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Bifurcation characteristics of the Langford system in a general form are systematically analysed, and nonlinear

controls of periodic solutions changing into invariant tori in this system are achieved. Analytical relationship between

control gain and bifurcation parameter is obtained. Bifurcation diagrams are drawn, showing the results of control for

secondary Hopf bifurcation and sequences of bifurcations route to chaos. Numerical simulations of quasi-periodic tori

validate analytic predictions.
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1. Introduction

The dynamics and bifurcation control in problems
governed by three-dimensional autonomous differen-
tial systems have been greatly interested in the past
two decades. Dynamics of three-dimensional systems
near one of their periodic orbits is very rich in terms
of bifurcation and its stability. When a periodic so-
lution becomes unstable, stability may be transferred
to a stable period-doubling motion with exactly twice
or more the period of the given orbit, or to a sta-
ble quasi-periodic motion with two fundamental peri-
ods, which can be represented on a two-dimensional
torus.[1] Systems undergoing a sequence of period-
doubling or quasi-periodic bifurcations will result in
chaotic motion. Investigations have been made about
period-doubling bifurcation,[2] quasi-period tori[3−5]

and route to chaos.[6] In modern nonlinear dynamics
bifurcation control plays an important role.[7] Con-
trollers can be designed to shift the location of bi-
furcation point, to change the stability of bifurcation
and to modify the amplitude of limit cycle, etc.[8] Sev-
eral methods for bifurcation control have recently been
presented.[9−11] Either letting a periodic orbit trans-
form to a torus or a torus be delayed for certain bi-

furcation parameters can be achieved by control with
a proper choice of control gains.

The Langford system was originally proposed by
Hopf[12] as a possible model for describing fluid dy-
namic turbulence and is a three-dimensional system
with high degree of symmetry. Studies indicate that
the Langford system has very rich bifurcation be-
haviours. A good qualitative analysis of the regular
motion in the Langford system is given in Ref.[13] and
its chaotic behaviour is studied in Ref.[14]. First Hopf
bifurcation analysis and control via linear state feed-
back have been investigated in our previous work.[15]

All these researches include only one set of parame-
ters. In the present work, however, we will analyse
the secondary Hopf bifurcation, i.e. the bifurcation
solutions of the periodic solution, and manage to con-
trol it by a nonlinear controller without changing the
location of the first Hopf bifurcation. And then, we
study a general form of the Langford system and dis-
cuss in detail with another set of system parameters.

Static and dynamic bifurcations in the Langford
system will be analysed in the next section. A non-
linear control of periodic solutions into invariant tori
is designed and parameter–gain curves predicting sec-
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ondary Hopf bifurcation are drawn in Section 3. Sec-
tion 4 presents bifurcation diagrams and simulations
of quasi-periodic bifurcations for the controlled sys-
tem. Finally, conclusion is given in Section 5.

2. Bifurcation analysis

The Langford system in a general form is de-
scribed as

ẋ1 = (µ− a)x1 − bx2 + x1x3 + cx1(1− x2
3),

ẋ2 = bx1 + (µ− a)x2 + x2x3 + cx2(1− x2
3),

ẋ3 = µx3 − (x2
1 + x2

2 + x2
3). (1)

where µ is the bifurcation parameter, a, b and c are
system parameters in real numbers of a > 0, b > 0,
c > 0. Its bifurcation characteristics will be analysed

in the following subsection.

2.1. Static bifurcation

It is easy to find that system (1) has two equilib-
rium points: E0 = (0, 0, 0) and E1 = (0, 0, µ).

The Jacobian L0(µ) of system (1) at the equilib-
rium point E0 is

L0(µ) =




µ− a −b 0

b µ− a 0

0 0 µ


 , (2)

with the corresponding eigenvalues λ1,2 = µ−a+c±ib,
λ3 = µ.

At the equilibrium point E1 the Jacobian L1(µ)
of system (1) is

L1(µ) =




2µ− a + c(1− µ2) −b 0

b 2µ− a + c(1− µ2) 0

0 0 −µ


 , (3)

which has a pair of complex conjugate eigenvalues
λ1,2 = α(µ) ± iω(µ) with α(µ) = 2µ − a + c(1 − µ2)
and ω(µ) = b and a real eigenvalue λ3(µ) = −µ.

When a − c > 0, for µ < µ∗ = 0 the equilibrium
point E0 is stable while the equilibrium point E1 is
unstable; but for µ > µ∗ = 0, E0 becomes unsta-
ble while E1 turns to be stable before the first Hopf
bifurcation occurs. Therefore, (0, 0, 0; 0) is a static bi-
furcation point and system (1) exhibits a transcritical
bifurcation (see Fig.3 at the end of section 2).

