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Taking two Laguerre–Gaussian beams with topological charge l = ±1 as an example, this paper studies the

composite optical vortices formed by two noncollinear Laguerre–Gaussian beams with different phases, amplitudes,

waist widths, off-axis distances, and their propagation in free space. It is shown by detailed numerical illustrative

examples that the number and location of composite vortices at the waist plane are variable by varying the relative

phase β, amplitude ratio η, waist width ratio ξ, or off-axis distance ratio µ. The net topological charge lnet is not always

equal to the sum lsum of charges of the two component beams. The motion, creation and annihilation of composite

vortices take place in the free-space propagation, and the net charge during the propagation remains unchanged and

equals to the net charge at the waist plane.
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annihilation
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1. Introduction

Recently there has been substantial interest in
studying optical beams carrying phase singularities
due to their theoretical and applicative aspects.[1] Op-
tical vortices nested in Gaussian beams, Bessel beams,
second harmonic beams, partially coherent beams,
and their propagation were studied.[1−9] Pyragaite
and Stabinis[10] studied the free-space propagation of
overlapping Gaussian background vortex beams and
showed that the net topological charge of the com-
bined beam remains unchanged. An extensive study of
composite optical vortices by superimposing two non-
collinear vortex Gaussian beams with equal topologi-
cal charges l1,2=+1, with opposite topological charges
l1,2 = ±1 and by superimposing of a vortex and a
Gaussian beam (l1,2=+1, 0) at the waist plane was
made by Maleev and Swartzlander,[11] who showed
that, depending on the control parameter, such as
the relative phase, amplitude, or distance between the
component beams, the number of composite vortices
and their net topological charge do not always cor-
respond to the respective values for the component

beams, but for the case of l1,2 = ±1 the net topological
charge is always conserved. More recently, Galvez et
al [12] performed a theoretical and experimental study
of composite optical vortices formed by two collinear
Laguerre–Gaussian beams and found that the number
of vortices and their location depends on the charge
of the vortices and the relative intensity of the com-
ponent beams.

The purpose of the present paper is to deal
with the composite optical vortices in noncollinear
Laguerre–Gaussian beams. Taking two parallel and
nonlinear Laguerre–Gaussian beams with l1,2 = ±1
and with different phases, amplitudes, waist widths
and off-axis distances as an example, we study the
composite optical vortices and their propagation in
free-space and compare with the previous work.

2. Theoretical model

The field of a Laguerre–Gaussian beam with topo-
logical charge li in the cylindrical coordinate system
reads as[1]
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where E0i is an amplitude constant, w0i is the waist
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Ri/z2) denote the width and radius of
curvature at the z plane, respectively.

As shown in Fig.1, two Laguerre–Gaussian beams
are located along the x axis and separated by distances
a and –b from the origin at the waist plane z = 0
(a > 0, b > 0), respectively. The composite field is
expressed as

E(ρ, θ, z) = E(ρ1, θ1, z)exp(iβ) + E(ρ2, θ2, z), (2)

where β denotes the relative phase of the two beams at
z=0, and the polar coordinates of the two component
beams and composite beam satisfy the relation[11]

ρ1exp(±iθ1) = ρexp(±iθ)− a, (3a)

ρ2exp(±iθ2) = ρexp(±iθ) + b. (3b)

Fig.1. A schematic illustration of the superposition of

two parallel and noncollinear beams.

In the following we restrict ourselves to the case
of p1 = p2=0, l1 = −l2=+1. Thus, the sum of charges
of the original beams is lsum=0,[11] and Eq.(1) in the
rectangular coordinate system can be written as

E(x, y, z) =E1(x, y, z)exp{i[ψ1(x, y, z) + β]}
+ E2(x, y, z)exp[iψ2(x, y, z)], (4)

where
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Equations (4)–(8) are the free-space propagation ex-
pressions for composite optical vortices in noncollinear
Laguerre–Gaussian beams with p1 = p2 = 0 and
l1 = −l2 = +1, where, as compared with Ref.[10],
the propagation-induced phase terms Eqs.(7), (8) are
included.

