
Vol 17 No 5, May 2008 c© 2008 Chin. Phys. Soc.

1674-1056/2008/17(05)/1769-08 Chinese Physics B and IOP Publishing Ltd

Study on holographic grating diffraction for
Laguerre–Gaussian beam generation∗

Liu Yi-Dong(刘义东)†, Gao Chun-Qing(高春清)‡, and Gao Ming-Wei(高明伟)

Department of Optical-Electronics, School of Science and Technology,

Beijing Institute of Technology, Beijing 100081, China

(Received 20 July 2007; revised manuscript received 27 September 2007)

Laguerre–Gaussian beams, as a special model with spiral phase structure, have been intensively investigated.

Holographic grating method is a convenient method of generating Laguerre–Gaussian beams and measuring their orbital

angular momenta. But due to some inevitable adverse factors such as lateral displacement, angular deflection and

elliptical incident profile of incident beam, the practical effectiveness should be reevaluated. This paper is devoted

to the study on the influences of the abovementioned three adverse factors on the holographic grating method. The

characteristics of the mode decomposition of diffractive order and the relative powers of the orbital angular momentum

eigen-states are also given.
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1. Introduction

Orbital angular momentum is a novel physical
parameter of a beam, and it has attracted much at-
tention recently. Allen et al [1] have experimentally
found that a beam with a phase structure exp(ilϕ)
has an orbital angular momentum with a quantity
l~ and an the azimuthal number l. The Laguerre–
Gaussian beam and the Bessel beam are two particular
examples of such beams. Since Allen et al ’s work,[1]

the applications of beams with orbital angular mo-
menta have been in full flourish in many areas, such as
optical tweezers and optical spanners,[2−6] astronomy
application,[7] quantum information application (data
storage,[8,9] high density data transformation,[10]

quantum data processing[11,12]) and orbital angular
momentum imaging.[13]

The generation of Laguerre–Gaussian beams is
important for studying the orbital angular momenta
of beams. Many methods have been used to achieve
such a goal, such as inner cavity mode selection
method,[14] and mode convertor consisting of cylin-
drical lenses,[15,16] spiral phase plate,[17,18] and holo-
graphic grating.[19−21] The measuring of orbital an-

gular momenta of beams is also an essential topic in
studying the beams with orbital angular momenta,
and the interferometric sorter[22,23] and the holo-
graphic grating[19,20] have been developed to fulfil such
a task. The holographic grating is a more convenient
method either of generating the Laguerre–Gaussian
beams or of measuring their orbital angular momenta
because it is easy to design by using computer and able
to realize complex patterns.[19,20] The orbital angular
momentum spectrum dispersion is influenced by many
factors, such as the misaligned optical system.[24] In
our recent work we have studied the influences of the
misaligned optical system and elliptical incident beam
on the generation of the Laguerre–Gaussian modes
experimentally.[25]

The present paper is devoted to discussing the
generation of Laguerre–Gaussian beams by using am-
plitude gratings. The influences of the incident beam
with lateral displacement, angular deflection and el-
liptical profile are further discussed. The theoretical
analyses show the effects of these factors on the orbital
angular momentum spectrum and mode decomposi-
tion, which gives us a new visual angle to understand
these effects.
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2. Generation of Laguerre–

Gaussian beam and detection

of orbital angular momentum

As is well known, a Laguerre–Gaussian beam
has eigen-solution of the slowly varying envelope ap-
proximation wave equation in cylindrical coordinates.
When a Laguerre–Gaussian beam propagating along
the z-axis interferes with a unitary planar beam prop-
agating along the direction (sinθ, 0, cosθ) which de-
flects from the z-axis by an angle θ, the phase struc-
ture reads

Φ (ρ, ϕ, z) = lϕ− kρ2

2R
− (2p + l + 1)Ψ + kx sin θ

+kz (cos θ − 1) , (1)

where R(z) is the curvature radius of the wave-front of
Laguerre–Gaussian beam, Ψ(z) the Gouy phase, l the
azimuthal number, p the radial number, and k = ω/c

the wave number. Consider that at z = 0, i.e. at
the waist of Laguerre–Gaussian beam, the curvature
radius R = 0 and Gouy phase Ψ = 0, then the phase
structure will reduce to a simple form as follows:

Φ (ρ, ϕ, 0) = lϕ + kx sin θ. (2)

A grating with such a structure is a fork-like grat-
ing with l dislocations in the centre when the planar
beam is oblique-axial with respect to the Laguerre–
Gaussian beam or a helical grating with l fringes
twisted together when it is coaxial with the Laguerre–
Gaussian beam.

