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This paper studies the global exponential stability of competitive neural networks with different time scales and

time-varying delays. By using the method of the proper Lyapunov functions and inequality technique, some sufficient

conditions are presented for global exponential stability of delay competitive neural networks with different time scales.

These conditions obtained have important leading significance in the designs and applications of global exponential

stability for competitive neural networks.
usefulness of the proposed criteria.

Finally, an example with its simulation is provided to demonstrate the
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1. Introduction

The competitive neural networks with different
time scales are extensions of Grossberg’s shunting net-
work (Grossberg, 1976) and Amari’s model for prim-

131 Tn re-

itive neuronal competition (Amari, 1983)
cent years, a class of competitive neural network with
different time scales and delay has attracted atten-
tions of many researchers and used in many fields such
as processing, pattern recognition, neural computing,

and control.[1=23

The neural network can model the dynamics of
cortical cognitive maps with unsupervised synaptic
modifications. Therefore, the competitive neural net-
work model can be characterized by a system of dif-
ferential equations with two types of variables, the
short-term memory (STM) variables describing the
fast neural activity and the long-term memory (LTM)
variables describing the slow unsupervised synaptic
modifications.[?] On the other hand, there are two time
scales in these neural networks, one corresponds to
the fast changes of the neural network states, another
corresponds to the slow changes of the synapses by
external stimuli.[?]

We consider the system that is similar to the spa-

tiotemporal system proposed by Amari. The neural
network can be mathematically expressed as

STM : ei; (1)

N
= —a;zi(t) + Y Djif(x;(t)

N
+ 3 Dy fas (= (1)

p
+B; Z MjiYis
i=1

LTM : 7in;(t) = —my;(t) + y; f (25 (1)),
1= 1a27"'aﬁaj = 1727"'7N7t6 [07+OO)7 (1)

where x;(t) is the neuron current activity level,
f(x;(t)) is the output of neurons, m;;(t) is the synap-
tic efficiency, y; is the constant external stimulus, Dj;
represents the connection weight between the ¢th neu-
ron and the jth neuron, p denotes the number of the
constant external stimulus, D7, is the synaptic weight
of delayed feedback, a; is a positive function, repre-
senting the time constant of the neuron, 7(¢) > 0 char-
acterizes a time-varying differentiable function and
T = sup{7(t)}, u = sup{7(t)} < 1, Bj is the strength
>0 >0

of the external stimu_lus, € is the time scale of STM
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state (Meyer-Baese et al, 2003 [4]).

Recently, several efforts have been devoted to the
study of general competitive neural networks by us-
ing monotone dynamical system theory.?=6 A com-
petitive neural network model was recently proposed
to describe the dynamics of cortical maps by Lu and
He,l3) where there are two types of memories: LTM
and STM memories. They analysed the global ex-
ponential stability of the delayed competitive neural
networks with different time scales by using the non-
smooth analysis techniques to prove the existence and
uniqueness of the equilibrium, and derived a new suf-
ficient condition ensuring global exponential stability
of the networks. At the same time, the delays in ar-
tificial neural networks are usually time-varying. In
Ref.[3], the exponential synchronization problem for a
class of competitive neural networks was investigated.
Moreover, some exponential synchronization criteria
were devised by Lyapunov functionals, linear matrix
inequality (LMI) approach, the Leibniz—Newton for-
mula.

As far as we know, this kind of competitive dy-
namics is seldom considered. Our objective in this
paper is to study further exponential stability of the
competitive neural networks with different time scales
and time-varying delays. And after setting, where

Si(t) = Z:mij(t)yj = yTm(t), y =

m;(t) = (M1, -

(y17"'ay13)a

-, m;p) and summing up the LTM over
j, we can rewrite the network Eq.(1) as the state-space
form as follows:

N
ed;(t) = —ajzi(t) + Z Djif(z;(t))

i=1
N
+ Z D5 f (i (t = 7(8)) + B;jSi(t),
Si(t) = —sit) + |y|*f(x;(1)),
i,j=1,2,--,N,t € [0,+00), (2)

where |y|* = yf + - +y2 is a constant. Without loss
of generality, the input stimulus vector y is assumed
to be normalized with unit magnitude |y|?> = 1, and
the fast time scale parameter ¢ is also assumed to be
unit, then the network is simplified to

N
et;(t) = —ajz;(t) + ZDjif(l“j(t))

N =1
3 Djif (st = (1) + B, Si(o).

