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Considering such a fact that travellers dynamically adjust their routes and the resultant link traffic flows in a

network evolve over time, this paper proposes a dynamical evolutionary model of the traffic assignment problem with

endogenous origin–destination (OD) demands. The model’s stability is analysed and the resultant user equilibrium

(UE) state is shown to be stable under certain conditions. Numerical results in a grid network indicate that the model

can generate convergent flow patterns and finally terminates at the UE state. Impacts by the parameters associated

with OD demand function and link cost function are also investigated.
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1. Introduction

The fundamental aim of traffic assignment is to
find link or path flow patterns, given the origin-
destination (OD) trip rates, network topology, and
link performance functions. The result of the assign-
ment is an estimate of traffic volume on each link in
the network, and the associated measures of system
performance. To do so, we have to make some as-
sumptions which describe how commuters make their
travel decisions. A well received assumption in the lit-
erature is that all travellers have perfect information
about traffic conditions over the entire network and
make consistently correct decisions in route choice,
leading to the deterministic assignment models. The
user equilibrium (UE) model assumes that all trav-
ellers minimize their own individual travel costs on
transportation networks, consequently all routes actu-
ally used for a specific OD pair have equal travel cost
which is less than that on any of the unused paths.

Most existing studies centre on the final UE state
while ignoring the evolution process of reaching the
state.[1] In fact, travellers may adjust their routes
every day and the resultant link flows evolve over
time. Moreover, with the development of Intelligent
Transportation Systems (ITS), travellers can more fre-

quently update their routes under the help of traffic
information provided by ITS. Obviously, the dynami-
cal evolution process of traffic assignment is an impor-
tant topic for better understanding various UE mod-
els, from point of either theoretical interest or practi-
cal purpose. Hence, the studies about the evolution
of UE state gradually increase.[2−19]

In this paper, we propose a new dynamical evo-
lution model of traffic assignment problem with en-
dogenous OD demands. The model reasonably for-
mulates travellers’ behaviour on adjusting demands
and routes. It is shown that the UE state or a par-
tial UE state[7,8] can be approached along travellers’
behaviour adjustment process over time. If the travel
cost on each link increases with link flow and the de-
mand between each OD pair decreases with OD cost,
the UE state is then stable.

2. The model and stability analy-

sis

Consider a transportation network G = (N, A),
where N and A denote the sets of nodes and links,
respectively. Let Krs denote the set of routes between
OD pair (r, s), xa the flow on link a, x = (· · · , xa, · · · ),

∗Project supported by the National Basic Research Program of China (Grant No 2006CB705503) and the National Natural Science

Foundation of China (Grant No 70521001).
†Corresponding author. E-mail: haijunhuang@buaa.edu.cn
http://www.iop.org/journals/cpb　http://cpb.iphy.ac.cn



No. 5 Dynamical evolution processes of traffic flow and travel cost in · · · 1699

frs
k the flow on route k connecting OD pair (r, s),

frs = (· · · , frs
k , · · · ), f = (· · · , frs, · · · ), and Γ a(x)

the travel cost on link a, Γ = (· · · ,Γa, · · · ). Let
δrs
a,k be an element of the link-route incidence ma-

trix, δrs
a,k = (1 if link a is on route k connecting OD

pair (r, s) and 0 otherwise), ∆rs = (· · · , δrs
a,k, · · · ),

∆ = (· · · ,∆rs, · · · ), wrs
k an element of the route-OD

pair incidence matrix, wrs
k = (1 if route k connects

OD pair (r, s) and 0 otherwise), W = (· · · , wrs
k , · · · ),

and Crs
k (f) the travel cost on route k between OD

pair (r, s), Crs = (· · · , Crs
k , · · · ), C = (· · · , Crs, · · · ).

Let urs be the minimum travel cost between OD pair
(r, s), u = (· · · , urs, · · · ), and Drs(u) the travel de-
mand between OD pair (r, s), D = (· · · , Drs, · · · ).
Clearly, we have a relation C(f) = ∆TΓ (∆f).

Assume that all link costs Γ (x) monotonically in-
crease in link flows x and all OD demands D(u) mono-
tonically decrease in OD costs u.[4] We are now inter-
ested in articulating a continuous dynamical adjust-
ment mechanism which finally leads to a UE state con-
cerning the congestion externality and demand elastic-
ity. Particularly, we will develop a model to formulate
this mechanism, governing the demand and route ad-
justment from day to day.

