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This paper solves a self-consistent equation for the d-wave superconducting gap and the effective exchange field in

the mean-field approximation, and studies the Zeeman effects on the d-wave superconducting gap and thermodynamic

potential. The Josephson currents in the d-wave superconductor(S)/insulating layer(I)/d-wave S junctions are calculated

as a function of the temperature, exchange field, and insulating barrier strength under a Zeeman magnetic field on the

two d-wave Ss. It is found that the Josephson critical currents in d-wave S/d-wave S junction to a great extent depend

on the relative orientation of the effective exchange field of the two S electrodes, and the crystal orientation of the d-wave

S. The exchange field under certain conditions can enhance the Josephson critical current in a d-wave S/I/d-wave S

junction.
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1. Introduction

Recently, the coexistence of superconductivity
and ferromagnetism has been an interesting sub-
ject in condensed matter physics.l'=4 Following the
original work of Clogston!®) and Chandrasekhar,!®
the modification of superconductivity by the Zee-
man coupling between the spins of the electrons
and applied magnetic field has attracted intermittent
attention.l”) A more unusual aspect of this physics
was uncovered by Fulde and Ferrelll® and Larkin
and Ovchinnikovl” (FFLO) that a finite momentum
pairing state can occur under magnetic fields when
electron momenta at the Fermi energy are differ-
ent for the two spin directions, the FFLO state
is predicted for a clean spin-singlet superconductor
(S) as a result of the competition between pair-
ing correlations, favouring antiparallel spin align-
ment and the Zeeman effect, favouring parallel spin
alignment along the field. Experimentally, the clas-
sic predictions on the nature of the s-wave phase
boundary have been confirmed by the work on thin
Al films.['% A number of layered organic Ss have

been suggested as candidate for FFLO phase.[!1—13]

However, recent interest has focussed on the heavy
fermion material CeColns, because several measure-
ments have led to a renewed discussion of a possible
high field FFLO state.['*=17 CeColns has quasi-two-
dimensional metallic planes, and shows evidence of
unconventional d-wave superconductivity'$=23 with
a transition temperature of T, = 2.3K. Unlike the
conventional Cooper pair in which two electrons have
opposite spins and momenta (k T,—k |), the Cooper
pair in the FFLO state has a finite centre-of-mass mo-
mentum of the order of 2hy/hvr, and consequently
leads to a spatially modulated superconducting order
parameter, where hg is the magnetic exchange energy
corresponding to the half of the difference in the en-
ergy between the spin-up and spin-down bands, and
vr is the Fermi velocity. For a two-dimensional d-wave
S, the superconducting state responds non-trivially at
arbitrarily small values of the magnetic field due to
the existence of gap nodes, so that electron spins may
be polarized with little cost in energy. The response
of a d-wave S to a Zeeman magnetic field should pro-
vide a possible candidate to study the coexistence of
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superconductivity and ferromagnetism.

The Josephson effect has attracted much atten-
tion since it was discovered in S/S junction, and there
has been a continuously growing interest in the fun-
damental physics and the application of this effect.
In recent years, the ferromagnet (F) has been intro-
duced to the Josephson tunnel structure, giving rise to
some new physical effects. As an example, if very thin
insulating layers (I) in a S/I (insulating layer)/S junc-
tion are replaced by thin ferromagnetic layers, a new
type of S/F/S Josephson junction is formed.[?4=28 At
the same time, Bergeret et al(?”! and Li et all30:31]
proposed a Josephson tunnel junction of two F/S bi-
layers separated by a thin insulating film. On the
assumption that a thin F/S bilayer is equivalent to a
homogeneous ferromagnetic superconductor (FS), the
S/F/I/F/S structure may be simplified as a FS/FS
junction. They found that the presence of an exchange
field may increase the critical current in the FS/FS
junction in the case of an antiparallel alignment of
the magnetization in the ferromagnets at low temper-
atures and strong barrier strength. These above theo-
ries dealt with isotropic ferromagnetic s-wave S(FsS),
but the Josephson current in ferromagnetic d-wave su-
perconductor (FdS)/FdS has not yet been studied. Tt
is known that the transport properties in d-wave S
junctions are quite different from the s-wave S junc-
tions. In the a-b plane junction of the d-wave S, not
only the magnitude of the pair potential, but also the
orientation of the S crystal with respect to the inter-
face normal influence significantly the Josephson cur-
rent in the junctions. It is highly desirable to clarify
that the Josephson currents depend on the relative ori-

entation of the effective exchange field of the two FdS
electrodes, and the crystal orientation of the d-wave S
in such a FdS/FdS junction, as well as its dependence
on the temperature, barrier strength.