Si(t) = —si(t) + f(z;(1)),

i,j=1,2,---,N,t € [0,400). (3)

The initial conditions of the two competitive neu-
ral networks Eqs.(2) and (3) are given, respectively,
as follows:

zi(t) = ¢i(t) € Z([-7,0] : R),i =1,2,---, N,
and
Zi(t) = i(t) € Z([-7,0] : R),i =1,2,--- N,

where Z([—7,0] : R) denotes the set of all continuous
functions from [—7,0] to R.

The rest of paper is organized as follows. In Sec-
tion 2, we introduce some notations, lemmas and defi-
nitions. Then, in Section 3, main results are presented
for the global exponential stability of competitive neu-
ral networks with different time scales and delays. In
Section 4, an example and its picture of simulation is
given to illustrate our results. Finally, we will give

some conclusions in Section 5.

2. Some preliminaries

Assume that the functions a; and f; satisfies the
following conditions:
(H1) Each function a; : R — R is locally Lipschitz

and nondecreasing, and there exists a positive real
a; > 0, such that d¢;(z) > a;, for any € R at which
a; is differentiable.

(H2) Each function f; : R — R is monotonic nonde-

creasing and globally Lipschitz, i.e. there exists a posi-

tivereal f; > 0, such that 0 < (f;(z)—f;(y))/(x—y) <

kj;, for any z,y € R,z # y.

(H2)" 0 < (fi(x) = f;(w))/(z —y) < k;, for any

x,y € Ryx #y.

(H3) 7 = sup{r(t)},n = sup{7(t)} < 1, for j =
>0 >0

1,2,---,N, and t > 0, where 7 and p are constants.
Throughout this paper, we will use the follow-

BT B, \n(B), \i(B) denote, re-

spectively, the transpose of , the inverse of, the min-

ing notations:

imum eigenvalue of, the maximum eigenvalue of a
square matrix B. The notation B > 0 (B < 0)
means that B is symmetric and positive definite (neg-
ative definite). Denote A = diag(ai,as, - ,an);
K = diag(ky, ko, kn); D = (Dij)nxn; D7 =
(D7;)NxnN, B =diag(B1, Bz, -+, By).
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Definition 2.1 The

*

(7, 5, ---, xF,) of the system (3) under the ini-

equilibrium z* =

tial value condition is said to be globally exponentially
stable, if there exist constants M > 1,¢ > 0 such that
forallt >0

m m

Sl Dl < M| sw (mils) —a)le .

i=1 i—1 S€[-7,0]

Lemma 2.11% For any given real matrices

Q1,Q2,Q3 with Q3 = QT the following inequality
holds:

—Q7Q5'Q2+ QT Q1 + QT Q2 < QT Q3Q1.

Lemma 2.2[7 There exists an equilibrium point
for the competitive neural network with different time
scales and delays described by Eq.(2).

3. Main results

The main results of this paper are presented as
follows:

Theorem 3.1 Suppose that the assumptions
(H1)—(H3) and the condition of Lemma 2.2 hold. The
global exponential stability of the unique equilibrium
(20, 8%) is ensured, i.e. all solutions of the delayed
neural network Eq.(3) converge to the unique equilib-
rium (20, S°) exponentially fast, if there exist a posi-
tive definite matrix P and a positive diagonal matrix
C, such that the following matrices are satisfied:

w=—2k;CA+2k;CD + kiCB

—|-77(DTe€T)TPDTeaT/€j2-

1 —
AB —2A + Ak;j + kjaCB < 0.

1
+n ' ——k}CPTIC <0,
J7

Proof According to Theorem 3.1, the compet-
itive neural network Eq.(3) with delay has a unique
equilibrium (2%, 5%). Now we make the variable
changes ¢;(t) = (w;(t) — 2f)e, i (t) = (Si(t) — S7)e”
to shift the origin to (2, S°).

From Eq.(3), we have

éi(t) = _ﬁz +5¢ +ZD1]9J

Z Do 9;(®

di(t) = (—1 +5)¢i( )+ 95(8(1)),
i,j = 1723"'7N7t€ [O,+OO),

¢(t —7(1)) + Bjhi(D),

where the functions
Bi(¢i(t)) = [a;(¢i(t)e =" +a?) — a;( Dlet, gi(di(t) =
[F5(@:(6)e +a9) — f;(a0)]et, satisfying 5:(0) = 0,
gi(0) =0, 0 < ¢;(t)g(¢:(t)) < k;j¢?(t), and according
to the Lebourg Theorem in Ref.[8], there exist d; > a;,
such that 8;¢(t) = d;¢(t),i =1,2,---, N.