An amplitude grating in the pattern determined
by the wave structure in expression (2) reads

T (ρ, ϕ) = a (Φ (ρ, ϕ, 0)) , (3)

where a(*) denotes the amplitude structure, e.g. the
binary amplitude grating takes the form

a (Φ) =





1.0, mod (Φ, 2π) ≤ π,

0.0, otherwise.
(4)

This amplitude structure function can be expanded
into Fourier series as follows:

a (Φ) =
+∞∑

n=−∞
An exp (inΦ). (5)

For the binary amplitude grating, the expansion coef-
ficients read

An =
sin(nπ/2)

nπ
exp

(
− inπ

2

)
. (6)

For other kinds of structures, e.g. the sinusoidal
grating or blazing grating, and phase grating or am-
plitude grating, a similar operation of expression (5)
also holds. For simplicity, the binary amplitude grat-
ing is used here. Figure 1(a) gives the phase structure
determined by expression (2) with one dislocation in
the centre. Figure 1(b) gives the binary amplitude
constructed from the phase structure in Fig.1(a) by
using expression (4).

Fig.1. (a) Phase structure of fork grating with one disloca-

tion in the centre, where the dark regions are for 0 and the

white regions are for 2π. (b) Binary amplitude grating with

structure determined in (a).

When illuminated by the Laguerre–Gaussian
beam uLG

00 (ρ, ϕ) with a radial number (p) of 0 and an
azimuthal number (l) of 0, the diffractive field behind
the grating is

ui (ρ, ϕ) = uLG
00 (ρ, ϕ) · T (ρ, ϕ) . (7)

The from of the far-field diffractive beam can be con-
sidered to be the Fourier transform of ui, and it is
denoted as

uf (ρ′, ϕ′) = F [ui (ρ, ϕ)] , (8)

where F denotes the two-dimensional Fourier trans-
form and superscripts depict the variances in spatial-
frequency domain, and (ρ′, ϕ′) are the polar coordi-
nates in spatial-frequency domain. A usual method
of deriving the analytical expression of uf(ρ′, ϕ′) is to
decompose it as a superposition of Laguerre–Gaussian
beams and apply the two-dimensional Fourier trans-
form of Laguerre–Gaussian beam.[26]

F [up,l (ρ, ϕ)] = i2p+|l|2πuLG
p,l (ρ′, ϕ′) . (9)

After derivation we can obtain the far field distribu-
tion as follows:

uf (ρ′, ϕ′) = 2π
+∞∑

n=−∞
An ·

+∞∑
p=0

cpi2p+|nl|uLG
p,nl (ρ

′, ϕ′)

⊗ [δ (ωx − nk sin θ) δ (ωy)] , (10)
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where ⊗ denotes the convolution; (ωx, ωy) is the
Cartesian presentation coordinates related to the po-
lar coordinates presentation (ρ′, ϕ′) by ωx = ρ′cosϕ
and ωy = ρ′sinϕ; cp is the decomposition coefficient
of the diffractive field in expression (7) behind the
Laguerre–Gaussian beams and expressed as

cp =
∫ +∞

0

∫ 2π

0

uLG
00 (ρ, ϕ)

· exp (inlϕ) · uLG∗
p,nl (ρ, ϕ) ρdρdϕ. (11)

From expression (10), the far field diffractive pat-
tern can be considered to be the superposition of
Laguerre–Gaussian beams with the nth diffractive
beam that has a side shifted by nksinθ and an az-
imuthal quantum number changed by nl, but with

different radial numbers in the spatial frequency do-
main. A similar analysis holds for the case of high
order Laguerre–Gaussian mode illumination.

3. Generation of Laguerre–

Gaussian beam in general case

In practical applications we often find the beam
transformation in a perfect condition. In this paper
the effects of the lateral displacement, angular deflec-
tion and elliptical profile will be discussed. Figure 2
shows the three kinds in a nonideal case that will be
discussed below.

Fig.2. Three kinds of non-ideal cases. (a) Lateral displacement, (b) Angular deflection, and (c) Elliptical-profile.

3.1. Lateral displacement of incident

beams

Now we discuss that the incident beam has a lat-
eral displacement relative to the optical system as
shown in Fig.2(a). Dot line denotes the axis of the
incident beam, which is parallel to the axis of the op-
tical system. The incident beam shifts from the z-axis
radially and azimuthally by ρ0 and γ, respectively.