2.2. First Hopf bifurcation

At the equilibrium point E0, system (1) has a pair
of purely imaginary eigenvalues and a real eigenvalue
for µ = µ0 = a− c, where first Hopf bifurcation takes
place. While for a − c > 0, it exhibits an unstable
Hopf bifurcation; when a− c < 0, it exhibits a stable
Hopf bifurcation.

At the equilibrium point E1, system (1) under-
goes a first Hopf bifurcation for some value µ = µ0

when satisfying

2µ− a + c(1− µ2) = 0,

− µ < 0,

1− cµ 6= 0. (4)

A family of limit cycles will emerge from the bifurca-
tion point (0, 0, µ0;µ0). Solving Eq.(4), we have:
(FH1) If c = 0, then the first Hopf bifurcation value

is µ = µ0 =
1
2
a.

(FH2) If c 6= 0 and simultaneously c < a <
1 + c2

c
,

then the first Hopf bifurcation value is

µ = µ0 =
1
c
(1−

√
1− ac + c2).

Note that we do not concern with another solution

µ = µ0 =
1
c
(1 +

√
1− ac + c2),

because it corresponds to an unstable Hopf bifurca-
tion. Setting a = 3, c = 0.2, results in µ0 = 5−√11 .=
1.6834. Figure 1 shows the numerical simulation of
limit cycles in system (1) with a = 3, b = 0.25, c = 0.2,
µ = 1.72.

For µ0 presented in FH1 and FH2, α′(0) =
2(1 − cµ0) > 0 is easily deduced from α(µ) =
2µ − a + c(1 − µ2) and the stability index β2 =

−2(1− 2cµ0)
µ0

< 0 is obtained according to the the-

ory of Hopf bifurcation.[1] So the first Hopf bifurca-
tion is supercritical and the limit cycle is stable at the
bifurcation point (0, 0, µ0;µ0).
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Fig.1. Numerical simulation of limit cycles in system (1) with a = 3, b = 0.25, c = 0.2 and

µ = 1.72. (a) Time–displacement curve, (b) 3D phase space trajectory.

2.3. Secondary Hopf bifurcation

When the periodic solution becomes unstable, the
motion may be transferred to a quasi-periodic one,
and a secondary Hopf bifurcation takes place; also a
two-dimensional torus emerges from the periodic so-
lution to substitute the limit cycle. In order to de-
termine or modify the location of the secondary Hopf
bifurcation, we manage to find the critical value of the
bifurcation parameter µ at which the periodic solution
gives birth to bifurcation solution, the Hopf bifurca-
tion loses its stability and the limit cycle changes from
stable to unstable. Due to the special symmetry of the
Langford system, we can use a polar coordinate trans-
formation to obtain the exact value of the secondary
Hopf bifurcation.

In cylindrical coordinates x1 = r cos θ, x2 =

r sin θ, x3 = x3, system (1) becomes

ṙ = (µ− a + c)r + x3r − cx2
3r,

θ̇ = b,

ẋ3 = µx3 − r2 − x2
3. (5)

Ignoring the equation for θ and letting ṙ = 0,
ẋ3 = 0 with checking that the value of r2 is positive,
we find the equilibrium solution (r0, x30) in the plane
(r, x3), which corresponds to the limit cycle.

(i) If c = 0, then the equilibrium solution (r0, x30)
of system (5) is

x30 = a− µ,

r0 =
√

(a− µ)(2µ− a). (6)

(ii) If c 6= 0, then the equilibrium solution (r0, x30)
of system (5) is

x30 =
1
2c

(1−
√

1 + 4c(µ− a + c)),

r0 =
1
2c

√
4ac− 4c2 − 2cµ− 2 + 2(1− cµ)

√
1 + 4c(µ− a + c). (7)

Setting a = 3, c = 0.2, the equilibrium solution is
written as

x30 =
1
2
(5−

√
20µ− 31),

r0 =
√

1
2 (3− 5µ + (5− µ)

√
20µ− 31). (8)

Now we consider the Jacobian of system (5) at
(r0, x30) to look for the value of µ at which the stabil-
ity of the equilibrium solution (r0, x30) changes. Ne-
glecting the equation for θ, the Jacobian is written

as:

DF (r0, x30) =


 0 r0 − 2cr0x30

−2r0 µ− 2x30


 . (9)

The corresponding characteristic equation is

λ2 − (µ− 2x30)λ + 2r2
0(1− 2cx30) = 0. (10)

According to the Routh–Hurwitz criterion the
first Hopf bifurcation loses its stability and system (1)
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exhibits a secondary Hopf bifurcation for some value
µ = µ00 when

µ− 2x30 = 0,

1− 2cx30 > 0. (11)

By consulting the first equation of Eqs.(6) and
(7) it is obvious that the inequality in Eq.(11) can be
satisfied for both c = 0 and c 6= 0. The solutions of
the first equation in Eq.(11) are as follows:

(i) If c = 0，then µ = µ00 =
2
3
a, which is the

secondary Hopf bifurcation value.