Consider the Lyapunov functional as following;:

V(t) = o7 ()Ab(t) + ¥ (1) A (t)

n

#:(t)
E C; / gi(s)ds
0

=1

+2a

o ! T (s (DT e™ T
ron [ g )T
xPD7e " g(x(s))ds

! T (6(s))
t—7(t)

1—p
< (YT +(D7eT) T D7 T )g(d(s))ds,  (4)

where P=PT >0,¢,>0,i=1,2,---,
A, 7, 7, are positive.
Denote A =

V(t) along the solution of system Eq.(3) and adding

—1 T
1—7(t)?

N, and «a, A,

(. Calculating the derivative of

and subtracting the positive term an

(¢(t))CP~1Cg(4(t), we obtain

2007 ($(£))CAB(2)

200" (6(1))CDg(6(1))

209" (B(1))CDTE (Bt — 7(1)))

+2ag" (¢(£))CBY(t)

+ang™ (¢(t))(D7e )T PDTe T g(4(1))

—an(l = #(£)gT($(t — (1)) (D7) T

X PD7eTg(d(t — 7(1)) + ﬁg%(t»

X (v + (D7eT) D7 T )g(¢(t))
o

T GT (60— ()] + (D7)
X D7 g6t — 7(1)))
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)
e OO a6 ). 6)

In the light of Lemma 2.1, we can write the following

+am 9" (@(t)CP~'Cy(9(t))

—am

equalities:

*¢T(t)A2¢( ) +2¢" (1) ADg(o(t))
< g'o(t)) D" Dg(6(t)), (6)
*¢T(t)A2¢( ) + 20" () ADTe g(o(t — 7(1)))
g (ot = 7(1))(D7eT) T DT g (ot — 7(1))), (7)
2agT(¢(t))CDTe”g(¢(t = 7(t)))
—om (t)g T(o(1)CP~1Cy(o(t))

< an(l—7(t)g" (¢t — 7(1)))(D7eT)"
XPD"eTg(p(t —7(1))).

(8)
From (H2), we have

—20g" (¢(£))CA(t) < —20ag" (¢(t))CAk; ' go(t). (9)

By using Eqgs.(6)-(9), from Eq.(5) we can conclude
that

V(t) < g% ¢(t)) DT Dyg((t))) + g™ (o(t — 7(1)))
x (D7) DT g(g(t — (1))

+20T () ABY(t) — 207 (t) A(1 — €)(t)
+207 () Ag(6(t))

—2ag" (6(1))C Ak g;(4(t))

+2ag" ((t))CDg(6(1)) + 29" ((t))C B (1)
+an(1 = 7(t)g" (¢t - (1))

x(D7e) PDTE g (6t~ 7(1)))

—an(1 = #(0)g" (6(t ~ 7(1)

XD PDTE g (6t~ 7(1))

+amg ™ (6(1)) (D7) T PDTeT g((t))

g OO AT + (D7) DT )g((1)
)

X (0T + (D7) DT ) g(p(t — (1)

™ e T OD)CP T Cglotr). (10)

> 1, it follows that

g (et = 7(1)) (7] + (D7) PDTeT)

9" (¢(t = 7(1))(D7e ) DT
0. (11)

Hence, it is easy to verify that

V(t) < g"¢(t))DT Dg(4(t)))

+2¢" (1) AB(t) — 20T (1) A(1 — e)(t)

+20 7 (t) Ag(p(t ())

—2ag" (o(t
+2agT (o(t
+2ag7 (o(t
+ang" (4(t

+ﬁg% 0)(3T + (D7) D7 )g (1))
1

1—17(t)

+an gt (6(1))CP™ICy(6(1). (12)

Since

2¢T(t)ABw( )

< ¢"(t)AB(t) + 0" (1) ABY(t), (13)
207 () Ag(4(t))
< P () Ak (t) + ¢" (1) Ak, (t) (14)

2ag" (¢(t))CBY(1)
< ak;¢f () CBo(t) + akyp™ (£)CBy(t), (15)

it follows from Egs.(12)—(15) that
V(1)
< ¢"(®)[K2DTD + AB + Ak,
1
k0T + (D7) DT k(1)
—ag"(t)(—w)o(t)
T (1) [AB —2A(1—e)+ Ak + kja(JB]w(t)
< Mi[E2DTD + AB + Ak
1
+ﬂkj ('YI + (DTeET)TDTeET)kj:|
x[[(t)]13 — arm(—w)[(1)]3
+ [AB —2A(1 —e) + Ak; + aCB} 1w (6)|2. (16)

