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The splitting of potential energy levels for ground state X2Πg of Ox
2 (x = +1,−1) under spin–orbit coupling

(SOC) has been calculated by using the spin–orbit (SO) multi-configuration quasi-degenerate perturbation theory

(SO-MCQDPT). Their Murrell–Sorbie (M–S) potential functions are gained, and then the spectroscopic constants for

electronic states 2Π1/2 and 2Π3/2 are derived from the M–S function. The vertical excitation energies for Ox
2 (x =

+1,−1) are ν[O+1
2 (2Π3/2 → X2Π1/2)] =195.652cm−1, and ν[O−1

2 (2Π1/2 → X2Π3/2)] =182.568cm−1, respectively.

All the spectroscopic data for electronic states 2Π1/2 and 2Π3/2 are given for the first time.
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1. Introduction

Spin–orbit coupling (SOC)[1] is a kind of mag-
netic effect, and in fact, a relativistic effect. It brings
about two essential effects. One is the splitting of
multiple levels, which refers to the zero–field split-
ting or fine structure splitting, and the other is the
SOC mixing electronic states of different multiplici-
ties, which allows radiant transitions and non-radiant
transitions between them. The SOC is important,
because the coupling splitting value increases greatly
with the growing of nuclear charge.[2,3]

The interaction of O+
2 with an inorganic molecule

and a hydrocarbon molecule can induce the electric
charge transfer reaction in the vibration energy level of
O+

2 , which is significant for the gas analysis research.
O−2 is much important for human health，and it has
the reputation of ‘the growth hormone’ or ‘the air vi-
tamin’. Therefore, Ox

2 (x = +1,−1) have attracted a
lot of interest of researchers. Chandrasekhar et al [4]

have investigated the potential curves and the spectro-
scopic data of Ox

2 (x = +1,−1) by using the coupled

cluster calculation including single and double substi-
tutions (CCSD), the quadratic configuration interac-
tion calculation including single and double substitu-
tions (QCISD), the CCSD with triple excitations non–
iteratively (CCSD(T)) and the QCISD with a triples
contribution to the energy added (QCISD(T)) meth-
ods, separately. The vertical excitation energy from
2Π1/2 to 2Π3/2 has been obtained by Binkley et al
through the SO-CASCI method,[5] but there is a large
discrepancy between their result and the experimen-
tal value. However, up to now, the potential energy
curves and spectroscopic constants of the electronic
states 2Π1/2 and 2Π3/2 have been little studied.

In this paper, the energy level splitting of the
electronic state X2Πg of Ox

2 (x = +1,−1) under
SOC is theoretically studied by using the Gamess-US,
which is based on the SO multi-configuration quasi-
degenerate perturbation theory (SOC-MCQDPT).
Zhang[6] and Li[7] have adopted this method to calcu-
late the S2 and OH molecule, and the obtained results
conform to the experimental values.
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2. Computation details

2.1.The dissociation limits of the

ground states for Ox
2 (x = +1,−1)

To calculate and describe the full potential func-
tion of Ox

2 (x = +1,−1), we must determine the pos-
sible electronic states and reasonable dissociation lim-
its. O and O+, which belong to O(3) group, are in
their ground states 3Pg and 4Su, respectively. How-
ever, O+1

2 belongs to D∞h group. When O reacts with
O+, producing O+1

2 ion, the symmetry decreases ac-
cordingly. According to its irreducible representation,
the O(3) group can be resolved into the D∞h group
as follows:

3Pg → 3Σ−
g + 3Πg, and 4Su → 4Σ−

u .

