact with two single-mode cavi-
ties, the two cavity modes have the same frequencies
and coupling strengths with the atoms, and the two
atoms are each driven by a strong classical field. At
t = 0, and satisfying 6; = —212 (i = A, B), the atom—
field state is |—4)|04) ® |—5)|0B). After fo_sz has
acted for time ¢, the atom-field state will be

t t
( — isin 7| 4)1,) + cos 92|Z->01->>

|+Aa —B> 1A703>

2
_BaOA70B>- (26)

7T
—, and write
4

[£(0) =3 | 75 194.95) +leares)) © = (1La.Ls) +104.05)
Z5(laa.e5) +1e4.95)) © 5 (|La.Ls) = [04.05)
%f<|gA,gB> ea.e8)) © 5 (114.05) =04, 15)
—5(194.95) ~lea.e)) © —=(1L4.05) +[04.15)) (27)
\
From expression (27), we can acquire the maximally  tial state
entangled states between the two cavity modes in the |[—4)]04) @ |—B)|0B). (29)

(|1, |0)) subspace through measuring the atomic Bell-
state, respectively. Then the maximally entangled
states are in the forms, i.e.

|ps) = 7(|1A,13>i|OA,OB>)

and

%(\u,om L0415 (28)

These entangled states were recently produced in the

[Ps) =

cavity QED with a sequence of differently tuned in-
teractions of a single atom with two cavity modes.!

In the following, we propose a scheme of prepar-
ing the two-atom and two-photon entangled cluster
states by three cavities. The operation processing can
be divided into the following four steps.

Firstly, we prepare the atoms and fields in an ini-

Secondly, we send two atoms through a single-
mode cavity separately, and at the same time the two
atoms are driven by a classical field. In the case of
0; = =20 (i = A, B), after H/((Jé has acted for time
t, the atoms-fields state will be

z>|0z>>a

vy =11
(30)

i=A,B
we choose the interaction time such that it satisfies

gt1/2 = 4
form of

t
(—151n|—|— Y1) —l—congl

then we can write expression (30) as the

9) =5 (+ AL} +il-4)104))
® (I+8)1B) +i|—5)|05)). (31)

Thirdly, after the two atoms A and B have left
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the cavities, we send them into the cavity C simulta-
neously and drive them by a classical field. According
to expressions (17)—(19), if we choose the interaction
time t and Rabi-frequency {2 appropriately such that
they satisfy

/2t 3
926222’ Qt2:(k+4)W7 k:071,2,..., (32)

we can obtain

[+a)|+8) =|+a)|+B)
[+a)l—B) —=I+a)l—B),
N+B) —=l=a)l+5),
|—a)l=B) = — |—a)|—B) (33)

|—a

1
with |+) = \ﬁ(|g> + |e)). Using this controlled phase

gate described by expression (33), the system state of
expression (31) will become

1 .
[¥) = 5 (14,14, 45, 1p) +il+4,14, =5, 05)
+i|_A70A7+BalB>_|_A70A7_BaOB>)' (34)
Lastly, when the two atoms A and B leave from the
cavity C, the atoms are driven through a classical
field, separately, to implement a Hadamard gate op-

eration
le) — 1+),19) — |-, (35)

and we can transform the state expression (34) into
1 .
lv) = §(|€A,€B, 1a,1B) +ilea, 9p,14,08)
+i‘gAa€BaoA7lB> - |gA7gBaOA7OB>)' (36)
Using the local operation on the atoms yields the stan-
dard entangled cluster state in the form of
1
[v) = §(|€A7@B, 1a,1B) + lea,g5,14,0B)
+|gA76370A7]-B>_ |gAvgB70AvoB>)' (37)

In the scheme, firstly, the cavity C field is only virtu-
ally excited and the photon-number-dependent part

in the effective Hamiltonian is cancelled, so the sys-
tem is insensitive to the cavity decay and the thermal
field, and secondly, we have noticed that two atoms
are sent into a microwave cavity simultaneously, and
the achieved experiment!??) was done by using van
der Waals collision of the atoms in the central area
of the microwave cavity, instead of sending the atoms
through the microwave cavity strictly simultaneously.
At the same time, the scheme can prepare a cluster
state with a successful probability 1. That is to say,
our scheme is closer to the current techniques of cavity
QED.

5. Conclusion

In conclusion, we have proposed the schemes that
are experimentally feasible for preparing multipartite
entangled states in the cavity QED. The first scheme
is for generating the entangled coherent states in two
single-mode cavities and the four-coherent-mode clus-
ter states. And the second one can be used to ac-
quire the two-atom and two-photon entangled cluster
states and the maximally entangled states between the
two photons through two atoms interaction each with
two single-mode cavities. In these two schemes we
must use strong classical fields to drive the atoms.
Our schemes have shown that an additional driving
field in the usual cavity QED experiments and also
in trapped ion systems can be an important tool for
There-

fore, the schemes may be realized by using the current

generating multi-partite nonclassical states.

technology.

It is not surprising that entanglement can be gen-
erated by coupling between atoms and photons. But
what comes out in our scheme is different: the local
atom-cavity coupling not only creates the entangle-
ment between an atom and its cavity, but also gen-
erates non-local entanglement between the cavities if
we make the measurement on the atoms at the same
time.
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