Suppose travellers always choose routes with min-
imum travel costs. Hence, if the cost on route k, Crs

k ,
is larger than the minimum OD cost, urs, some trav-
ellers on route k will shift to routes with smaller costs
on the next day and as a result, the flow on route k

declines and the flows on other links increase. Simi-
larly, if the OD demand computed from OD cost, Drs,
is higher than the sum of all path flows between OD
pair (r, s), the OD cost, urs, should increase on the
next day. This mechanism can be formulated as

frs
k (t + ∆t)

= frs
k (t)−∆tκrs

k frs
k (t) (Crs

k (f(t))− urs(t)) , (1a)

urs(t + ∆t)

= urs(t) + ∆tηrsurs(t)
(

Drs(u(t))−
∑

k∈Krs

frs
k (t)

)
, (1b)

where ∆t (time step) may represent one day, κrs
k and

ηrs are positive parameters controlling the adjustment
size every time step. Equation (1) in fact corresponds
to a continuous dynamical system model:

ḟrs
k (t) = −κrs

k frs
k (t) (Crs

k (f(t))− urs(t)) , (2a)

u̇rs(t) = ηrsurs(t)
(

Drs(u(t))−
∑

k∈Krs

frs
k (t)

)
. (2b)

The above model is much simpler than those proposed

in Refs.[4,5] and easy to understand. For the rela-
tionship between a specific initial state and hereafter
evolution, the following properties hold: if frs

k (0) = 0
for all routes and OD pairs, then frs

k (t) = 0 for any
t > 0; if frs

k (0) > 0, then frs
k (t) ≥ 0 for any t > 0; if

urs(0) > 0, then urs(t) ≥ 0 for any t > 0.
Undergoing a long process of adjustment, the sys-

tem Eq.(2) will evolve to a point with ḟrs
k (t) = 0 and

u̇rs(t) = 0. This point may have three types of flow
patterns as follows.

(i) There exists one or more OD pair (r, s) with
urs = 0 and frs

k = 0, k ∈ Krs. In this case, if a
small perturbation occurs on urs, leading to urs > 0,
then Drs(u) > 0 and u̇rs(t) > 0. Hence, the evolution
termination point is unstable.

(ii) For any OD pair (r, s), urs > 0 and a partial
UE flow pattern is reached.[8] The so-called partial UE
refers to such a state that all actually used routes have
identical cost but there exist some unused routes hav-
ing smaller costs. Using the method similar to Ref.[8],
we can prove that this flow pattern is unstable.

(iii) For any OD pair (r, s), urs > 0 and an UE
flow pattern is implemented. In the next, we briefly
show that this point is stable under certain conditions.

It is well known in static traffic assignment that
if link cost function and OD demand function mono-
tonically increases and decreases, respectively, there
exist such a UE flow f∗ and corresponding OD cost
u∗ that the equations frs∗

k (Crs
k (f∗)− u∗rs) = 0 and

Crs
k (f∗) ≥ u∗rs hold for all k ∈ Krs.

For verifying the stability of the system (2) un-
der appropriate conditions, we adopt the Lyapunov
function and the stability theorem.[4,20] Let (f∗, u∗)
be the flow and OD cost in an UE state. If link cost
function Γ (x) monotonically increases in x, and D(u)
monotonically decreases in u, the following continuous
differentiable function

V (f, u) =
∑
rs

∑

k

(frs
k (t)− frs∗

k (t))2

+
∑
rs

(urs(t)− urs∗(t))2 (3)

is a Lyapunov function of the dynamical system Eq.(2)
around the UE state. This says, the above function
has three properties: (i) V (f, u) > 0 if (f, u) ≥ 0
and (f, u) 6= (f∗, u∗), (ii) V (f∗, u∗) = 0 and (iii)
V̇ (f, u) ≤ 0 if (f, u) ≥ 0.

According to the definition Eq.(3), we can see
that the first two properties are natural. We have
only to prove that the function Eq.(3) has the third
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property. Let y = (f, u)T, B =
(

∆ 0

0 I

)
, F (By) =

(
Γ (∆f)

−D(u)

)
, G =

(
0 −W

WT 0

)
, E = BTF (By) + Gy,

where I is a unit matrix. Then, the dynamical sys-
tem Eq.(2) can be expressed as ẏ = −bE, where
b = diag(· · · , κrs

k frs
k , · · · , ηrsurs, · · · ). Substituting ẏi

into V̇ (f, u) = 2
∑
i

(yi − y∗i )ẏi, we obtain

V̇ (f, u) = 2
∑

i

(y∗i − yi)biiEi. (4)

Since Γ (∆f) and −D(u) monotonically increase in
x = ∆f and u respectively, then, F (By) is mono-
tonically increasing in By. We conclude that

[BTF (By)]T(y∗ − y) ≤ [BTF (By∗)]T(y∗ − y). (5)

Furthermore, since y∗ is a UE solution, we then have

[BTF (By∗) + Gy∗]T(y∗ − y) ≤ 0. (6)

Combining Eqs.(5) and (6) we have

[BTF (By)]T(y∗ − y) ≤ [Gy∗]T(y − y∗). (7)

Adding (Gy)T(y∗ − y) to both sides of Eq.(7), we ob-
tain

[BTF (By)+Gy]T(y∗−y) ≤ [Gy∗−Gy]T(y−y∗). (8)

Since E = BTF (By)+Gy and [Gy∗−Gy]T(y−y∗) =
−(y − y∗)TGT(y − y∗), Eq.(8) becomes ET(y∗ − y) ≤
−(y − y∗)TGT(y − y∗), where the right-hand side is
zero. This follows

ET(y∗ − y) ≤ 0. (9)

The above result holds for arbitrary y(≥ 0). Combin-
ing Eqs.(4) and (9) and considering that b is a matrix

with nonnegative elements on the diagonal line and
zero elsewhere, we obtain

V̇ (f, u) = 2ETb(y∗ − y) ≤ 0. (10)

This completes the proof.
According to the stability theorem,[4,20] we con-

clude that if (f, u) are non-negative, link cost Γ (x)
monotonically increases and OD demand D(u) mono-
tonically decreases, then the UE state of dynamical
system Eq.(2) is stable.

