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Design of phase plates for shaping partially
coherent beams by simulated annealing∗
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Taking the Gaussian Schell-model beam as a typical example of partially coherent beams, this paper applies the

simulated annealing (SA) algorithm to the design of phase plates for shaping partially coherent beams. A flow diagram

is presented to illustrate the procedure of phase optimization by the SA algorithm. Numerical examples demonstrate

the advantages of the SA algorithm in shaping partially coherent beams. An uniform flat-topped beam profile with

maximum reconstruction error RE < 1.74% is achieved. A further extension of the approach is discussed.
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1. Introduction

Much effort has been recently exhibited in par-
tially coherent laser beams because of their impor-
tance in both theoretical and applicative aspects.
For some applications, such as micromachining and
laser-fusion etc., the far-field beam shaping with
phase plates is required.[1,2] The shaping of par-
tially coherent UV-excimer laser beams with multi-
faceted micro-mirrors and diffractive phase elements
has been studied experimentally,[3−5] and designed
numerically based on the geometrical transformation
and improved iterative Fourier-transform algorithm
(IFTA).[6,7] On the other hand, it is known that the
simulated annealing (SA) algorithm first proposed by
Kirkpatrick et al [8] is based on an analogy with the
Monte Carlo method to provide an efficient simulation
of phase plates to achieve beam shaping. So far, the
SA and genetic algorithms etc. have been successfully
used for the design of a variety of phase plates illu-
minated by fully coherent beams.[9−18] However, the
application of the SA algorithm to partially coherent
beams has not been found. The purpose of this paper
is to apply the SA algorithm to the design of phase
plates for shaping partially coherent beams, where for
the mathematical simplicity a two-dimensional Gaus-
sian Schell-model (GSM) beam is taken as a typical ex-
ample of partially coherent beams. Section 2 gives the
theoretical formulation, in which an expression for the

far-field intensity of GSM beams propagating through
a phase plate is derived. In Section 3 a flow diagram
of phase optimization for shaping GSM beams based
on the SA algorithm is presented, and numerical il-
lustrative results are given. Finally, Section 4 sum-
marizes the main results obtained in this paper and
discusses the further extension of our results to the
three-dimensional case and to other types of partially
coherent laser beams.

2. Theoretical formulation

Consider a two-dimensional quasi-monochromatic
GSM beam whose mutual intensity at the plane z = 0
in the space–time domain reads as[15]

J0(x1, x2, z = 0)

= A0 exp
[
−x2

1 + x2
2

w2
0

]
exp

[
− (x1 − x2)2

2σ2
0

]
, (1)

where w0 and σ0 denote the waist width and corre-
lation length, respectively. A0 is a constant and x1,
x2 denote transversal coordinates of two points at the
plane z = 0.

Assume that there is a phase plate with complex-
valued transmissivity t(x) at the plane z = 0

t(x) = exp(iθ(x)). (2)
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The phase plate is divided into sub-plates with
equal interval. The phase delay of a beam propagat-
ing through the lth sub-plate is

θl(xl) =
2π

λ
(n− 1)hl, (3)

where n is the refractive index and hl denotes the geo-
metric thickness of the l-th sub-plate, l = 1, 2, 3, · · · ;λ
is the wavelength. The far-field intensity of GSM
beams passing through the phase plate is character-
ized by the propagation formula of the form[19]

I(x, z) =
1
λz

∫ +∞

−∞

∫ +∞

−∞
J0(x1, x2, 0)t(x1)t∗(x2)

× exp
[
− i2πx

λ0z
(x2 − x1)

]
dx1dx2. (4)

The effective integral interval is divided into sub-
intervals with −∞ < m∆x < +∞ (m-even number),
beyond which the integrals vanish, thus, Eq.(4) can
be rewritten as

I(x, z)

=
1
λz

m/2∑

l=−m/2

m/2∑

h=−m/2

∫ l∆x

(l−1)∆x

∫ h∆x

(h−1)∆x

×J0(x1, x2, 0)t(x1)t∗(x2)

× exp
[
− i2πx

λ0z
(x2 − x1)

]
dx1dx2. (5)

Substituting Eqs.(1), (2) and (3) into Eq.(5), by
tedious but straightforward diffraction integrals we get

I(x, z) =
πw2

0βA0

2λz
exp

[
−2π2w2

0β
2x2

λ2z2

] m/2∑

l=−m/2

m/2∑

h=−m/2

exp[i(θl − θk)]
{
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, (6)

where erf (•) stands for the error function and β =[
1 + (w0/σ0)2

]−1/2 denotes the parameter of spatial
coherence.[15] Equation (5) is the expression for the
far-field intensity of GSM beams passing through a
phase plate with complex-valued transmissivity, and
indicates that for a given θ(x) the far-field intensity
can be calculated. To the contrary, for a desired far-
field intensity θ(x) can not be straightforwardly ob-
tained from Eq.(5). It is also seen from Eq.(5) that
for given initial and far-field intensity distributions the
parameter of spatial coherence β additionally affects
the phase distribution of the phase plate in the phase-
retrieval problem, which differs from the case of fully
coherent beams. For our purpose, the SA algorithm
is a better choice to achieve phase retrieval, because
it delivers a method for finding the global minimum
in a limited time, details are found, for example, in
Refs.[8,12–14].

