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This paper presents a new method to synchronize different chaotic systems with disturbances via an active radial

basis function (RBF) sliding controller. This method incorporates the advantages of active control, neural network and

sliding mode control. The main part of the controller is given based on the output of the RBF neural networks and

the weights of these single layer networks are tuned on-line based on the sliding mode reaching law. Only several radial

basis functions are required for this controller which takes the sliding mode variable as the only input. The proposed

controller can make the synchronization error converge to zero quickly and can overcome external disturbances. Analysis

of the stability for the controller is carried out based on the Lyapunov stability theorem. Finally, five examples are

given to illustrate the robustness and effectiveness of the proposed synchronization control strategy.
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1. Introduction

Since the pioneering work by Pecora and Car-
roll in the 1990s,[!! chaotic synchronization has re-
ceived much attention from various research fields
due to its wide applicability in physical systems.[2—43]
Quite a few synchronization methods have been de-
veloped in master—slave configurations, which can be
classified into two main streams: synchronization of
identical systems®~'7 and synchronization of non-

5.18-36] The synchronization prob-

identical system
lems of two identical chaotic systems with various
constraints have been studied intensively. However,
most physical systems have a certain non-linearity,
time varying behaviour and various uncertainties,
and it is rarely the case that the components are
assumed to be identical.?® In recent years, inten-
sive researches and applications of chaotic synchro-
nization in secure communication show synchroniz-
ing two different chaotic systems to be very im-
portant to make the whole system more practical.
Compared with the synchronization of identical sys-
tems, the synchronization of two different chaotic sys-
tems is difficult and complex. Quite a few methods
have been proposed to deal with the synchroniza-
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chaos synchronization, active control, sliding mode control, RBF networks

tion of a master—slave configuration, which mainly
include linear and nonlinear feedback control,[!8—21
backstepping control,!??l active control,?3=27 glid-
ing control,?8! adaptive control,[29:25:29=31] tracking

control, 32 Ho control,[®3 RBF neural network[343%]

and linear coupling control.[6]

Sliding mode control, based on the theory of vari-
able structure systems, has been widely applied to the
robust control of nonlinear systems due to many at-
tractive advantages, e.g. insensitivity to variation in
plant parameters, external disturbances and unmod-
elled dynamics.[**) Considering the fact that for many
chaotic systems variations in parameter and external
disturbances are unknown, the sliding mode control
method is suitable for designing various synchroniza-
tion controllers. In Ref.[9], the synchronization of
chaotic systems with a parametric uncertainty via the
active sliding mode control was studied. In Ref.[15]
a sliding mode control scheme was developed to real-
ize the robust synchronization of unified chaotic sys-
tems. In Ref.[28] an active sliding mode controller for
synchronizing different chaotic systems was proposed.
But the synchronization of chaotic systems with mis-
matching parameters and external disturbances is still
a challenge.
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In this paper, we consider the synchronization of
different chaotic systems with external disturbances.
An active RBF sliding mode controller is proposed to
achieve the goal. This method incorporates the advan-
tages of the active control, the RBF neural networks
and the sliding mode control to provide immunity to
external disturbances. The control strategy requires
two stages: one is to choose an appropriate active con-
troller and the other is to design an RBF sliding mode
controller to realize the synchronization goal. More-
over, we give very simple conditions necessary and suf-

ficient for the realization of the propose method.

2. Synchronization problem de-

scription

Consider a chaotic master system described by
the following nonlinear differential equation:

= A1z + fi(x), (1)

where x(t) € R® denotes the three-dimensional state
vector of the system, A; € R3*3 and f; : R® — R®
represent the linear and nonlinear parts of the system
dynamics, respectively.

A slave system is described as follows:
Y= Ay + fo(y) + ul?t), (2)

where y(t) € R? is the three-dimensional state vector
of the slave system; A, € R3*3 and f, : R® — R?
play the roles similar to those of A; and f; in the
master system. The control input u(t) € R3 has been
added to the slave system in order to synchronize these
two systems. In this paper, we study the case where
Ay # As and fi(x) # fao(x), i.e. the chaotic systems
are different.

Defining the synchronization error as e = y — x
and using Egs.(1) and (2), the synchronization error
dynamics is determined to be

€:A2’y+f2(y) —Alw—fl(az)—i-u (3)

The goal is to design the controller u(t) € R? such
that

lim [le(t)]| = 0.

t—o0

3. Active RBF sliding mode con-

troller design

3.1. Active controller design

Let
F(z,y) = (A2 —rl)y — (A —r)z + f2(y) — f1(z),

H(t) = F(z,y) + u(t),

where parameter r is a positive constant. According
to the active control design procedure, one uses the
control input u(t) to eliminate the nonlinear part of
the error dynamics. In other words, the input vector
is considered as

u(t) = H(t) - F(z,y). (4)

Substitute expression (4) into Eq.(3), then the er-

ror system will be rewritten as

é=re+ H(t). (5)
The control input H (t) is defined as

H(t) = Kuw(t), (6)

where K = [kq, kg, k3]T is a constant gain vector and
w(t) € R is the sliding mode control input.