In terms of the principle of the atomic and molec-
ular reaction static,[8] the direct product between
O(3Pg) and O+(4Su), 3Pg ⊗ 4Su → (3Σ−

g + 3Πg) ⊗
4Σ−

u → 2,4,6Σ+
u , 2,4,6Πu. O+1

2 , also has the exchange
of the excited energy, so there are other possible elec-
tronic states: 2,4,6Σ+

g , and 2,4,6Πg. And then we can
obtain

O(3Pg) + O+(2Pu) →
2,4,6Σ+

g , 2,4,6Σ+
u , 2,4,6Πg,

2,4,6Πu, (1)

which includes the electronic state X2Πg of O+1
2 . So

its reasonable dissociation limit is

O+1
2 (X2Πg) → O(3Pg) + O+(4Su). (2)

Similarly, the reasonable dissociation limit of the
electronic state X2Πg for O−1

2 can be expressed as

O−1
2 (X2Πg) → O(3Pg) + O−(2Pu). (3)

2.2.HSO Operator and SO-MCQDPT

method

Since the ordinary theoretical models for molec-
ular calculation come out of the non-relativistic
Schrödinger equation, it is reasonable to include spin–
orbit (SO) and other relativistic corrections in these
models. The SO-MCQDPT is based on single and
double excitations from the complete active space
(CAS) and the SOC, and it has several advantages
over other multi-reference (MR) methods. Firstly, it
is more efficient than other MR based methods such
as multi-reference configuration interaction (MR-CI)
and MR coupled cluster (MR-CC), because it does

not require iterations for diagonal equation or solu-
tion to linear equations. Secondly, it can obtain the
results within a chemical accuracy. Thirdly, it can de-
scribe open shells or excited states as well as closed
shell ground states in a single framework. The SOC
operator adopts the Breit–Pauli SOC operator in the
present work, and the Foldy–Wouthuysen transforma-
tion is employed for the simplification of the total
Hamiltonian.[9] The total Hamiltonian operator H can
be expressed as

H = HSF + HSO, (4)

where HSF is the spin-free Hamiltonian, and HSO is
the spin–orbit Hamiltonian.

The well-known non-relativistic Schrödinger op-
erator is

HNR = − ~
2

2m

∑

i

∇2
i −

∑

i

∑
α

Zαe2/riα

+
∑

i

∑

i

e2/rij +
∑
α

∑

β

ZαZβe2/rαβ . (5)

The spin-independent mass–velocity and the Dar-
win relativistic corrections (whose two-electron term
is often neglected) are given as follows:

HMV = − ~4

8c2m3

∑

i

∇4
i , (6)

HD = − π~2

2m2c2

[∑

i

∑
α

Zαe2δ(riα)

]
. (7)

These are often termed ‘scalar’ relativistic effects
which can be used to define the spin-free Hamiltonian,
also known as the Cowan–Griffin operator,

HSF = HNR + HMV + HD. (8)

The final term of the H operator is the SOC term,
also known as the Breit–Pauli SO operator,

HSO =
1

2m2c2

[∑

i

∑
α

Zαe2

r3
iα

ÎiαŜi

−
∑

i

∑

j

e2

r3
ij

Îiα(Ŝi + 2Ŝj)
]
, (9)

which contains the terms for both one-electron and
two-electron. In these formulas, Î and Ŝ are space
and spin angular momentum operators, respectively,
Îjα ≡ (ri −Rα)× Pi, Îij ≡ (ri − rα)× Pi, the Roman
and Greek subscripts denote electrons and nuclei, re-
spectively. The above models are integrated into the
Gamess-US[10] procedure.
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We have calculated the structure of electronic
state X2Πg under SOC, the spectroscopic parame-
ters and the potential energy functions, separately.
The 6-311++g (3df, 2pd) basis set is used for Ox

2

(x = +1,−1).

3. Results and discussion

3.1. Oxygen atom

Firstly, oxygen is taken as an example to prove the
validity of the SO-MCQDPT method. A comparison

between the calculated values and the experimental
results is listed in Table 1.

From Table 1, it can be seen that the energy levels
split due to the SOC, and the ground state 3P term
of the configuration 2S22P 4 for O splits into three
different J levels, i.e. 3P2,3P1 and 3P0. Comparing
the calculated values with the experimental values in
Table 1, we can see that the calculated results are in
good agreement with the experimental values, with
the Gamess-US used to process the low-lying states.
This method will be extended to Ox

2 (x = +1,−1)
molecular ions in view of this calculated result.

