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Design and analysis of doped left-handed materials∗
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We devise three sorts of doped left-handed materials (DLHMs) by introducing inductors and capacitors into the

traditional left-handed material (LHM) as heterogeneous elements. Some new properties are presented through finite-

difference time-domain (FDTD) simulations. On the one hand, the resonance in the traditional LHM is weakened and

the original pass band is narrowed by introducing inductors. On the other hand, the original pass band of the LHM

can be shifted and a new pass band can be generated by introducing capacitors. When capacitors and inductors are

introduced simultaneously, the resonance of traditional LHM is somewhat weakened and the number of original pass

bands as well as its bandwidth can be changed.
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1. Introduction

Materials exhibiting negative permittivity and
permeability are popular topics of current re-
searches due to their recent physical realization as
metamaterials.[1−6] In 1998, Pendry et al [7] demon-
strated that a thin continuous-metallic wire-array
could have a first forbidden band from 0Hz up to a
low plasma frequency in the GHz range, where the ef-
fective permittivity of the medium is negative. On the
other hand, an array of split-ring resonators (SRRs)[8]

can exhibit a negative effective permeability for fre-
quencies close to the magnetic resonance frequency
of these structures. By combining the SRRs and thin
wires, Smith and Kroll[9] reported the first experimen-
tal demonstration of left-handed materials (LHMs).
As proposed by Veselago,[10] one can observe nega-
tive Snell’s law, reverse Doppler effect, and reverse
Cerenkov radiation when electromagnetic (EM) waves
propagate in these LHMs. To date, their imaginable
applications extend to the field of antenna design, ve-
hicle coatings for altering radar cross-section proper-
ties, and lenses.[11] However, current LHMs are de-
signed with a small number of pass bands, and the
controllability of these materials is not that desirable
either.

This paper offers a fresh perspective on the trans-
mission properties of three DLHMs: DLHM composed
of LHM and doped inductors (LDLHM), DLHM com-
posed of LHM and doped capacitors (CDLHM), and
DLHM composed of LHM, inductors, and capacitors
(LCDLHM). A numerical simulation on the SRR-only
array is conducted first using the FDTD method, and
the simulation result is then compared with Bayindir
et al ’s[12] measurement. Noting the good agreement
of our simulation result with Bayindir’s measurement,
we then studied FDTD wave propagation in our de-
signed media and find certain novel transmission prop-
erties. The DLHMs with inductors can narrow the
LHM’s pass bands and weaken the resonance of LHM;
whereas DLHM with capacitors will shift the LHM’s
pass bands and result in new pass bands. And the
DLHM with both inductors and capacitors displays a
weakened resonance, a shifted pass band, and a new
generated pass band.

2. Split-ring resonators

We first perform a numerical simulation for the
SRR array constructed by Bayindir et al.[12] The pa-
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rameters of the SRR structure are shown in Fig.1(a).
The SRR in this experiment consists of two rings sep-
arated by a gap, both having splits at opposite sides.
Figure 1(b) presents the metamaterial composed of
periodically arranged boards which have SRRs on
them. The thickness and the dielectric constant of
the board are 0.45 mm and εb = 4.4, respectively.
Bayindir et al [12] have measured the response of EM
waves to this metamaterial structure, which is made
by Nx = 25, Ny = 25, and Nz = 25 unit cells.

Each unit cell includes one SRR and the dimensions
of the unit cell are ax = 5 mm, ay = 3.63mm, and
az = 6 mm. Their measurement was performed in
free space by using HP 8510C network analyser and
microwave horn antennas. For the measurement, the
directions of the wave vectors, the incident electric
field polarization and the magnetic field polarization
are the same as those shown in Fig.1(a). Figure 2
shows that the SRR array exhibits a forbidden band
between 8.7 and 10.2GHz.

Fig.1. The unit cell of the SRR array with parameters d = w = t = 0.33mm, l = 3mm, and thickness of

the SRR is 30 µm. The directions of incident electric and magnetic polarization are shown. (b) Schematic

drawing of the configuration of the composite metamaterial consisting of SRRs.

Fig.2. Measured transmission spectrum of the SRRs con-

structed by Bayindir.[12]

Our numerical simulation is based on the FDTD
method. In the FDTD simulation, unit cells are of the
same size as those in the measurement. We have con-
sidered 25 unit cells along the propagation direction
and assumed periodic boundary conditions in the di-

rections parallel to the interfaces. Figure 3 shows the
calculated transmission spectrum of the SRR array.
The SRRs give rise to a forbidden band from 8.7 to
9.4GHz, which is in good agreement with Bayindir’s
measurement.