3.2. Sliding mode controller based on ra-
dial basis functions

Sliding mode control system is time invariant
when reaching the sliding surface, and thus the motion
is independent of parameters and disturbances.[*4 In
this paper, the sliding surface can be chosen as

s(e) = Ce = [c1, ca, c3le. (7)
Then
s=Ceé
=Cre+ CH(t)
=Cre+ CKuw(t). (8)

Sliding variable s will be used as a single input sig-
nal for establishing an RBF neural network model to
calculate the control law w(t).

Artificial neural networks, originally inspired by
the functionality of biological neural networks, can
learn complex functional relations by being general-
Neu-
ral networks can thus serve as black-box models of

ized from a limited number of training data.
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nonlinear, multivariable static and dynamic systems.
RBF neural network is one of the most popular neu-
ral networks in the modelling and the controlling of
nonlinear systems. Compared with the standard feed-
forward networks, RBF networks have the advantages
of faster learning speed and less chance of falling into
local minimal convergence.[*>46l The RBF networks
each consist of two layers: an input nonlinear layer
and an output linear layer. The output of the nonlin-
ear layer for an RBF network is

=l
2012

(;ﬁi(a:):exp( ), i=12--,n, (9)

the output of the linear layer is

y; = f(x) szﬁ¢i (x) = M ¢,
=1
j:]-aQa"' , M, (10)

where € R"™ and y € R™ are input vector and
output vector of the network, respectively; ¢ =
[1, - ,(bn]T is the hidden output vector; n is the
number of hidden neurons; M; = [m;1,- - ,mjn]T is
the weight vector of the network; parameters ¢; and
o; are centres and radii of the basis functions, respec-
tively. The adjustable parameters of the RBF network
are M, ¢; and o;, which can be regulated or optimized
by least-square method, gradient descent algorithm,
genetic algorithm, etc.

Then for the single-input and single-output case
(SISO) in this paper, the output of the controller
based on the RBF is

—ci||?

wy (t) = ZMieXP (‘WQM) = M"¢, (11)
i=1 i

where M = [My, -, M,]"
is the number of hidden neurons; parameters ¢; and

is the weight vector; n

o; are centres and radii of the basis functions, respec-
tively.

3.2.1. Weights updating rule

Based on the Lyapunov theorem, the sliding-
surface’s reaching condition is ss < 0. If a control
input can be chosen to satisfy this reaching condi-
tion, the control system will converge to the origin
of the phase plane. Since the RBF neural network is
employed to approximate the nonlinear mapping be-
tween the sliding input variable and the control law,
the weight of the neural network should be regulated

based on the reaching condition s5 < 0.4 An adap-
tive law is used to adjust the weights for searching the
optimal weighting value and obtaining the stable con-
vergence property. The adaptive law is derived from
the steep descent rule to minimize the value of s$ with
respect to M;, and then the updated equation of the
weighting parameters is

. 0s$
M; = — .
7o,
The rule of chain differential yields
. 0s$ 0ss Own
Mi = — = —
Ton; — Towy oMM,
=—7sCK¢;, (12)

Then the
weighting between hidden and output layer can be ad-

where v is the learning rate parameter.
justed on-line to achieve the learning ability.

3.2.2. Sliding surface design

The equivalent control approach is found from the
fact that $(e) = 0 is a necessary condition for the state
trajectory to stay on the switching surface s(e) = 0.
Hence, when in a sliding mode, the controlled system
satisfies the following conditions:

s(e) =0 (13)
and
s(e) =0. (14)
Now, using Eq.(8), Eq.(13) and Eq.(14), one can ob-
tain an equivalent control
weq(t) = —(CK)~'Crre, (15)

where the existence of (CK)~! is a necessary condi-
tion.

3.2.3. Designing RBF sliding mode controller

We assume that the constant-rate reaching law is
applied. The reaching law can be chosen such that

5= —\s. (16)

Parameter A > 0 is determined such that the sliding
condition is satisfied and the sliding mode motion oc-
curs.

From Eq.(8) and Eq.(16) it can follow that

$=Cre+ CKuw(t) = —\s. (17)

Now from the above Eq.(17), the control input is de-
termined as

wr(t) = —(CK) '\s — (CK) 'Cre. (18)
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4. Robust stability analysis

In this paper, we use an RBF neural network to
calculate the real control input. If wy can approach
the control input with no error, we can obtain

WN — WR — 0. (19)

However, the output wy of the RBF neural network
may have a certain difference from ideal input wg.
The following theorem indicates that this difference
can be limited to a certain bound, which does not af-
fect the convergence of the closed loop system.

