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By using star product method, the He-McKellar—-Wilkens (HMW) effect for spin-one neutral particle on non-

commutative (NC) space is studied. After solving the Kemmer-like equations on NC space, we obtain the topological

HMW phase on NC space where the additional terms related to the space-space non-commutativity are given explicitly.
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1. Introduction

The study of physics effects on non-commutative
(NC) space has attracted much attention in re-
cent years. Because the effects of the space non-
commutativity may become significant at the very
high energy scale. Besides the quantum field theory,
there are many papers devoted to the study of vari-
ous aspects of quantum mechanics on NC space.[!=?]
For example, the Aharonov—Bohm (AB) phase on NC
space and NC phase space has been studied in Refs.[1-
3]. The Aharonov—Casher (AC) phase for the spin-1/2
and spin-1 particles on NC space and NC phase space
has been studied in Refs.[4-7]. The He-McKellar—
Wilkens (HMW) effect on commutative space was first
discussed in 1993 by He and Meckellar'”) and a year
later, independently by Wilkens.') The HMW effect
corresponds to a topological phase related to a neutral
spin-1/2 particle with non-zero electric dipole moment
moving in the magnetic field, and in 1998, Dowling,
Williams and Franson pointed out that the HMW ef-
fect can be partially tested by using metastable hy-
drogen atoms.['?) HMW phase for a spin-1 /2 particle
on NC space and NC phase space has been studied in
Ref.[8]. But the HMW effect for neutral particle of
spin-1 on NC space is still missing, so the purpose of
this paper is to find HMW phase on NC space.

We briefly review some basic properties of non-
commutative space. On NC space the coordinate
Z, and momentum p, operators satisfy the following

commutation relations (taking h =c¢=1)

[i‘ln i‘)\] = iQV}w [ﬁl/7ﬁ/\] = 07 [j}lhp\k] = i511/\7 (1)
where 6, is an element of an antisymmetric matrix,
and is related to the energy scale. It represents the
non-commutativity of the NC space.

Non-commutative quantum mechanics can be
constructed from commutative quantum mechanics by
replacing the usual product between Hamiltonian and

wave function with a star product. The star product
between the two functions is defined as

(£ +9)(a)
= 49000 () g ()

= [@)g(@) + 3Ondfrg], _, +0(67), (2

T, =

where f(z) and g(z) are two arbitrary functions.

2. The Kemmer equation and
HMW effect

Like Aharonov—Bohm and Aharonov—Casher
topological effects, the HMW effect can also be stud-
ied in 2 4+ 1 dimensions. The ordinary configuration
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of HWM effect is a neutral particle with nonzero elec-
tric dipole moment pu, that moves in a pure magnetic
field produced by an infinitely long filament which is
uniformly charged with magnetic charge (monopoles),
and the filament is perpendicular to the x — y plane.
—1). The
Lagrange of a spin-1 neutral particle with electric

We use the conventions g, = diag(l, —1,

dipole e moving in the electromagnetic field is given
by

L:&Qwa—;mﬁmﬁw—m)¢ 3)

where IE‘W = lewalgFO‘ﬁ is the (3 + 1)-dimensional
dual of the electromagnetic field tensor; the 10 x 10
matrices B are generalization of the 4 x 4 Dirac
gamma matrices, and the definition of these matri-
ces can be found in Refs.[13-16]. They satisfy the
following relation

ﬁuﬁkﬁp + ﬁpﬁ)\ﬁu = ﬁl/g)\p + 5/)91/)\- (4)

Other algebraic properties of the Kemmer S-matrices
were given in Ref.[14]. S), is the Dirac oy, like spin
operator, which is defined as

Sh = 5 (30 = B0 o)

Thus in an electromagnetic field, the Kemmer equa-
tion of motion of a spin-1 neutral particle with electric
dipole moment g, is

GW&;%&JMm»¢O- (6)

We write the solution of the above equation in the
following form

¢ =e & Jradr g, (7)

where a is a vector which will be determined soon;
¢p is a solution of the free Kemmer equation; and the
spin-1 pseudo-vector operator &, is defined as

& = icurpe P00, (8)

where €, ¢ is the Levi-Civita symbol in four dimen-
sions. To find the explicit form of the vector a in
Eq.(7), first we write the free Kemmer equation for

¢p in terms of ¢
(i3, —m) ez adr g — . (9)

Then the equivalence of Egs.(6) and (9) can be ob-
tained by imposing the following two conditions:

o183 [Ta dr BY olés JTa-dr _ B, (10)

and
v 1 AP 70l
BY&za,0 = iues)\pF ¢ = peSotF . (11)

By comparing Eq.(10) with the Baker-Hausdorf for-
mula
oG gY GiAGs
= 0"+ p(=iN)[gs, 87]

+%@(—i)\)2[€37 €3, 8] - 12)

one obtains [£3, Y] = 0, where p stands for path or-
If v # 3 this
commutation relation is automatically satisfied; how-

dering of the integral in the phase.