The choice

Aum 2 T 1
——— | kDD + AB + Ak,
o > )\m(_w)( + + j

(,YI+(D’T €T)TD’T er)kz)
1—p J

>0,
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ensures that V(t) < 0, Yg(¢(t)) # 0. Note that
Vg(o(t)) # 0 implies that ¢(t) # 0. Now let
Yg(p(t)) = 0, ¥(t) = 0 and ¢(¢t) # 0. In this case,
V(t) is in the following form:

V(1) < 6" (1) A%(1) -
1267 ()AD"e g6
—ang® (¥(t —7(t)))
< PD"e g(0(1 — 7(1))

1—7(
S e - )
X (yI + (D7e*")TD7e"T)

xg(@(t —7(t)). (17)

¢ (1) A%¢(1)
(t—(t)))
(DTesT)T

Since

(DYTPD™ > 0,7 > 0,0 > 0,
V (t) satisfies

V(t) < —¢"(t)A%(t) — ¢" (t) A%¢(1)
+2¢" (1) ADTe T g(o(t — 7(t)))
—g" (ot — 7(1)))(D7e )T
xD7e*Tg(op(t — 7(t)). (18)

Using Eq.(7) in the above inequality, we obtain
V(t) <—¢T(t)A%p(t) < 0. (19)

Now consider the case where g(¢(t)) = ¢(t) = 0,
¥(t) = 0. In this case, V(t) takes the form:

V(t) < —ang® (%t —7(1))(D7e)"
xPDe T g(y(t —7(t)))

! (1) (1

:?QT(W -
+(D7e)T DT ) g(p(t — 7(t)).  (20)

Since (D™)TD™ > 0, it directly follows that

V() < 0,Yg(e(t —7(t))) # 0.

Hence, we have proved that V(t) = 0 if and only if
9(6(8)) = 6(t) = 1{t) = g(6(t) — 7(t)) = 0, otherwise
V(t) < 0. On the other hand, V(¢) is radially un-
bounded, that is V' (¢) — oo as ||¢||(t) — oo. Thus,
from standard Lyapunov stability theorems (see, e.g.,
Ref.[9], Corollary 3.2, Chapter 3), it follows that the
origin of system (3) is globally exponentially stable.

Remark 3.1 In the Theorem 3.1, the constraint
conditions on the competitive parameters of system
(3) is imposed. Furthermore, it should be noted that

the functions satisfying the condition (H2) are less
conservative than those satisfying condition (H2*).

Theorem 3.2 Assume that (H1)—-(H3) hold. If
the system parameters d;, D;j, D, satisty

—d; +2Dmk 4o ZZ|DUI% Tl —

11]1 K

+= Z|D |2wf”+ k+ B<0

—1+§kj+§Bj <0,

where §; +6, = 1,v;+v;/ =1,i,5 =1,2,---, N, then
the equilibrium for system (3) is globally exponentially
stable.

Proof Consider the following Lyapunov func-
tional:

N

V(t) =Y (166)?] + [i()?))

=1

S e

=1 j=1

< /”(t) 6(t)2]dt. (21)

Then, we compute the derivative of V(t) along the
trajectories of Eq.(3),

N N
—d; +E+ZDijkj
i=1

1 ZN ZN 1
. 25j T
+§ |D1J|2’Y7kj es i

p 2¢(t)

+20(t Z|D 15Tk (p(t — (1))
+2¢(t ) Jfb( )

N
-3 Z D[Pk e i (t — 7(1))2). (22)

i=1j=1

Since

Z | Dl kjo(t — 7(t))

< Z|D 08

+Z|D 17Tk 6 (t - 7(1))°,

e (1)?
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2 (t)k; (1) < kjabi(t)® + kjo(t)?,
20(t) B (t) < Bjo(t)* + Bji(t)?,  (23)

from Eq.(22) we can show that
V(t) <0. (24)

To this end, from Theorem 3.2, we can conclude that
the dynamics of the competitive delayed neural net-
work Eq.(3) is globally exponentially stable, and the
proof of Theorem 3.2 is completed.

Remark 3.2 In this paper, our results impose
milder constraints on model Eq.(3) and the new crite-
rion can be applied to other neural networks. On the
other hand, In Theorem 3.2, the exponential of the pa-
rameters | D[, k; are variable. Accordlng to Theorem
3.2, when the conditions §; + §;’

=4 =1,2--,
rium for system (3) is globally stable. Obviously, the

- 1) ’YJ + ’Y] - 1)
n, are satisfied, then the equilib-

constraints on the parameters of the networks can be
relaxed. Moreover, the time-varying delays are inves-
tigated in this model, the earlier results are extended
and improved.