Theorem!46:

For any given constant ¢ and a
continuous function f : X — R™, there must exist one
weight matrix M = M™*, which makes the output of
an RBF network with n hidden neurons satisfy the

following condition

fla)—f@)| <¢

max
zeX

where f (+) is the corresponding RBF network.

Therefore, the optimal weighting vector M of the
RBF NN exists, which makes the control law wy to
approximate the perfect control law wg with an error
smaller than &, i.e.

max |wg (t) — wrer(t)]

—max | Mg — MT¢| <¢, (20)

where M is the optimal weighting vector, wy =
M ¢, wg = MT¢ and M = MY — M7,

wxy —wr =My — M Pp=Mp=uw.  (21)
Define the Lyapunov function as

]. 2 1 ""T -~
V=-s5‘+—M"M 22
25 27y ’ ( )

then its first derivation with respect to time will be

V =55+ EMTM
gl
=—As?+ lJ\ZT(—ysCK(;s)
gl
=—-\s? —sCK(Myx — M)"¢. (23)

Considering max |M{\l;¢ — MT¢’ < £ from expression
(20), we can obtain

My~ M| ¢ <c. (24)
Therefore

V=-X\s’+sCK(—My+ M)"¢
< —\s*+sCK¢. (25)

Furthermore, the following expression can be derived:
V < |s| (~AJs| + CK). (26)

Therefore, if |s| > CKE/A, then V < 0 which con-
firms the presence of sliding mode dynamics. That
means that this Lyapunov function will decrease grad-
ually and the sliding surface variable s will converge
to a boundary layer +CK¢/A around s = 0 in the
phase plane. Furthermore, for V< 0 and V > 0, it
can be concluded that the proposed controller is sta-
ble. From the above analysis, we know that sliding
surface variable s will converge to a boundary layer
in the phase plane, and then the system output er-
rors eq, es and ez at least converge to a small error
bound. When the accuracy of the RBFNN non-linear
mapping increases, the system output error decreases
correspondingly. In this way, the convergence of the
closed loop controller is provided.

5. Numerical results and analysis

For illustrating the effectiveness of the proposed
method, we have applied this method to synchronizing
five pairs of different chaotic systems. In the numer-
ical simulations, the fourth-order Runge-Kutta inte-
gration method is used to solve the differential equa-
tions with time steps of 0.001s. Parameter A in sliding
surface is set as 0.01. The spread factor of these Gaus-
sian functions is taken to be a constant 0.7, and then
each RBF has about one-third overlap.

5.1. System descriptions

The Lorenz system!*] is one of the paradigms of
chaos, for it captures lots of features of chaotic sys-
tems. It is given by

il = CL(Q?Q - 3?1),
Ty = cr1 — 13 — T, (27)
&3 = r172 — b3,
where a = 10, b = 8/3 and ¢ = 28.
The Chen system is a typical chaos anti-control
model, which has a more complicated topological

structure than Lorenz attractor.[*!] The nonlinear dif-
ferential equations that describe the Chen system are

U1 = a(y2 — y1),
Y2 = (v — @)y1 — y1y3 + VY2, (28)
U3 = y1y2 — Bys,
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where a = 35, # = 3 and v = 28.

The Lii system is a typical transition system,
which combines the Lorenz and the Chen attractors
and represents the transition from one to another.!*?
The Lii system is described by

21 = p(z2 — 21),
Zy = —2123 + V22, (29)

i3 = 2129 — P23,

where p = 36, p = 3 and v = 20.

The unified chaotic system created by Lii et al [43]
bridges the gap between the Lorenz system and the
Chen system. From its advent, the unified chaotic
system has become an important plant of the syn-

chronization control.1437=39 Tt is described by

iq = (250 + 10)(ya — 24),
U1 = (28 — 35a)1y — w424 + (29 — 1)y,  (30)
Z4 = 4ys — (0 + 8)z4/3,

where o € [0,1]. The unified chaotic system belongs
to an extended Lorenz system when 0 < a < 0.8,
Lii system when a = 0.8, and extended Chen system
when 0.8 < a < 1.

5.2. Synchronization between Lorenz
and Chen systems

In this case we assume that the Lorenz system
drives the Chen system. The initial conditions for the
master and the slave system are [z1(0), 22(0), 25(0)] =
[2,0,1] and[y1(0),y2(0),y3(0)] = [10,5,—14], respec-
tively. Other control parameters are chosen to be
r=15C=1[-2,6,-3] and K = [1,2,2]T. Seven ra-
dial basis functions are chosen to calculate the control
input based on the trial and learning speed parame-
ter v that is set to be 1.5. Figure 1 illustrates that
the states of the slave system can follow the master
system successfully.