The purpose of this paper is twofold. The first
one is to study the response of a d-wave S to a Zee-
man magnetic field. We solve self-consistent equations
for the d-wave superconducting gap and the magne-
tization in the mean-field approximation, and calcu-
late the difference in thermodynamic potential be-
tween the FdS and normal states. The other purpose
of this paper is to present the Josephson current in
FdS/FdS junction by applying an extended Furusaki
and Tsukada approach.®? The analytic expressions
for the Josephson current in parallel and antiparal-
lel alignments of the magnetizations in two FdSs are
obtained as functions of the temperature, exchange
field, and insulating barrier strength. It is found that
the Josephson critical currents in FAS/FdS junction
to a great extent depend on the crystal orientation of
the d-wave S, and the relative orientation of the ef-
fective exchange field of the two FdS electrodes. The
presence of an exchange field usually suppresses the
Josephson critical current in FAS/FdS junction. The
only exception that the critical current increases with

exchange field @ = 0 (« is the angle between the a
axis of the d-wave S crystal and the interface nor-
mal, as shown in Fig.1), one needs low temperatures,
strong barrier strength, and an antiparallel configura-
tion. In the case of « # 0, however, the enhancement
of Josephson critical current only on condition of weak
barrier strength, low temperatures, and the parallel

configuration of the two FdS electrodes.

d-wave S I d-wave S
B
>
0 X

Fig.1. Schematic illustration of the model for d-wave S/I/ d-wave S junction, in which « the

angle between the a axis of the d-wave S crystal and the interface normal, B is the applied

magnetic field along the y-axis direction.
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2. Zeeman effects on d-wave S

Consider a two-dimensional d-wave S/I/ d-wave
S junction structure, in which the left and right elec-
trodes are made of the same d-wave S, and they are
separated by very thin insulating layer. The thin in-
sulating layer at z = 0 can be modelled to be a J-
type barrier potential U(z) = Uyd(z), where Uy de-
pends on the product of barrier height and width.
As in the previous works,3334 we neglect for sim-
plicity the self-consistency of spatial distribution of
the pair potential in S and take them as a step func-
tion A(z) = Ale'?t O(—x)+e'?® O(z)], where A is the
pair potential for a d-wave S, ¢, and ¢r stand for
the macroscopic phase of the left and right S, respec-
tively. There is an uniform magnetic field B applied
to d-wave S along the y-axis direction, as shown in
Fig.1, the Zeeman energy hgo = uB, where u = gup/2
is the magnetic moment of an electron, up is the Bohr
magneton, g is the factor of the paramagnetic centre.
The Hamiltonian of the system is expressed as

H = Zz—:kckockg + Z hg (CmckT — Cklckl)

ko
+2ka’CkTC_le—k/lck’Ta (1)
Kk’
where e, = h?k?/ (2m) — EF is the kinetic energy mea-

sured relative to the Fermi energy Er, Vii is the at-
tractive potential between the conducting electrons,
and Vi = —2Vjcos[2 (¢ — ¢xr)], where Vj is the
strength of the effective attractive potential between
is the
azimuthal angle of k. Under the self-consistent field

the conducting electrons, ¢ = arctan (Ez /Ey)

and the mean-field approximation, by means of a Bo-
goliubov transformation:

Yo = UkCko — ﬁavkcfk(—,, (2)
up = (1+e/&) /2, (3)
vp = (1 —exn/&) /2. (4)

Hamiltonian (1) can be diagonalized as
H= ZEkWﬁLﬂkT + ZEkl’YIjWkL + E;(0) (5)
k k
with

Z f‘:k*gk Az/‘/Oa (6)
k

and Er, = & + noho, & = Ve + A2, A is taken as
A = Ay (T, ho) cos(2¢). In Eq.(2), n, = 1 for o =T,

1N, = —1 for ¢ =], where & stands for the spin oppo-

site to 0. The gap equation is given by!3%]