ever, for v = 3, by using Eqs.(4) and (8), one finds
that the commutator does not vanish. Therefore, in
order to fulfil the first condition the particle should
be restricted to move in x — y plane, that is, B, = 0.
In particular, 93¢ = 0 and az3 = 0. From the second
condition in Eq.(11), by using Egs.(4), (5) and (8),
one obtains

a; = Z,U/eglkBlw la k= 1, 2. (13)

Thus the HMW phase for a neutral spin-1 particle
moving in a 2 4+ 1 space time under the influence of
a pure magnetic field produced by an infinitely long
filament which is uniformly charged with magnetic
monopoles, is given by

PHMW = 53%0 ~dr = 2p05e"" ]{Bzdxk

= 2/1@53 ]{(—Bldxg + BQd.’El). (14)

The above equation can also be written as

= -dr = \V4 -dS
PHMW 53%(1 T 53/8( X a)
= 2ue83 L(V : B)dS = 2p1e&3Am, (15)

where A\, is the magnetic charge density of the fila-
ment. This spin-1 HMW phase is also purely a quan-
tum mechanical effect and has no classical interpreta-
tion. One may note that the HMW phase for spin-1
particles is exactly the same as that for spin-1/2 par-
ticles, except that the spin and spinor have changed.
The factor of two shows that the phase is twice that
accumulated by a spin-1/2 particle with the same elec-
tric dipole moment coupling constant, in the same
magnetic field.
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3. The HMW effect on NC space

In this section we will study the HMW phase
by using star product method on non-commutative
space. From the discussion of the introduction part,
the equation of motion for a neutral spin-1 particle
with a nonzero electric dipole moment moving in an

electromagnetic field, on NC space, is given by

(iﬂ”@u - %MCSAPF’\” - m> * ¢ =0. (16)

Considering Eq.(7), we assume that on NC space the
solution of the above equation can be set to

¢) = eii£3f¢07 (17)
where f is the time-independent scalar phase which
can be determined from the following calculation. By
using Eq.(12) and [8,,&3] = 0, Eq.(16) can be rewrit-
ten as

iﬁua“(fgf) (e—iésf%)
0 S0g PP 5 (7 o) = 0. (18)
Define k; as
90 = (ik;) 0. (19)
Considering that a neutral particle moves in a pure

magnetic field and expanding the second term in
Eq.(18) up to the first order of 6, one obtains

1840, (&) — peSo FO — %Neeijai(SOZFOZ)aj(f?»f)

i ~ o .
—iﬂeaijai(S()lFOl)aj(lk‘]) exp[—lfgf}gbo =0. (20)
We expand f up to the first order in 6

f=fO4or® ... (21)

and notice that in a two-dimensional NC space, 6% =
0%, then we obtain the following equations.

{ﬂ“au (1§3f(0) - %(501150[)} ¢o =0, (22)
|:/8M8u <§3f(1) - %Megijai (Sozpm) 0 <§3f(0)>

f%ucsl—j&- <SQ[FOZ) aj (lk]):| ¢0 =0. (23)

After a straightforward calculation, from Eq.(22),
we obtain
T1O = 2, (B x ). (24)

Then, the zero-order approximation of the phase is
given by

o= & VIO ar

Qtels 7{(3 x k) - dr

= 2”653 ‘%(—Bld!EQ + BQd-rl)v (25)

which is just the HMW phase in the commuting space
(refer to Eq.(14)). Now consider the first-order cor-
rection. Substituting Eq.(25) in Eq.(23), and after
a long but straightforward calculation (the MATHE-
MATICA software is used), the following correction
to ¢g is obtained for a neutral particle with nonzero
electric dipole moment p, with spin-1 (s3 = 1,0, —1),

£y = b6 V0 ar
= Hue§35ijfkj(8i32dx1 - 8iBld$2)

+2953u§§35"jf (lAc X B) ‘
J
X[(alBg)dI'l — (81B1)dl‘2] (26)
The solution (17) then reads
b = el (Potide) (27)

and the total phase shift for the HMW effect is given
by

¢ = ¢o + L. (28)
The A¢ is the correction of the space-space non-
commutativity for HMW effect. If pe — pm,B —
—FE, then the HMW effect will coincide with the non-
commutative Aharonov—Casher (AC) effect.

4. Conclusion

In this paper we have studied the topological
HMW phase on NC space. First the Kemmer equa-
tion of spin-1 neutral particle in an electromagnetic
field on NC space can be obtained by replacing the
usual product in the Kemmer equation on commut-
ing space with a star product. Then after calcula-
tion of the star production, we obtain the solution of
the NC Kemmer equation. Finally the NC topolog-
ical phase is obtained explicitly up to the first order
of NC parameter 6. The 6-dependent term (Ad¢y) is
divided into two parts (see Eq.(26)), the first part is
a velocity-dependent correction, which does not have
the topological properties of the commutative HMW
effect and could modify the phase shift. The second
part is a correction to the vortex, which does not con-
tribute to the line spectrum. The method employed in
this paper can also be applied to other quantum me-
chanics problems on NC space, which will be reported
in our further studies.
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