Assuming that the incident beam is a shifted fun-
damental Laguerre–Gaussian beam uLG

00 (ρ, ϕ) and it
can be written in polar coordinates as

u′ (ρ, ϕ) = uLG
00 (ρ, ϕ) exp

(
− ρ2

0

w2
0

)

× exp
[
2ρρ0 cos (ϕ− γ)

w2
0

]
. (12)

For a further study, we expand expression (12)
into a superposition of spiral harmonics (or the super-
position of Laguerre–Gaussian beams). As shown in
expression (9), the two-dimensional Fourier transfor-

mation has a simple form. Then the beam in expres-
sion (12) can be rewritten as

u′ (ρ, ϕ) = uLG
00 (ρ, ϕ) exp

(
− ρ2

0

w2
0

) +∞∑
m=−∞

Im

(
2ρρ0

w2
0

)

× exp [im (ϕ− γ)] , (13)

where Im is an mth order modified Bessel function.[27]

In this way we expand the shifted fundamental
Laguerre–Gaussian beam into the superposition of spi-
ral harmonics exp(imϕ).[28]

Replacing uLG
00 (ρ, ϕ) in expression (7) by the

shifted beam as shown in expression (13) and following
a similar procedure in expression (8), we can obtain
the far field distribution as follows:

uf (ρ′, ϕ′) = 2π
+∞∑

n=−∞
An

+∞∑
m=−∞

exp (−imγ)

×
+∞∑
p=0

cpmi2p+|m+nl|uLG
p,m+nl (ρ

′, ϕ′)

⊗ [δ (ωx − nk sin θ) δ (ωy)] , (14)
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where

cpm =
∫ +∞

0

∫ 2π

0

uLG
00 (ρ, ϕ) exp

(
− ρ2

0

w2
0

)
Im

(
2ρρ0

w2
0

)

× exp (i (m + nl) ϕ) uLG∗
p,m+nl (ρ, ϕ) ρdρdϕ.

(15)

3.2.Angular deflection of incident

beams

The second kind of factor is the angular deflection
of the incident beam with a deflection angle η and an
azimuth γ, as shown in Fig.2(b). Then the axial wave
number can be written as

kz =
√

k2 − k2
ρ ≈ k − k2

ρ/2k. (16)

We can represent a deflected beam as the beam pass-
ing through a phase wedge with the transmission func-
tion exp[iαρcos(ϕ − δ)] where α = kρ = k sinγ.[24]

Then the incident fundamental Laguerre–Gaussian
mode can be rewritten as the superposition of spiral
harmonics

u′ (ρ, ϕ) = uLG
00 (ρ, ϕ)

+∞∑
m=−∞

Jm (αρ)

× exp
[
im

(
ϕ− δ +

π

2

)]
. (17)

Similar to expression (10), the modes decomposition
reads

uf (ρ′, ϕ′) = 2π
+∞∑

n=−∞
An

+∞∑
m=−∞

exp
[
−im

(
δ − π

2

)]

×
+∞∑
p=0

cpmi2p+|m+nl|uLG
p,m+nl (ρ

′, ϕ′)

⊗ [δ (ωx − nk sin θ) δ (ωy)] , (18)

where

cpm =
∫ +∞

0

∫ 2π

0

uLG
00 (ρ, ϕ) Jm (αρ)

× exp (i (m + nl) ϕ) uLG∗
p,m+nl (ρ, ϕ) ρdρdϕ. (19)

3.3. Elliptical profile of incident beams

In many cases the incident beam is not a perfectly
symmetric beam, but it has an elliptical beam profile.
As shown in Fig.2(c), the incident beam is co-axial
with the optical system and has an elliptical profile
with a long radius wa, short radius wb and long axis
rotation γ.

We consider an elliptical fundamental Gaussian
beam with the following form:

u′ (ρ, ϕ) =

√
2
π

1√
wawb

exp
[
−ρ2

(
cos2 (ϕ− γ)

w2
a

+
sin2 (ϕ− γ)

w2
b

)]
.