- N(273V0 /2” d¢/ cos i2¢)

i [0 ] 4o [T o

where N(0) is the single particle density of states at

Er for each spin, and e, is the Debye energy. For
ho = 0, from Eq.(7) we can obtain the zero temper-
ature gap Agp(00) and the critical temperature Tr.
Solving Eq.(7), we obtain the dependence of the ef-
fective order parameter Ay on the temperature and
Zeeman energy. At finite temperature, it is found
that for a Zeeman energy, the order parameter de-
creases with increasing temperature and has a sudden
drop from a finite value to zero at the critical tempera-
ture Te.(ho), as shown in Fig.2, such a first-order phase
transition arises from the presence of the Zeeman en-
ergy. When the Zeeman energy hy = 0, the supercon-
ducting transition remains second-order phase transi-
tion as shown by solid line in Fig.2. With increasing
Zeeman energy, the critical temperature Teo(ho) also
decreases and is always lower than Tio(hg = 0). At
zero temperature, the order parameter Ay is gradually
lowered with increasing hg. However, in a s-wave S,
Ag (0, hg) remains unchanged for hy < Ag (0, ho), in-
dependent of the increase of ho,!4) as hg is increased to
Ao (0, hg) /2, Ag suddenly drop to zero, exhibiting a
first-order phase transition from the superconducting
state to normal state. This feature may be used to
distinguish between d-wave S and s-wave S.

L0z
ST
0.8F | : S
i N
1
s 06r i AN
< i N
S 0.4F ! . \
< ! +=——ho/A00 =0 1
: '——h()/Aoo—O40‘
0.2 i ho/AOO—OOO\
H —~-ho/Aoo 7055
0 M 1
0 0.2 0.4 0 6 0.8 1.0
T/Teo

Fig.2. Dependence of the effective order parameter in d-
wave S on the temperature for different Zeeman energies.

The thermodynamic potential of FdS is given by

(T, ho) = —%N(O)A (1+21 (AA(’O))
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If A is taken to be zero in Eq.(8), we obtain the nor-
mal state thermodynamic potential (2, (T, hg). Fig-
ure 3 shows the (X (T, ho) — 2, (T,0) as a function
of Zeeman energy hq for different temperatures. The
calculated result indicates that (2 (T, ho) is smaller
than (2, (T, ho) at small hy and at low temperature,
with the increase of hg or T, the difference between
As hy and/or T are in-
creased to a set of critical values hy = h. and/or
T = T, there will be £ (T, hg) = 2, (T, ho). The
system has a stable ferromagnetic superconducting
state for (% (T,hg) < 2, (T, hp), and normal state
for Q5 (T,ho) > 24 (T,ho). It is worth mention-
ing that we get [ (0,ho) — 24 (0, ho)] /N(0) = h3 —
(0.56)> A%, at T = 0, yielding he = 0.56 A0, as rep-
resented by the cross point between the solid line
and the dashed line in Fig.3. At T = 0, one finds
that, for hy < 0.56Aqg, the ferromagnetic supercon-

them decreases gradually.

ducting state has lower energy than the normal state
and therefore is the stable state. For hg > 0.56Aq0,
however, the ferromagnetic superconducting state has
higher energy than the normal state, the stable state
becomes the normal state.

2T

27 Ec . — —
1= NO)Vo / d¢/ dey LSQ(Q@ {tanh qu + o + Q} + tanh qu ho
0 0 &

kq

and

2 (T, ho,q) = —iN(O)A2 (1 +2 (m

0

—0.4}F

—0.8F

—L2F — 02,(0, ko)
- T/Tep =0

(25(T, ho) = 2a(T, 0))/(N(0) A, /4)

—L6r ... T/To=04
—— T/Te =06
—9.0 . . . . . .
0 0.2 0.4 0.6
ho/Aoo

Fig.3. Thermodynamic potential in d-wave S as a function
of the Zeeman energy for different temperatures.