(ii) If c 6= 0 and simultaneously c < a <
1 + c2

c
,

then, by inspection, the secondary Hopf bifurcation

value is µ = µ00 =
1
c
(3 −

√
9− 4ac + 4c2). Setting

a = 3, c = 0.2, results in µ00 = 2.0. Figure 2 shows
the numerical simulation of a torus in system (1) with
a = 3, b = 0.25, c = 0.2 and µ = 2.0.

Fig.2. Tori in system (1) with a = 3, b = 0.25, c = 0.2,

µ = 2.0.

A global bifurcation diagram for system (1) with
a = 3, b = 0.25, c = 0.2 is depicted in Fig.3 where
solid lines indicate the stable static- and dynamic-
state solutions, dashed lines indicate unstable static-
state solutions, small dots indicate the unstable pe-
riodic solutions (limit cycles) and large dots indicate
the quasi-periodic solutions (tori). At µ∗ = 0 a static
transcritical bifurcation occurs. For µ0 = 1.6834 and
µ0 = 2.8 the first Hopf bifurcation takes place corre-
sponding to the equilibrium points E1 = (0, 0, µ) and
E0 = (0, 0, 0), respectively; the former is stable and
the latter is unstable. For µ00 = 2.0 the limit cycle

from the equilibrium point E1 = (0, 0, µ) loses its sta-
bility and the secondary Hopf bifurcation gives rise to
a torus.

Fig.3. A global bifurcation diagram for system (1) with

a = 3, b = 0.25, c = 0.2.

3. Nonlinear control

In order to keep the first Hopf bifurcation value
unchanged, a nonlinear controller is determined as
u(x, µ) = (u1, u2, 0)T with u1 = k(x3

1 + x1x
2
2) and

u2 = k(x3
2 + x2

1x2), where k is a control gain. Using
this kind of controller, the control results can be ex-
actly predicted by the approach for the uncontrolled
system (1) as before.

The controlled system is written as

ẋ1 =(µ− a)x1 − bx2 + x1x3 + cx1(1− x2
3)

+ k(x3
1 + x1x

2
2),

ẋ2 =bx1 + (µ− a)x2 + x2x3 + cx2(1− x2
3)

+ k(x3
2 + x2

1x2),

ẋ3 =µx3 − (x2
1 + x2

2 + x2
3). (12)

By the polar coordinate transformation x1 = r cos θ,
x2 = r sin θ, x3 = x3, system (12) becomes

ṙ = (µ− a + c)r + x3r − cx2
3r + kr3,

θ̇ = b,

ẋ3 = µx3 − r2 − x2
3. (13)

The equilibrium solution of system (13) in the
plane (r, x3), corresponding to its periodic solution, is
written as (as r2 is positive)

x30 =
1 + µk −√Ψ

2(c + k)
,

r2
0 =

−1 + 2ac− 2c2 − cµ + (2a− 2c− 3µ + cµ2)k + (1− cµ)
√

Ψ
2(c + k)2

,

(k 6= 0) (14)



No. 5 Bifurcation analysis and control of periodic solutions changing into · · · 1695

where
Ψ = 1 + 4c(c− a + µ) + 2(c− 2a + 3µ)k + µ2k2. (15)

When k = 0, the equilibrium solution (14) turns to the solution (6) or (7), which is associated with the
uncontrolled system (1).

Setting a = 3, c = 0.2, the equilibrium solution is given by

x30 =
5(1 + µk)−

√
−31 + 20µ− 10(28− 15µ)k + 25µ2k2

2(1 + 5k)
,

r2
0 =

3− 5µ + 5(28− 15µ + µ2)k + (5− µ)
√
−31 + 20µ− 10(28− 15µ)k + 25µ2k2

2(1 + 5k)2
. (16)

Ignoring the equation for θ, the Jacobian of the controlled system (13) at the equilibrium solution (r0, x30) is
derived as:

DFk(r0, x30) =


 2r2

0k r0 − 2cx30r0

−2r0 µ− 2x30


 . (17)