At the waist plane z=0 Eq.(4) reduces to
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The location of composite vortices at z=0 is determined by Re[E(x, y, 0)]=0 and Im[E(x, y, 0)]=0, which
yields
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where the amplitude ratio η = E02/E01.
Equations (10a) and (10b) indicate that for fixed

p1, p2, l1, l2, the location and number of composite
vortices and their net topological charge at the waist
plane z=0 depend on the relative phase β, amplitude
ratio η, waist width ratio ξ = w01/w02, and off-axis
distance ratio µ = a/b. As shown in Eq.(4), the loca-
tion and number of composite vortices and their net
topological charge at the z plane is additionally de-
pendent on the propagation distance z.

For the special case of w01 = w02 = w0, a = b = s

and σ = s/w0, Eqs.(10a) and (10b) reduce to

x = s tanh[2σ2x/s+(1/2) ln(E01/E02)+iβ/2], (11a)

y sinh[2σ2x/s+(1/2) ln(E01/E02)+ iβ/2] = 0. (11b)

Equations (11a) and (11b) are consistent with
Eqs.(18a) and (18b) in Ref.[11], respectively.

3. Composite optical vortices and

their propagation in free space

By using Eqs.(4)–(10), we performed the numer-
ical calculations to illustrate the dependence of the
location and number of composite vortices and their
net topological charge on β, η, w01/w02, a/b, and z.

3.1.Dependence on β and η

For simplicity we consider two cases of β=0 (in-
phase), and β=π (out-of-phase). For β=0 the solu-

tions of Eqs.(10a) and (10b) are given by
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Figures 2(a) and 2(b) give the variation of η ver-
sus x or y at the waist plane z=0. The calculation
parameters are a=0.5mm, b=1mm, w01 =

√
2mm,

w02=2mm. Figure 2(a) indicates that η varies with
x in a monodromic way, there is only one vortex cor-
responding to Eq.(12a), whereas, as shown in Fig.2(b),
there exists a critical value of η=ηc=1.23 in Eq.(12b).
For 0 < η < ηc there are two vortices, and for η ≥ ηc

the vortex vanishes. As a result, for 0 < η < ηc there
are three vortices, and for η ≥ ηc, there is one vortex.

For β = π the solutions of Eqs.(10a) and (10b)
are
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The variation of η versus x is plotted in Fig.2(c),
from which we see that there exists a critical value
of η=ηc=2.34, we have three vortices and one vortex
for 0 < η < ηc and η≥ηc, respectively.
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Fig.2. Amplitude ratio η versus coordinate x or y at z=0.

The phase maps at the waist plane z=0 are plot-
ted in Figs.3 (β=0) and 4 (β=π) for different values
of η, where the solid lines are zeros of the real part of
E(x, y, 0) and the dashed lines are zeros of the imag-
inary part of E(x, y, 0). The zero contours of the
real and imaginary parts intersect at composite vor-
tex points. The calculation parameters are the same
as those in Figs.2(a)–2(c). The topological charge
of composite vortices is determined by the vorticity
of phase contours around singularities.[13] Black and
open circles mark the cores of positively and nega-
tively single-charged vortices, respectively. As can be
seen, in Fig.3 (η=1) there are three composite vortices
A, B and C, whose charges are +1, –1 and –1, respec-
tively. In Fig.4(a) (η=1) there are three vortices A,
B and C with charges –1, +1 and –1, respectively,
and in Fig.4(b) there is one vortex A with charge –1.
It is noted that at the critical point B denoted by a
cross ‘×’ the real part Re[E(x, y, 0)] becomes a point

which can be seen from Fig.2(c), but B is not a vor-
tex, because, as can be seen from the phase maps, the
phase is not rotating around the point B. Therefore,

Fig.3. Phase maps at z=0 for different values of the am-

plitude ratio η, β=0, η=1. ‘—’ Re[E(x, y, 0)]=0, ‘- - - -’

Im[E(x, y, 0)]=0.



No. 5 Composite optical vortices in noncollinear Laguerre–Gaussian beams and their propagation in free space 1747

depending on the relative phase β=0 or π, and on the
amplitude ratio 0 < η < ηc or η ≥ ηc, the number of
composite vortices at z=0 may be one or three. Fig-
ures 3, 4(a) and 4(b) indicate lnet=–1 that is unequal
to lsum=0.

Fig.4. Phase maps at z=0 for different values of the am-

plitude ratio η, β=π. (a) η=1, (b) η=2.34. ‘—’ Re[E(x,

y, 0)]=0, ‘- - - -’ Im[E(x, y, 0)]=0.