Thus far we have only considered zero momen-
tum pairing. In the FdS state with finite momentum
pairing g, the excitation energy of the quasiparticle is

given byl36]
Ekqo = gk’q + T]aho + 770@7 (9)
where &y = \/er, + A% and ey, = h*E?/(2m) +

¢?/(2m) — Er. Q = (vrq/2)cos (0 —0,), where 6,
is the polar angle of the pairing momentum g, which
is determined by the minimization of the thermody-
namic potential. The gap equation and the thermo-
dynamic potential in the finite momentum pairing are

given respectively by

9w

2kgT 2kgT

Ago N(0)kgT [*" g
2))-EE e[ e

% {m [1 + e—(skq+ho+Q)/<kBT)] Tln [1 + e—(skq—ho—@/(km] } . (11)

In order to determine the phase boundary be-
tween the normal and FFLO states, one needs to find
the solutions of Egs.(10) and (11) with A = 0 and
At T = 0, we find that the largest
value is taken as hg = 1.06 4, it leads to the window
0.56 Agp < hg < 1.064¢q for the stability of the FFLO
state, which is considerably larger than the window
0.707Agy < ho < 0.754A¢ for the s-wave case.®9]

the largest hyg.

\
3. Josephson current in FdS/FdS

junction

We adopt the Bogoliubov—de Gennes (BdG)
approach®”! to study the transport coefficients of the
quasiparticles in the d-wave S/ d-wave S structures
under a Zeeman magnetic field on the d-wave S. In
the absence of spin-flip scattering, the four-component
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BdG equations may be decoupled into two sets of
two-component equations: one for spin-up electron-
like and spin-down holelike quasiparticle wave func-

l

HO (T) - naho
A* (T, hy)

A(T, ho)

where Ho(r) = —h®VZ/(2m) + V(r) — Ep with
V(r) the usual static potential, and the excita-
tion energy F is measured relative to Fermi energy
Er. A(T,hp) is the superconducting pair poten-
tial of d-wave S, and taken as A(T,hg) = Ay =
Ao (T, ho) cos (20 F 2a) 33 corresponding to the pair
potentials for electronlike and holelike quasiparticles,
respectively, with 6 the angle between the quasiparti-
cle momentum and the S/S interface normal.

—Ho (r) +n5ho

tions (uy,v)), the other for (u;,v;). The decoupled
BdG equation has the form

Considering an electron for spin ¢ incident on the
interface at x = 0 from left-hand S at angle 6 to the
interface normal, we find that there are four possi-
ble trajectories: normal reflection (b,), Andreev re-
flection(AR) (as),*® transmission to the right-hand
electrode as an electronlike quasiparticle (¢,) and as
a holelike quasiparticle (dz). For the parallel config-
uration, from the Eq.(12), the wave functions in two

regions have the following form:

ug 4Pt e Vet Th up,_efr- ‘e

@L (.’ﬂ) _ L+ elk+$ cos 6 + a- L+ elk?+(12 cos 0 + bo— L eflk7w0030 (13)

UL+ UL+ UL—

for x < 0; and
idr+ ipr—

’U,R_~_61 e VR-€ _iph

SpR ([L‘) =c, elk+1cose + d(-, e ik™ x cos 6 (14)
VR+ UR—

for x > 0, where as, b,, ¢, and dz corresponding, respectively, to coefficients for the AR, normal reflection,

transmission to the right FdS as electronlike quasiparticles and transmission as holelike quasiparticles. In the

Eqgs.(13) and (14),

ke = \/2m (EF + (B + noho) = | A4 (T, k) |2)/h (15)

and

kS = \/Qm (EF + \/(E +10ho)? = [A_ (T, ho) 2>/h (16)

are the wave vectors for the electronlike quasiparticles corresponding to two different transport directions,

R — \/Zm (EF — (B = nsho)® = |A_ (T, ko) 2>/h (17)

and

Rh = \/zm <E (B = nsho)? — |4 (T, ho) |2)/h (18)
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are the wave vectors for the holelike quasiparticles cor-
responding to two different transport directions.