(20)

Similar to expression (13), we can obtain

u′ (ρ, ϕ) =

√
2
π

1√
wawb

exp
(
− ρ2

2w2
a

+
ρ2

2w2
b

) +∞∑
m=−∞

Im

(
− ρ2

2wa2
+

ρ2

2w2
b

)
exp [im (2ϕ− 2γ)] . (21)

By using a similar method in paragraphs 3.1 and 3.2, the mode decomposition reads

uf (ρ′, ϕ′) = 2π
+∞∑

n=−∞
An

+∞∑
m=−∞

exp (−i2mγ)
+∞∑
p=0

cpmi2p+|2m+nl|uLG
p,2m+nl (ρ

′, ϕ′)

⊗ [δ (ωx − nk sin θ) δ (ωy)] , (22)

where

cpm =
∫ +∞

0

∫ 2π

0

√
2
π

1√
wawb

exp
(
− ρ2

2w2
a

− ρ2

2w2
b

)
Im

(
− ρ2

2w2
a

+
ρ2

2w2
b

)

× exp (i (2m + nl) ϕ) uLG∗
p,2m+nl (ρ, ϕ) ρdρdϕ. (23)
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After the analysis, we can conclude that the non-
ideal incident beams will lead to an aberrance of the
ideal pattern in the far field. Generally speaking, in
the nonideal case the spiral spectra[29] are distorted.

4. Discussion

4.1.Perfect conditions

Figure 3 shows the weights of decomposition of
the first order diffractive bean, relative powers of or-
bital angular momentum eigen-states, and the far field
diffractive pattern of a field generated with a one-fork
binary amplitude grating displaced in Fig.1(b) in per-
fect collimation. This process is of a common method
to generate a Laguerre–Gaussian beam. As shown
in Fig.3(a), the weight of Laguerre–Gaussian beam

with radial numbers, 0 and +1, is about 78.54%. It
means that the generated Laguerre–Gaussian beam is
not a pure one. As shown in Fig.3(b), the relative
power of orbital angular momentum eigen-states with
an azimuthal number of +1 is not 1.0, which is not in
agreement with the theoretical prediction in Section
2, because in the numerical simulation the limited ra-
dial numbers (less than 5) and the azimuthal num-
bers (bigger than –3 and less than +5) conduce to the
leakage of some states. The relative power is the so-
called spiral spectrum[29] or orbital angular momen-
tum spectrum[30] which represents the energy weight
for each one of orbital angular momentum eigen-states
and can be obtained by adding up all the weights of
Laguerre–Gaussian beams with the same azimuthal
numbers. It is clear that in the ideal case the gratings
can generate rather pure orbital angular momentum
eigen-states but not pure Laguerre–Gaussian beam.

Fig.3. Mode decompositions of the first order diffractive beam (a), relative powers of orbital angular momentum

eigen-states (b), and far field diffractive pattern of diffraction of one-fork binary amplitude grating in a perfect

condition (c).

4.2. Lateral displacement

Figure 4 shows the weights of mode decompo-
sitions of Laguerre–Gaussian beams, relative pow-
ers of orbital angular momentum eigen-states, and
the far field diffractive patterns of a field generated
with a one-fork binary amplitude grating displayed
in Fig.1(b), when there exist lateral displacements of
0.2w0 (up row) and 1.0w0 (down row) with respect
to the x-axis, i.e. γ = 0, where w0 is the waist radius
of the incident fundamental Gaussian beam. The de-
composition makes clear the degradation of the first
order diffractive mode from the ideal LG01 mode. In
Fig.4(a), the weight is about 76.97% with a 0.2w0 dis-
placement. And Fig.4(d) shows a weight of 44.11%
for a 1.0w0 displacement. It suggests that a big-
ger beam radius w0 appears in generating Laguerre–

Gaussian modes, for a bigger radius means a bet-
ter error-tolerance, with lateral displacement existing.
We also notice that the dispersion of the modes about
a radial number p is suppressed, but about the az-
imuthal number m + nl it is aggravated with the lat-
eral displacement increasing. It indicates that the lat-
eral displacement degrades the azimuthal structure of
the diffractive beam intensively but affects the radial
structure slightly. Figure 4(b) indicates the relative
power of the total modes with the same orbital angular
momentum quantum numbers, which is named as spi-
ral spectra or orbital angular momentum spectra.[29]

The spectrum for an azimuthal number of +1 without
any lateral displacement does not equal 1.0 because
the series of modes are truncated by the limited p < 5
in our simulation. From the spiral spectra the disper-
sion of the azimuthal numbers is obvious. We can
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also obtain that when the displacement is 0.2w0 the
energy is almost concentrated into a quantum state
with an azimuthal number of +1 and a weight of about
90% in Fig.4(b). Therefore the diffractive grating is
not excellent for generating a pure Laguerre–Gaussian
beam but it can be used to detect an orbital angular
momentum eigen-state with a certain azimuthal num-
ber. But with a bigger displacement the spiral spec-
trum disperses seriously as shown in Fig.4(e). Figure
4(c) shows the simulation diffractive patterns with a
0.2w0 lateral displacement. The simulation patterns

are shown by the black spots in the spot shifts towards
the perpendicular direction when the lateral displace-
ment shifts along the x-direction. When the lateral
displacement is 0.2 w0, the circle is not full any more.
From expression (14) we can consider the pattern as
the superposition of a series of LG modes with differ-
ent phases and amplitudes. In Fig.4(a) the weights
of LG00, LG10, and LG02 are not negligible and they
conduce to the deflection of the perfect circle together.
Figure 4(f) shows a greater shift of the black spot
when a bigger displacement takes place.