The corresponding characteristic equation is

λ2 + (2x30 − µ− 2r2
0k)λ + 2(1− 2cx30)r2

0

+ 2r2
0(µ− 2x30)k = 0. (18)

Based on the Routh–Hurwitz criterion, the condition that the controlled system, for some value µ = µ00,
undergoes a secondary Hopf bifurcation is

2x30 − µ− 2r2
0k = 0,

1− 2cx30 + (µ− 2x30)k > 0. (19)

Substituting the solution (14) into Eq.(19), yields

k =
−4a + 4c + 6µ + 2acµ− 2c2µ− 3cµ2 + 2(−2a + 2c + 3µ− cµ2)

√
1− ac + c2 + 1

2cµ

4a2 − 8ac + 4c2 − 12aµ + 12cµ + 5µ2 + 4acµ2 − 4c2µ2 − 2cµ3
, (20)

which is the relationship between the parameters and the control gain when the secondary Hopf bifurcation
takes place. Setting a = 3, c = 0.2, we have

k =
280− 178µ + 15µ2 + (28− 15µ + µ2)

√
44 + 10µ

−784 + 840µ− 181µ2 + 10µ3
, (21)

Fig.4. Parameter gain (µ−k) curves for system (12) with

a = 3, b = 0.25, c = 0.2 undergoing a secondary Hopf bi-

furcation.

according to which we can determine the control gain
k such that the predicted secondary Hopf bifurcation
point can be delayed or advanced to a desired value,
e.g. for a delayed bifurcation value µ = µ00 = 2.1
predicted, the control gain k should be chosen as
k = −0.074 and for the advanced µ = µ00 = 1.9,
we calculate k = 0.091. The parameter–gain (µ − k)
curve of Eq.(21) is drawn in Fig.4.

4. Simulation

In this section we will give some numerical simula-
tions for the controlled system (12). All considerations
here are with respect to the set of parameters a = 3,
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b = 0.25, c = 0.2. Figure 5 shows that the secondary
Hopf bifurcation value is changed from µ00 = 2.0 to
µ00 = 2.1 (see Fig.5(b)), delaying the chaotic mo-
tion of the uncontrolled system, or to µ00 = 1.9 (see
Fig.5(c)), advancing the original chaotic motion. The

locally zooming diagrams of Figs.5(a)–5(c) are respec-
tively drawn in Figs.5(e)–5(g) in turn so as to show
the secondary Hopf bifurcation more clear. We can
see that the control will keep the first Hopf bifurca-
tion point in the uncontrolled system unchanged.

Fig.5. Secondary Hopf bifurcation delay or advance via nonlinear feedback control in system

(12) with a = 3, b = 0.25, c = 0.2.

To validate the analytic prediction of the control,
the trajectory of the controlled system (12) is numer-
ically simulated with different choices of the control
gain and the bifurcation parameter. With k = −0.074
and µ = 2.093, the latter of which is close to the

secondary Hopf bifurcation value µ00 = 2.1, there
is a torus in the phase portrait (see Fig.6) and the
limit cycle remains in the controlled system (12) with
k = −0.074 and µ = 2.0 (see Fig.7), while µ = 2.0
corresponds to a torus in the uncontrolled system.
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Choosing k = 0.091, µ = 1.895, in close vicinity to
µ00 = 1.9, we obtain a torus as predicted (see Fig.8).
Here we note that for all the simulations of tori the ini-
tial conditions are x10 = 0.1, x20 = 0.1, x30 = 0.1 and
the integral step is 0.05 in the Runge–Kutta Method.

Fig.6. Tori of the controlled system (12) with a = 3,

b = 0.25, c = 0.2 and k = −0.074, µ = 2.093.

Fig.7. Limit cycle of the controlled Langford system (12)

with a = 3, b = 0.25, c = 0.2 and k = −0.074, µ = 2.0.

Fig.8. Tori of the controlled system (12) with a = 3,

b = 0.25, c = 0.2 and k = 0.091, µ = 1.895.

5. Conclusion

Bifurcation characteristics of the Langford sys-
tem in a general form are systematically analysed and
a nonlinear feedback controller is achieved to mod-
ify (delay or advance) its secondary Hopf bifurcation
without changing the first Hopf bifurcation point. An-
alytical relationship between the bifurcation parame-
ter and the control gain is explicitly obtained with-
out any approximations by applying a polar coordi-
nate transformation. Bifurcation diagrams are drawn
showing the results of control for the secondary Hopf
bifurcation and the sequences of bifurcations route to
chaos. In the end quasi-periodic tori are numerically
simulated to validate the analytic predictions.
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