(unmye)? = {1 1 1Asp/ (B + mhof} 2.
19)

()’ = {1 - V1= 1852/ (B = noho)* | 12
(20)

¢+ = cos [cos2(d F a)/| cos2(0 F a)]], (21)
PL(R)+ = PLR) T O+- (22)

All the coefficients in Eqgs.(13) and (14) can be de-
termined by the boundary conditions at x = 0. They
are ¥rr(0) = ¥1(0), (d¥r/da)y—0 — (d¥1/dz) 0 =
2mU, ¥1(0)/h?. Using the boundary conditions on the
wave functions, we find

=Q/W, (23)

Q = 22 |:UR+UR_UL+’UL_ei(¢+7¢7)

+UR+’UR_UL+UL_61(¢_7¢+)}
—(1+ 22)(uR+uR,vL+uL, + UL+ VL—VR+UR—)

UL, UL, — UR_UR+671¢

+uL VL VR UR €, (24)
W = (14 2°) (UR+UR-UL+UL— + VR4 VR—VL+VL—)

2 [uR+uR_vL+vL_ei(¢+*¢*)
+UR+UR—UL+UL—81(¢__¢+)}

— VR4 UR—UL— V4 e 1o

—uRJrvR,uLJrvL,ei‘i’, (25)

where ¢ = ¢r — @1, 2 = 20/ cos 0, zg = mUy/ (F?ky) .
Since hy is much smaller than Ep, we have made
the approximation of l;:i((};z) L = ki((}lla)); ~ kp. For
the antiparallel configuration, the coefficient of AR
as (F, ¢,0) will be obtained by changing 7, to 75 in
Eqgs.(23)-(25) from ug+ and vgy. Following obtained
as (F, ¢,0), the Josephson current can be calculated
by using the generalized coefficient of AR a5 (E, ¢,6),
which is obtained by analytic continuation of E to iwy,

yielding!31:3%

_ EALICBTR Z ZTL/

« Ao (lwna ¢79) - o (lw’ru -

7 ¢9) cosfdf, (26)

where 2,7, = \/(wn Tihg)® + A2 (T, ho), and the
Matsubara frequency w, = (2n+1)7kgT with
n = 0,£1,42,--.. Substituting Eqs.(23)—(25) into
Eq.(26), we obtain the Josephson current for the par-
allel configuration as for o =0

o — ﬂkBTsHl¢ {Z/ (f1 + f2) cos 9d9} (27)
—7'r 2

2A2 cos?(20)

fi= , (28)
A2 cos?(20) cos ¢ + 22 A3 cos?(20) + (1 + 22) {2 (wy + iho)” + A2 cos? (29)}
2A2 cos? (26
f2 = 0 ( ) 5 ) (29)
A2 cos?(20) cos ¢ + 22 A% cos?(20) + (1 + 22) {2 (wn — iho)” + A3 cos? (2«9)}
and for a« = 7/4
T
b = 7T/€B Sln¢ {Z/ f3+ fa) cos 9d9} (30)
2AZ sin? (260
f3 = 2 . ( ) 5 2 s (31)
A3 sin®(26) cos ¢ — 22 A% cos?(20) + (1 + 22) [2 (wn + iho)” + A sin (29)}
2A2sin’(26
fa= osin (26) (32)

A?sin?(20) cos ¢ — 22 A2 sin?(20) + (1 + 22) [2 (wn

—ihg)® 4 AZsin (20)] .
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Similarly, we obtain the Josephson current for the antiparallel configuration as for a =0
Tno — MRQ Z/W/Q 2 f5 cos 6d6 (33)
AP — % a2 5 )
fom 2A2 cos?(20) (34)
ST+ 2) w2 + h3 + &) — A% cos?(20) cos ¢ — 22 (w2 + h — &’
€1 =\ (wn + iho)? + A3 c0s2(20)1/ (wn — iho)? + AF cos?(26), (35)
and for a = 7/4
Tup — MRG Z/ﬂ/g 2f cos 0d6 (36)
AP — % - /2 6 )
242 sin?(20)
f6 = 2 PRI ) y (37)
(1+22) [wl + W3+ &] — ABsin(20) cos ¢ + 2 [w? + W3 — &)
€ = \/(wn + iho)? + AZsin?(20)y/ (wy — iho)? + AFsin?(26). (38)