3.2.Dependence on β and ξ

The variation of ξ as a function of the transver-
sal coordinate x or y is depicted in Figs.5(a) and 5(b)
for β=0 and in Fig.5(c) for β=π at the waist plane
z=0. The corresponding phase maps at the waist
plane z=0 are given in Fig.6 for β=0 and Figs.7(a)–
7(b) for β=π, where the calculation parameters are
a=0.5mm, b=1mm, η=10, w02=2mm. It is seen that
in Fig.6 for β=0, ξ = 1.5 > ξc=1.003 the number of
composite vortices is three with l=–1, –1, +1. Thus,

lnet=–16= lsum=0. For β=π the critical value of the
waist width ratio is ξc=0.875. Depending on ξ, we
find that there is one composite vortex A with l=–1 in
Fig.7(a) ξ=ξc=0.875, and three composite vortices A,
B, C with l=–1, +1 and +1 in Fig.7(b) ξ = 1.5 > ξc.
Again, the critical point B in Fig.7(a) is not a vortex.

Fig.5. Waist width ratio ξ versus coordinate x or y at

z=0.
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Fig.6. Phase maps at z=0 for different values of the waist

width ratio ξ, β=0. ξ=1.5. ‘—’ Re[E(x, y, 0)]=0, ‘- - - -’

Im[E(x, y, 0)]=0.

Fig.7. Phase maps at z=0 for different values of the waist

width ratio ξ, β=π. (a)ξ=0.875, (b)ξ=1.5. ‘—’ Re[E(x,

y, 0)]=0, ‘- - - -’ Im[E(x, y, 0)]=0.

3.3.Dependence on β and µ

Figures 8(a) and 8(b) give the variation of µ ver-
sus x or y for β=0 and π at the waist plane z=0, re-
spectively. The calculation parameters are b=1mm,
η=10, w01 =

√
2mm, w02=2mm. In such a case

Eq.(12b) has no real solution. It is seen that there
are two critical parameters of the off-axis distance ra-
tio µ1c and µ2c. For β=0, we have µ1c=–5.58 and
µ2c=3.59. In the region µ1c ≤ µ ≤ µ2c there is one
composite vortex. If µ < µ1c or µ > µ2c, there are
three vortices. For β = π we have µ1c=–3.29 and
µ2c=1.28 and obtain similar results. The correspond-
ing phase maps at z=0 are depicted in Figs.9 (β=0)
and 10 (β = π), from which we see that the number
of composite vortices may be one or three, depending
on β and µ. For the case of µ1c ≤ µ ≤ µ2c in Fig.9(a)
and Fig.10(a) there is one composite vortex A with
l=–1. For the case of µ < µ1c or µ > µ2c in Fig.9(b)
and Fig.10(b), there are three vortices with lnet=–1.

Fig.8. Off-axis distance ratio µ versus coordinate x or y

at z=0.
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Fig.9. Phase maps at z=0 for different values of the off-

axis distance ratio µ, β=0. (a)µ=–5.58, (b) µ=–6. ‘—’

Re[E(x, y, 0)]=0, ‘- - - -’ Im[E(x, y, 0)]=0.

Fig.10. Phase maps at z=0 for different values of the

off-axis distance ratio µ, β=π. (a) µ=–3.29, (b) µ=5. ‘—’

Re[E(x, y, 0)]=0, ‘- - - -’ Im[E(x, y, 0)]=0.

3.4. Free space propagation of composite

optical vortices

The variation of composite optical vortices ver-
sus propagation distance z in free space is given in
Figs.11(a)–11(c) for β=0 and in Figs.12(a)–12(c) for
β=π, respectively, where the calculation parameters
are the same as those in Fig.3 and Fig.4(a), respec-
tively. Figures 3 and 11(a)–(c) show that the cre-
ation and annihilation of composite vortices take place
during propagation. For example, composite vor-
tices A, B, C moves from positions (x=–0.15mm,
y=0), (x = −0.25mm, y = 0.8mm), (x = −0.25mm,
y=–0.8mm) at the waist plane z=0 in Fig.3 to A