3. Numerical analysis

We now apply the dynamical system model in an
example network shown in Fig.1. This network con-
sists of 4 OD pairs, 13 nodes, 19 links and 25 routes.[21]

Fig.1. The example network.

The following BPR (Bureau of Public Roads) link
cost functions are adopted

Γa(xa) = Ua + Va(xa/Ka)4, (11)

where Ua is the free flow cost of link a, Ka is the link
capacity and Va is a positive constant. Table 1 lists
the values of all parameters associated with link cost
functions.

Table 1. Parameters of link cost functions.

links Ua Va Ka links Ua Va Ka links Ua Va Ka

1 1 0.060 30 8 4 0.030 50 15 3 0.045 30

2 2 0.090 30 9 3 0.075 30 16 1 0.080 30

3 1 0.030 50 10 3 0.055 30 17 2 0.090 40

4 2 0.075 30 11 2 0.060 30 18 4 0.040 50

5 2 0.045 30 12 4 0.050 30 19 2 0.075 30

6 3 0.060 40 13 2 0.030 50

7 4 0.030 30 14 4 0.085 40
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The OD demand function is given by

Drs(urs) = D0
rs/(1 + exp (γ(urs − ũrs))), (12)

where D0
rs is the maximal demand between OD pair

(r, s), ũrs and γ are two positive parameters. Let
(D0

12, D
0
13, D

0
42, D

0
43) = (240, 260, 250, 240), (ũ12, ũ13,

ũ42, ũ43) = (40, 30, 50, 60), and γ = 0.001. For each
route, the initial flow is set to be 20 and the initial
cost between each OD pair is set to be 50. The study
time period [0, 15] is equally divided into 7500 inter-
vals. All κrs

k and ηrs for controlling the adjustment
size are set to be 0.1.

Fig.2. Evolutionary trajectories of route flows and route costs between OD pair (1, 2).

Figure 2 shows the evolutionary trajectories of
route flows and route travel costs between OD pair
(1, 2). There are 8 routes connecting the OD pair (1,
2). It can be seen that either route flows or route costs
asymptotically converge to stable values. At the sta-
ble state, travel costs on routes 2 and 6 (dotted lines
in the right-hand side) are larger than costs on other
routes, thus these two routes have no flow (dotted lines
in the left-hand side). Other routes are actually used
by travellers, so they have identical and minimal travel
costs. Obviously, the dynamical system can evolve to
an UE state. For saving space, we hereinafter do not
present the results between other OD pairs.

Figure 3 displays the evolution of travel cost and
traffic demand between OD pair (1, 2) subjected to
different values of the maximal demand. When D0

12

increases from 180 to 270 and other parameters re-
main unchanged, the OD travel cost u12 and the im-
plemented OD demand D12 at stable state increase
correspondingly. It can be seen that both u12 and
D12 increase with equal sizes when D0

12 increases with
30 each time. However, oscillation can be observed at
the earlier stage of the evolution.

Figure 4 shows the evolution of travel cost and
traffic demand between OD pair (1, 2) subjected to
different values of the capacity on link 1. It can be
seen that the OD cost u12 and the implemented de-
mand D12 at stable state decreases and increases, re-
spectively, but with different sizes each time when the
capacity K1 increases equally. We can also observe
that oscillation at earlier stage is negatively propor-
tional to the link capacity.

Fig.3. Evolution of travel cost and implemented demand between OD pair (1, 2) with different D0
12.
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Fig.4. Evolution of travel cost and implemented demand between OD pair (1, 2) with different K1.

4. Conclusions

How do the route flows and travel costs in a traffic
network evolve to an UE state? By proposing a dy-
namical system model of traffic assignment, we have
basically answered this question in this paper. The
model is simple in the form and easy to understand,
but can well reproduce the evolution process of travel
behaviour adjustment from disequilibrium to equilib-
rium. We have shown that the UE state of the dynam-
ical system is stable under certain conditions, i.e., all
link costs increase in link flows and all OD demands
decrease in OD costs. Numerical results in a grid net-

work verify our theoretical analyses. Furthermore, we
illustrate that the model can be used to investigate
the dynamical impacts on evolution by the param-
eters associated with OD demand function and link
cost function.

Our on-going researches include the day-to-day
evolution of route choice behaviour under different
road toll schemes and different market penetration
levels of advanced traveller information systems.[22,23]

It is also interesting to investigate various disequi-
librium congestion pricing policies toward system
optimum.[24]
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