Fig.4. Mode decompositions of the first order diffractive beam (a) and (d), relative powers of orbital angular

momentum eigen-states (b) and (e), and far field diffractive patterns of diffraction of one-fork binary amplitude

grating with a lateral displacement (c) and (f).

4.3.Angular deflection

Figure 5 shows the results of diffraction of angular
deflection with a deflection angle (δ) of 0. The deflec-
tion angle is scaled with the first order diffractive angle
λ/Λ of the grating, where Λ is the raster constant. We
can clearly see from Fig.5(a) that the incident angle is
so rigorous that even a 0.05λ/Λ deflection will induce
a rather great change of LG01 mode. But the results of
modes decomposition are different from those for the
lateral displacement. The weights of the modes dis-
perse to the modes with bigger radial numbers when
the azimuthal number is +1 and to those with adja-
cent azimuthal numbers when the radial number is 0.
While with such a difference, the spiral spectra are

dispersed as shown in the ideal case (see Fig.5.(b)).
Then we can conclude that a not so rigorous condi-
tion can be fulfilled when the raster constant is rather
small. Figure 5(c) shows that the diffractive patterns
are perfect except for a displacement along the direc-
tion of x-axis, which is different from those in the case
of lateral displacement where the diffractive pattern
is distorted. An easy resolution of side shifting the
detector can be taken to obtain the near ideal diffrac-
tive pattern. Figures 5(d), 5(e) and 5(f) show similar
results to those from Figs.5(a), 5(b) and 5(c) with an
angular deflection of 0.2λ/Λ. With bigger angular de-
flections, heavier mode dispersion and spiral spectrum
dispersion occur, and side-shifts of diffractive patterns
are greater.
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Fig.5. Mode decompositions of the first order diffractive beam (a) and (d), relative powers of orbital angular

momentum eigen-states (b) and (e), and far field diffractive pattern of diffraction of one-fork binary amplitude

grating with angular deflection (c) and (f).

Fig.6. Mode decompositions of the first order diffractive beam (a) and (d), relative powers of orbital angular

momentum eigen-states (b) and (e), and far field diffractive pattern of diffraction of one-fork binary amplitude

grating illuminated by elliptical incident fundamental Gaussian beam (c) and (f).
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4.4. Elliptical incident

Figure 6 shows the results of elliptical incident
beams with γ = 0 and wa/wb > 1. It is some differ-
ent from Fig.5 that the azimuthal numbers disperse
by two but not one as shown in Fig.6(b). In Fig.6(a),
the elliptical incident profile does not affect the ra-
dial structure seriously even when wa/wb is 1.5. We
can conclude that the elliptical incident profiles do
not destroy the mode weight distribution intensively.
In Fig.6(c), although the mode weight distribution is
slight, the diffractive patterns change greatly because
the elliptical incident profiles can afford to have dif-
ferent modes with different phase delays as shown in
expression (22) and Fig.6(c). The diffractive patterns
change from a circle with the same intensity to two
quasi-parallel fringes along the short axis direction.
Figures 6(d), 6(e) and 6(f) show similar results with a
wa/wb of 4.0. It is interesting that even when wa/wb

is 4.0 the orbital angular momentum eigen-state is also

distinct.
Although in different conditions, the total or-

bital angular momentum of diffractive beams does not
change. Here, we take into account only the sepa-
rate influences of these non-ideal cases, but it must
be more complex in a mixed case. Because of the po-
tential applications in dada transmission and the easy
distortion in transmission, a much more evident and
easy correction method is in investigation.

5. Conclusions

In this paper, we discuss the far-field diffrac-
tive pattern, mode decomposition and spiral spectrum
characteristics in some non-ideal cases of the incident
beam when it is used for generating the Laguerre–
Gaussian mode or detecting orbital angular momen-
tum eigen-states. In our work, the theoretical results
and numerical analyses are both applied to the anal-
ysis of the effects in these non-ideal cases.
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