Theorem 3.3 For the competitive neural net-
works with different time scales system (3), assume

that (H1)—(H3) hold. If the system parameters satisfy

—d; +ZD”1€ + - ZZ|D ket ——

2131
N

L 1
E | Dijle"" + k+( 1)-B; <0,
p p

1 1
_1+(p_1)7k.7+7BJ §07i3j:1727“'aNa
p p

for p > 1, then the equilibrium for system (3) is glob-
ally exponentially stable.
Consider the following Lyapunov functional

= > (Ip)P| + v (t)?])

i=1

N N 1

i=1 j=1

x / el (25)

then the derivative of this functional along the solu-

V(t)

tion of system (3) is

1 L& 1
;);;wzrﬂkjeﬁm plo(t)”]
=1+ elplws(t) |+Zp¢ t)P~' Bjii(t)
=1
gl S Dk (00t — (1)
=1

+P1/h‘( )p_lk»gb(t)
*ZZID [kje Tt — ()7 (26)

=1 j=1

According to the inequality pa?~'b < (p — 1)aP? + bP,
we can easily conclude that

t)P~ 12 | D7 kot — 7(t))

N

< (p—1) ) ID}leT(t)

=1

+Z |DFjle" kot — 7(1))",

pi ()P k() < (p — 1)kwi()P + k()P
po(t)P ' Bii(t) < (p—1)Bjo(t)P
+B;¢;(t)P. (27)

From Eqgs.(26) and (27), we can have the following
inequality

V() <o. (28)

By Theorem 3.3, we see that the equilibrium point of
Eq.(3) with the above parameters is globally exponen-
tially stable. This completes the proof.

Remark 3.3 It is well known, few authors have
considered the global exponential stability of compet-
itive neural networks with different time scales Eq.(3)
and time-varying delays. Furthermore, in Theorem
3.3, our exponential stability results when p = 1
can be included into those results obtained by the
Ref.[5]. We improve predecessor’s conclusions via the
proper Lyapunov functions and the Jacobsthal in-
equality pa"~'b < (p — 1)a™ + b™.
p > 1, our results provide the neural network with a

For any integer

wide selection. Therefore, this means that our results
are applicable to networks with a much broader con-
nection structure. Hence, the earlier results Refs.[3,5]
are extended and improved.
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4. An example

In this section, an example will be used to illus-
trate our conclusions.

Example 4.1 Consider the competitive neural
networks with different time scales Eq.(3) and time-
varying delays

no)| _,[no] s
o(t) z2(t) g(z2(t))
D" g(z1(t)) LB s1(t) ’
g(z2(1)) s2(t)
a] __[so], Jsao]
52(t) s2(t) g(z2(1))

when g;(z) = tanh(z), 7(t) = (1 —e)/(1 +e7h),
uw=0.5,e"=1 wherekj=a=P=n=1,

20 -3 2
A= , D= (dij)nxn = )
11 5 1
- - 15 10
DT = (dij)nxn = , O= )
0 -2 02
2 —1 _ 21
B = , A= ,
-1 1 15

According to Theorem 3.1, we can conclude as

follows:
—2k;CA+2k;CD + k;CB
1
+an(D7e )T PDTeTE? + n‘lmkf()P‘lc <0,
o 4 —4
AB —2A + Akj + kjaCB = <0.
-2 -3

So it is easy to verify that Eq.(29) satisfies all the
conditions of Theorem 3.1 and Lemma 2.1, the two
competitive neural networks defined above which sat-
isfy the initial conditions ¢(s) = (—1,-0.5)T, ¢(s) =
On the
other hand, Fig.1 shows the transient response of state

(0.2,0)T are globally exponentially stable.

variables with time-varying delay, and we can con-
clude that our new criterion is independent of delays.

705 F

~1.0F

715 S

—2.0¢t

925 R N
0 5 10 15

Fig.1. The time response of state variables z1(t) and
(EQ(t).

5. Conclusions

In this paper, some new criteria for global expo-
nential stability of the competitive neural networks
with different time scales and time-varying delays
have been derived. Moreover, the sufficient criteria
obtained here are computationally more flexible and
more efficient than many other existing criteria. And
it is shown that the new results impose weaker con-
ditions for the exponential stability. So these possess
an important leading significance in the design and
applications of globally exponentially stable compet-
itive neural networks with different time scales and
time-varying delays.
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