Table 1. Energy levels for oxygen atom (3P ).

configuration state J
measurement/cm−1 calculation/cm−1

level[11] interval level interval

2S22P 4 3P 2 0.0 158.5 0.00 156.3089 155.2077[7]

1 158.5 68.5 157.3089 155.2077[7] 71.3311 72.1[7]

0 226.5 228.64 231.13[7]

3.2.Ox
2 (x = +1,−1) molecular ions

For linear molecules under SOC, the coupling of
electronic states[12] can be expressed as

Ω = |Λ + Σ | , (10)

where Λ and Σ are orbit and spin angular momenta,
respectively. Under the SOC, electronic state X2Π is
split into 2Π1/2 and 2Π3/2 for Λ = 1, and Σ = ±1/2.

The diatomic potential energy function is the
foundation of constructing the polyatomic potential
energy function in the entire space.[13−19] All the po-
tential energy functions for the splitting of the ground
state are least-square fitted as the M–S function[20]

V = −De(1 + a1ρ + a2ρ
2 + a3ρ

3)exp(−a1ρ), (11)

where ρ = R − Re with R being the inter-atomic dis-
tance, and Re being its equilibrium distance.

As can be seen from Figs.1 and 2, it is ob-
served that the potential energy function curves each
have a minimum, which corresponds to the bal-
ance structure for the electronic state X2Πg of Ox

2

(x = +1,−1) under the SOC. The equilibrium dis-
tances from O+1

2 to the two states 2Π1/2 and 2Π3/2

are the same, i.e. Re = 0.11065 nm. Besides,
E (2Π1/2)=–31.13932 a.u., lower than E (2Π3/2)=
−31.13844 a.u., and the equilibrium distances from
O−1

2 to the two states 2Π1/2 and 2Π3/2 are the same,
i.e. Re=0.13441 nm. But E (2Π1/2)=–31.55396 a.u.

that is higher than E(2Π3/2)= –31.55552 a.u. at the
equilibrium distance. It is shown that the 2Π1/2 is the
ground state and the 2Π3/2 is the first exciting state
for O+1

2 . However, 2Π3/2 is the ground state and the
2Π1/2 is the first exciting state for O−1

2 . In terms of
the second rule of Hund, the number of electrons in
the outermost-shell is less than or equal to that in the
half-shell, the smaller the value of J is, the smaller the
energy will be. On the contrary, the smaller the value
of J is, the bigger the energy will be. Because the
electronic configuration is σ2π4σ2π1 for the ground
state X2Πg of O+1

2 , the number of electrons in the
outermost-shell is less than that in the half-shell. But
for O−1

2 , the electronic configuration is σ2π4σ2π3, so
the number of electrons in the outermost-shell is larger
than that in the half-shell.

Fig.1. The potential energy curve of the electronic states

X2Π1/2(1) and 2Π3/2(2) of O+1
2 .
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Fig.2. The potential energy curve of the electronic states

X2Π3/2(1) and 2Π1/2(2) of O−1
2 .

The parameters a1, a2, a3, Re and De of the po-
tential energy functions for the corresponding states
2Π1/2 and 2Π3/2 are obtained by the least-squares fit-
ting. Comparing the calculated dissociation energy
(De) and the vertical excitation energy (Te) with the
experimental values in Table 2, we can see that the
calculated results are in good agreement with the ex-
perimental values. Figures 3 and 4 show the details
of the potential energy curves of the electronic states
2Π1/2 and 2Π3/2 for Ox

2 (x = +1,−1). The results
show that the fitting values are close to the calcu-
lated data by using the SO-MCQDPT method for Ox

2

(x = +1,−1).

Fig.3. The Murrell–Sorbie potential energy curves of

the electronic states Π1/2(O+1
2 ) (curve 1) and Π3/2(O−1

2 )

(curve 2).