3. Partially coherent beam shap-

ing

When the SA algorithm is used to optimize the
phase plate for shaping partially coherent beams, the
phase described by Eq.(13) is chosen as the variable,
and the cost function is defined as

χ2
µ(θ) =

1
N

N∑

i=1

(
I(θi)− Id(θi)

ε∆

)2

, (7)

where I(θi) and Id(θi) denote the reconstructed and
desired intensities on the ith sub-plate respectively,
ε∆ stands for the experimental error,[19] N is the total
sampling number and in this paper we take N = 256.
In the iterative procedure the control parameter is the
equivalent temperature T . Assume that the initial
value of the phase is θ0 = (θ0

1, θ0
2 · · · , θ0

256), thus the
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initial cost function is χ2
µ,0(θ0). A given perturbation

δθ = (δθ1, δθ2, · · · , δθ256) produces a new cost func-
tion χ2

µ (θ0 +δθ), and results in a variation of the cost
function:

∆χ2
µ = χ2

µ(θ0 + δθ)− χ2
µ,0(θ0). (8)

In accordance with the Metropolis criterion,[20]

the perturbation probability is given by

P =





exp[−∆χ2
µ/(qT )]

1

if

if

∆χ2
µ ≥ 0,

∆χ2
µ < 0,

(9)

where q is the adjustive factor of probability.[21]

The simulation procedure for shaping GSM
beams by the SA algorithm is briefly described as fol-
lows.

Step 1. Start from the initial cost function χ2
µ

with initial phase (θ0
1, θ0

2, · · ·, θ0
256) and initial tem-

perature T0.
Step 2. Set up a new state with the phase (θ0

1,
θ0
2, · · ·, θ0

256) replaced by the phase (θ0
1 +δθ1, θ0

2 +δθ2,
· · ·, θ0

256 + δθ256) for a given perturbation.

Step 3. Calculate the variation ∆χ2
µ = χ2

µ−χ2
µ,0.

If ∆χ2
µ ≤ 0, accept and start with the next step; else

compare the Metropolis criterion (8) with a randomly
generated number σ in the range [0, 1]. If p > σ,
accept; otherwise do not accept and return to Step 2.

Step 4. Decrease the temperature slowly and re-
peat steps 2 and 3 with the next temperature until the
temperature is sufficiently cool. As a result, χ2

µ should
be converged to the global minimum and the corre-
sponding phase distribution θ = (θ1, θ2 · · · , θ256) is
the optimized phase distribution of the phase plate.
Numerical illustrative examples are shown in Figs.1–
3, where Figs.1(a) and 1(b) give the desired inten-
sity distributions at the plane z = 4.5m correspond-
ing to a flat-topped intensity distribution and an in-
tensity profile with a central dip. The other calcu-
lation parameters are w0 = 0.2mm, λ = 1.06 µm,
β = 0.6, ε∆ = 1.0 × 10−6 and q = 8. The opti-
mized reconstructed results by the SA algorithm are
given in Figs.2–3, where (a) and (b) correspond to the
intensity and phase distributions, respectively. From
Figs.1(b) and 2(b) the optical thickness is available,
which can be used for the design of phase plates.

Fig.1. (a) A desired flat-topped intensity profile, (b) A desired intensity profile with a central dip.

The reconstruction error RE is introduced to com-
pare the shaping effect, and is defined as

RE(xi) =
∣∣∣∣
I(xi)− Id(xi)

Id,max

∣∣∣∣× 100%, (10)

where I(xi) and Id (xi) denote the reconstructed and
desired intensities at the position xi, respectively, and
Id,max is the maximum desired intensity. The recon-

struction errors corresponding to Figs.2(a) and 3(a)
are depicted in Figs.4(a) and 4(b) respectively. As can
be seen, the largest value of RE in Fig.2(a) is less than
1.74% which is located in the vicinity of x = ±1.2mm
on either hand of the beam profile, and an uniform
flat-topped profile with RE< 0.24% is achieved. For
the case of Fig.3(a) the largest value of RE is less than
2.0% on either hand of the beam profile.
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Fig.2. (a) The reconstructed flat-topped intensity profile, (b) The reconstructed phase distribution.

Fig.3. (a) The reconstructed intensity profile with a central dip, (b) The reconstructed phase distribution.

Fig.4. (a) The reconstruction error corresponding to Fig.2(a), (b) The reconstruction error corresponding to Fig.3(a).



1844 Li Jian-Long et al Vol. 17

4. Conclusion

In this paper the SA algorithm has been used
for shaping partially coherent beams, where the ef-
fect of partial coherence on the phase distribution
of phase plates has been considered, because the pa-
rameter of spatial coherence β affects θ. It has been
shown that an uniform flat-topped beam profile with
maximum reconstruction error RE< 1.74% has been
achieved. The SA algorithm demonstrates the ad-
vantages over the geometrical approach and IFTA,
because, for example, the IFTA will result in a loss
of high frequency information due to the shorter cor-
relation length.[1] For the three-dimensional case the
extension is straight-forward, because the variables x

and y are separable. Thus, the far-field intensity is
expressed as

I(x, y, z) = I(x, z)I(y, z), (11)

where I(y, z) is obtained simply with x and ∆x in
Eq.(6) replaced by y and ∆y, respectively. A further
extension to other types of partially coherent beams
is possible, once the initial mutual intensity (or cross-
spectral density function in the space-frequency do-
main) is given. For such a case the closed-form ex-
pressions like Eqs.(7) and (11) may not be found, but
the SA algorithm is still applicable. The project is
under way and related results will be published else-
where.
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