5.3. Synchronization between the Chen
and the Lii systems

It is assumed that the Chen system drives the
Lii system. The initial conditions for the master and
the slave systems are [y1(0),42(0),y3(0)] = [2,0,10]
and [2z1(0), 22(0), 2z3(0)] = [10, —14, —40], respectively.
Other control parameters are chosen to be r = 1.5,
C = [-2,6,-3] and K = [1,2,2]T. Nine radial ba-
sis functions are chose to calculate the control input

based on the trial and learning speed parameter ~ that
is set to be 100. Figure 2 shows the simulation results
for these two chaotic systems.

the
Lorenz and the Lii systems with

5.4. Synchronization between

parametric disturbances

In this case we assume that the Lorenz sys-
tem with parametric disturbances drives the Li
For the master system the disturbance
0.1,0b = 0.1 and dc =
0.2.  The initial conditions for the master and
the slave systems are [z1(0),22(0),23(0)] = [2,0,1]
and [z1(0), 22(0), z5(0)] = [10,—20, —1], respectively.
Other control parameters are chosen to be r = 1.5,
C = [-2,6,-3] and K = [1,2,2]T. Nine radial ba-
sis functions are chosen to calculate the control input

System.
are taken as da =

based on the trial and learning speed parameter -y that
is set to be 15. Figure 3 shows the numerical analysis
results for these two chaotic systems.

the
Lorenz and the Chen systems with

5.5. Synchronization between

noise added

To demonstrate the robustness of the proposed
method for a noisy master chaotic system, we as-
sume that the Lorenz system drives the Chen sys-
tem. The initial conditions for the master and the
slave systems are [z1(0),z2(0),z3(0)] = [2,0,1] and
[y1(0),y2(0),y3(0)] = [10,5, —14], respectively. Other
control parameters are chosen to be r = 1.5, C' =
[-2,6,—3] and K = [1,2,2]T. Seven radial basis func-
tions are chosen to calculate the control input based
on the trial and learning speed parameter 7 that is
set to be 1.5. In this simulation, we add zero mean
Gaussian noise with a variance of 0.1 to all states of
the master system. Figure 4 shows simulation results
for this case. Compared with the ideal case (5.2), the
control input is not so smooth due to the noise effect.
It also shows that the chattering does not appear with
the continuous control.

5.6. Synchronization between the uni-
fied chaotic systems
The unified chaotic systems with different values

of o are studied here, we assume that the extended
Chen system (o = 0.9) drives the extended Lorenz
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system (a = 0.5). The initial conditions for the master  dial basis functions are chosen to calculate the control
and the slave systems are [Z4/,(0), Yam (0), 24, (0)] =  input based on the trial and learning speed parameter
[2,0,1] and [24(0), y4(0), 24(0)] = [10,5, —14], respec-  ~ that is set to be 20. The simulation results are given
tively. Other control parameters are chosen to be  in Fig.5 for this case.

r=15 C=[-2,6,-3] and K = [1,2,2]". Nine ra-
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Fig.1. Synchronization between Lorenz and Chen systems, where (a) is for synchronization error eq,
(b) for synchronization error ez, (c) for synchronization error eg, (d) for control input i, (e) for control
input ug, (f) for control input ug, and (g) for sliding variable s.
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synchronization error ez, (c) for synchronization error es, (d) for control input w1, (e) for control input

uz, (f) for control input usz, and (g) for sliding variable s.
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6. Analysis and discussion

From the above simulation results we can con-
clude that this synchronization controller is valid
and feasible, robustness to parametric disturbances
and external disturbances of states are also provided.
Meanwhile, we must note this fact that the control
input is somewhat big just like other methods based
on the sliding mode control. According to the theory
of variable structure systems, the amplitude of control
input is closely related to the sliding surface and slid-
ing mode motion reaching law. So a suitable sliding
surface design should be taken such that the control
input will not exceed the physical limitations of the
system. Considering the on-line computation burden,
the number of radial basis functions should not be
too large. Therefore, we must take a careful trade-
off between the accuracy and the on-line computation
burden to reduce the control cost.

7. Conclusions

In this paper, a chaotic synchronization method
of different chaotic systems via an active RBF sliding

controller is proposed. Starting from the active con-
trol, a controller based on the RBF neural networks
and sliding mode control theory is designed. This sin-
gle layer intelligent controller is very simple, and it
has less than 10 RBF neurons and no more than 10
weights required to be regulated on-line. The weights
of the RBF controller are updated on-line according
to the reaching law of the sliding mode motion. In
this way the external disturbance can be overcome by
adjusting the control parameters. Numerical simula-
tions illustrate the robustness and effectiveness of the
proposed control strategy.

However, applying this control approach to syn-
chronizing two different uncertain chaotic systems
with parametric disturbances remains to be further
studied.
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