Fig.4. The Murrell–Sorbie potential energy curves of the

electronic states 2Π3/2(O+1
2 ) (curve 1) and 2Π1/2(O−1

2 )

(curve 2).

Table 2. Parameters of Murrell–Sorbie potential functions of 2Π1/2 and 2Π3/2 for Ox
2 (x = +1,−1).

ion state Re/nm De/cm−1 a1/nm−1 a2/nm−2 a3/nm−3 Te/cm−1

O+
2 X2Π1/2 MCQDPT 0.11065 6.7818 49.448 435.72 3747.7 0

2Π3/2 MCQDPT 0.11065 6.7821 49.208 425.34 3492.76 195.652, 197.3[2], 200.2[21] 155.9[5]

X2Π Exp.[2] 0.11164 6.7806

O−2 X2Π3/2 MCQDPT 0.13441 4.1625 44.8398 570.047 5722.80 0

2Π1/2 MCQDPT 0.13441 4.1627 44.6026 557.199 5572.18 182.568

X2Π Exp.[2] 0.135 4.1613

Moreover, it is easy to derive the force constants
f2, f3 and f4 from the M–S function, and then calcu-
late the spectroscopic data ωe, ωeχe, Be and αe. All
these data are listed in Tables 3 and 4, respectively.
The corresponding formulas are as follows:

f2 =
d2V

dr2

∣∣∣∣
r=Re

= De(a2
1 − 2a2), (12)

f3 =
d3V

dr3

∣∣∣∣
r=Re

= −6De(a3 − a1a2 +
1
3
a3
1), (13)

f4 =
d4V

dr4

∣∣∣∣
r=Re

= De(2a4
1 − 12a2

1a2 + 24a1a3), (14)

Be =
h

8π2µcR2
e

, (15)

αe = −6Be2

ωe

(
f3Re

3f2
+ 1

)
, (16)

ωe =

√
f2

4π2µc2
, (17)

ωeχe =
Be

8

[
−f4R

2
e

f2
+ 15

(
1 +

ωeαe

6B2
e

)2
]

. (18)
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Table 3. Force constants of 2Π1/2 and 2Π3/2 for Ox
2 (x = +1,−1).

ion state f2/(102aJ·nm−2) f3/(103aJ·nm−3) f4/(104aJ·nm−4)

O+
2 X2Π1/2 MCQDPT 17.44487 –124.78483 455.88486

2Π3/2 MCQDPT 17.52436 –125.42533 450.80197

O−2 X2Π3/2 MCQDPT 5.80562 –40.87040 302.28430

2Π1/2 MCQDPT 5.83575 –41.20541 302.52787

Table 4. Spectroscopic constants of 2Π1/2 and 2Π3/2 for Ox
2 (x = +1,−1).

ion state ωe/cm−1 ωeχe/cm−1 Be/cm−1 αe/cm−1

O+
2 X2Π1/2 MCQDPT 1924.124 15.417 1.70321 0.01482

2Π3/2 MCQDPT 1928.503 15.549 1.70321 0.01480

O−2 X2Π3/2 MCQDPT 1109.982 8.289 1.20225 0.01683

2Π1/2 MCQDPT 1112.859 8.485 1.20225 0.01686

4. Conclusions

The theoretical research of molecular ion struc-
ture for Ox

2 (x = +1,−1) under the SOC has been
carried out by using the method of SO-MCQDPT in
Gamess-US package.

The calculations for the three sublevels 3P2, 3P1

and 3P0 of the ground term 3P of oxygen atom are in
good agreement with the experimental values. These

results justify the feasibility of the SO-MCQDPT
method. The potential energy curves for the 2Π1/2

and 2Π3/2 have been fitted by the least-square fit-
ting with the M–S analytical function, and the rel-
evant spectrum constants (ωe, ωeχe, Be, αe) of the
two states have been obtained for the first time in
our research. The vertical excitation energies for Ox

2

(x = +1,−1) are in line with the experimental data.
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