If hg is taken to be zero in above equations, we ob-
tain the Josephson current I = Ip = Ixp. However, in
the presence of hg, the Josephson currents of the junc-
tion for the parallel and antiparallel configurations are
different. Figures 4 and 5 show numerical results for
the Ip and Iap, respectively, as functions of the tem-
perature at different magnetic exchange energy hg and
different barrier strength zy. With increasing temper-
ature, Ip and Ixp decrease and drop to zero at Tt (ho),
which is lower than T, (hg = 0). Such a sudden drop
in Ip and Iap in the presence of hg results due to a
drop in A (T, hgy) from finite value to zero at T, (hyg),
at which there is a first-order phase transition from a
superconducting state with finite A (T, hy) to a nor-
mal state of A = 0. T¢ (ho), at which the Josephson
current drops to zero, shown by Fig.2, depending nei-
ther on the magnitude of zy nor on the magnetic con-
figuration of two FdSs, as seen in Figs.4 and 5. It’s
shown that the presence of hy always suppresses the

i
/

;

o

o

ks
T
1

g 8
2; N, 4
3 . T 0.06f . 1
3 3 \-
"E 1k N 1 o~ %
= 5 =~ 0.03F v\ A

0 L 1 L s
0 0.5 1.0 0

T/Teo

0.5 1.0
T/Teo

Josephson critical current at higher temperature for
either parallel or antiparallel configuration. However,
at lower temperature, the exchange field can under
certain conditions enhance the Josephson critical cur-
rent in a d-wave S/I/d-wave S junction, the conditions
are: for a = 7/4, one needs weak barrier strength
[20 = 0.5, in Fig.4(c)] and a parallel configuration. In
the case of @ = 0, the enhancement of Josephson criti-
cal current only on condition of strong barrier strength
[z0 = 5, in Fig.5(b)] and an antiparallel configuration
of the two FdS electrodes. The interesting effect for
Iap increasing with hg is very similar to that pre-
sented in Ref.[29]. Tt is worth pointing out here that
this effect holds only for strong barrier strength, low
temperature, and the antiparallel configuration. It is
easily seen that, in the large zo limit (29 — o0) , and
a=3=60=0,Eq.(26) in this paper is reduced just
to Egs.(7) and (8) of Ref.[29].

© 0.9
o 4t "A\ 4 =3
SN 5 oo
O N Q.)
~ N ~
< N =
&2t " 1 & 03
0 1 ! 1 .\‘.1 0 v
0 0.5 1.0 0 0.5 1.0
T/TC() T/Tc()

Fig.4. Dependence of the normalized critical current on T for different Zeeman energies: hg/Agp =0 (solid line),
ho/Aoo = 0.4 (dash dot line), hg/Ago = 0.5 (dot line), in the case of a parallel orientation. Here ¢ = 7/2, in which
a=0and zo =0.5 (a); a =0 and z9 =5 (b); « =7/4 and zg = 0.5 (c¢); and @ = 7/4 and zo = 5 (d).
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Fig.5. Dependence of the normalized critical current on T for different Zeeman energies: ho/Ago = 0 (solid line),
ho/Aoo = 0.4 (dash dot line), ho/Aogo = 0.5 (dot line), in the case of a antiparallel orientation. Here ¢ = 7/2, in
which a =0 and 29 = 0.5 (a); a =0 and z0 =5 (b); « = 7/4 and z9 = 0.5 (c¢); and @ = 7/4 and zo =5 (d).

4. Conclusion

We have studied the Zeeman effects on d-wave S
and the Josephson current in a d-wave S/I/d-wave S
junction under a Zeeman magnetic field on two Ss.
In the mean-field approximation, the self-consistent
equations for the ferromagnetic d-wave superconduct-
ing gap and the exchange energy are considered simul-
taneously, and the thermodynamic potential in FdS
is obtained. Two necessary conditions are required
for the coexistence of superconductivity and ferromag-
netism; one is that there is a nonzero solution for the
superconducting order parameter in the energy gap
equation; the other is that the thermodynamic poten-
tial in the superconducting state should be lower than
that in the normal state. The Josephson currents in
a FdS/I/FdS tunnel junction have been analytically

obtained as a function of the temperature, exchange
field, and the insulating barrier strength. It is found
that an increase in temperature or insulating barrier
strength always gives rise a suppression of the Joseph-
son critical current for either parallel or antiparallel
configuration. Also, it is shown that the presence of
exchange field always suppresses the Josephson criti-
cal current at higher temperature for either parallel or
antiparallel configuration. However, at lower temper-
ature, the critical current Ip increases with exchange
field for strong barrier strength in the case of a = 0,
and the critical current Iap increases with exchange
field for weak barrier strength in the case of o # 0,
the feature may be used to distinguish between FdS
and FsS. It is expected that the theoretical results
obtained may be further confirmed in the future ex-
periment.
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