(x=–0.5mm, y=0.7mm), B (x=2.1mm, y=3.5mm), C

(x=5.6mm, y=–3.6mm) at the plane z/zR1=0.8 in
Fig.11(a) whose charge are –1, +1 and –1, respec-
tively. At z/zR1=0.9 in Fig.11(b) A, B, C move to
the positions (x=–0.55mm, y=0.8mm), (x=1.8mm,
y=3.7mm) and (x=4.9mm, y=–4.9mm), respectively,
and their charge remains unchanged. In addition, two
composite vortices D with l=+1 and E with l=–1
appear at the positions (x=8.5mm, y=3.2mm) and
(x=9.7mm, y=–1.7mm), respectively. With a further
increase of z/zR1=4 in Fig.11(c), vortices D and E an-
nihilate and the other three vortices A (x=–0.6mm,
y=0), B (x=1mm, y=6.1mm) and C (x=–8.2mm,
y=3.5mm) remain.
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Fig.11. Phase maps for different values of the propagation

distance. (a) z/zR1=0.8, (b) z/zR1=0.9, (c) z/zR1=4,

β=0. ‘—’ Re[E(x, y, z)]=0, ‘- - - -’ Im[E(x, y, z)]=0.

Fig.12. Phase maps for different values of the propaga-

tion distance. (a) z/zR1=0.9, (b) z/zR1=1, (c) z/zR1=4,

β=π. ‘—’ Re[E(x, y, z)]=0, ‘- - - -’ Im[E(x, y, z)]=0.

Similar results are seen in Figs.4(a) and 12(a)–(c)
for β=π. The positions of vortices A, B and C at the
waist plane z=0 in Fig.4(a) are (x=–1.5mm, y=0),
(x=1.1mm, y=0), (x=4.2mm, y=0), respectively. As
can be seen from Fig.12(a), there are five compos-

ite vortices A (x=–1.5mm, y=0.4mm), B (x=1.6mm,
y=0.6mm), C (x=2.6mm, y=–4.1mm), D (x=4.8mm,
y=5.0mm) and E (x=7.5mm, y=–4mm), with l=–1,
+1, –1, +1 and –1, respectively at z/zR1=0.9. Vor-
tices A, B, C, D, E move to the positions (x=–1.8mm,
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y=0.2mm), (x=1.3mm, y=0.6mm), (x=2.2mm, y=–
4.5mm), (x=3.7mm, y=5.5mm) and (x=5.8mm, y=–
6.2mm), respectively, and additional two vortices F

(x=8.5mm, y=5.7mm), G (x=9.9mm, y=–5.1mm)
with l=+1, –1 appear at z/zR1=1 in Fig 12(b). In-
creasing z/zR1 to 4, we find that vortices D, E, F , G

disappear and there are three vortices A (x=–2mm,
y=0.2mm), B (x=3.5mm, y=3.1mm) and C (x=–
4.5mm, y=5.7mm). Therefore, it follows from Figs.11
and 12 that in the free space propagation the number
and location of composite vortices vary, i.e., compos-
ite vortices move, create and annihilate, but their net
topological charge lnet=–1 is conserved and equals to
the net charge at the waist plane z=0.

4. Conclusions

This paper makes a detailed study of compos-
ite optical vortices formed by two parallel and non-
collinear Laguerre–Gaussian beams and their propa-
gation in free space in the more general case, where the
amplitude, phase, waist width and off-axis distance of
the two component beams are not equal. Analytical

and numerical results have shown that the number and
location of composite vortices at the waist plane z=0
depend not only on the relative phase and distance,[11]

but also on the amplitude ratio, waist width ratio and
off-axis distance ratio. The net topological charge lnet

of composite vortices is not always equal to the sum
lsum of charges of the two component beams. In the
free-space propagation the motion, creation and anni-
hilation of composite vortices appear. The net charge
during the propagation is conserved and equals to that
at the waist plane z=0. For the case of the equal
waist width ratio ξ=1 and equal off-axis distance ra-
tio µ=1, Eqs.(10a) and (10b) reduce to Eqs.(18a) and
(18b) in Ref.[11], and the same results like Figs.5 and
6 in Ref.[11] can be obtained. It means that only un-
der such conditions the net topological charge at the
waist plane z=0 is conserved. For clarifying the main
results, two Laguerre–Gaussian beams with p1,2=0,
l1,2 = ±1 have been taken as an example. It is shown
that for the other cases, i.e., two Laguerre–Gaussian
beams with p1,2=0, l1,2=+1 or l1,2=–1, 0, the ap-
proach in this paper is applicable and similar conclu-
sions can be drawn.
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