Fig.3. Calculated transmission of EM waves through an

array of SRRs. The SRR array is formed according to

Bayindir’s structure.
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3. Doped LHM

Three kinds of DLHMs are discussed here. These
DLHMs are LDLHM, CDLHM, and LCDLHM. The
wire arrays and the SRR arrays in all the following
simulations share the same configuration. The metal-
lic wires are continuous ones and their width and
thickness are 0.3 mm and 30 µm, respectively. On the
other hand, the SRR structure is also 30µm thick.
The dielectric constant of the boards is εb = 4.41 and
all the boards are 21.6 mm long in the propagation
direction. Figure 4 shows the detailed parameters of

our structure. In the following simulations, EM waves
propagate along the x axis and the electric field po-
larization aligned along the y axis, whereas the mag-
netic field polarization is parallel to the z axis. The
perfectly matched layer (PML) absorbing boundary
condition is considered in the x direction while peri-
odic boundary conditions are assumed in the y and
z directions. Two neighbouring boards are 2.1 mm
away from each other in the z direction. The di-
mensions of each grid in the FDTD simulation are
ax = ay = az = 0.3mm. Besides, the inductors and
capacitors used as heterogeneous elements are lumped
elements in the FDTD simulations.

Fig.4. (a) The unit cell of the SRR array with parameters d = w = t = 0.3mm and l = 5.1mm. (b) Two

sides of the board with the wire array and the SRR array. The distance between two neighbouring wires is

r = 3.3mm and the distance between two neighbouring SRRs is n = 2.1mm.

3.1.Traditional LHM

We first give a description of the transmission
properties of the traditional LHM constructed accord-
ing to the configuration shown in Fig.4. In our simu-
lations, the traditional LHM consists of the SRR-only
array and the wire-only array. Figure 5 represents
the calculated transmission spectra of the traditional
LHM, the SRR-only array, and the wire-only array.
One resonance at 4.3GHz and a pass band from 8.2
to 10.5 GHz are presented in the transmission spec-
trum of the LHM because of the interaction between
the SRR-only array and the wire-only array. This phe-
nomenon can be similarly explained by the experiment
conducted by Moss et al.[13]

Fig.5. Calculated transmission spectra of the LHM, the

CRR, and the SRR structure.
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3.2. LHM doped with inductors

(LDLHM)

We have fabricated this sort of DLHM by placing
three rows of continuous inductors along the propaga-
tion direction and these inductors are on the surface
where SRRs are located. The value of each inductor is
L = 1 nH. However, there is no change for the wires on
the other side of the board. Figure 6 gives us a closer
look at this doped metamaterial. As can be seen, the
inductors are continuous along the y axis. The dis-
tance from the left edge of the board to the nearest
SRR is 0.6mm and the distance between two neigh-
bouring SRRs is 2.7 mm. While the distance from the
right edge of the board to the nearest row of inductors
is 0.6mm and the distance between the two rows of
inductors is 7.2 mm.

Fig.6. Three columns of continuous inductors embedded

on the surface where SRRs are located. The board is

21.6mm long in the propagation direction.

Figure 7 shows the calculated transmission spec-
tra of the traditional LHM, the inductor-only array,
and the LDLHM. After inserting inductors as hetero-
geneous elements, we figure out that the transmission
peak around 4.3 GHz is weakened and the original
pass band from 8.2 to 10.5 GHz is shifted to a fre-
quency range from 8.6 to 10.5 GHz. We think that
these changes can be explained by the following facts.
Continuous inductors have the capacitance between
two neighbouring columns of inductors and have the
performance of a high pass filter just like that of capac-
itors. Therefore, we observe a stop band starting from
0Hz in the transmission spectrum of the inductor-only
array. In this sense, the weakened resonance around
4.3GHz is caused by the blocking effect of the intro-
duced inductors in this frequency range. On the other
hand, the Pendry wire array[5,6] plasma frequency is

given by

fp =
c

a

√
2π ln

(a

r

) , (1)

where a is the wire lattice spacing and r is the wire
radius. It is well known that continuous wires can
have a first forbidden band from 0Hz to a low plasma
frequency. Coupled to the negative permeability of
SRRs, a resonance must appear in this forbidden
band. The LHM’s resonance in the forbidden band be-
tween 0Hz and 8.2 GHz can be explained by this fact.
Besides, as continuous inductors are inserted among
continuous wires, the equivalent wire lattice spacing
in Eq.(1) is decreased and the plasma frequency of
LDLHM is increased. In this sense, we observe a res-
onance in an extended forbidden band as the plasma
frequency of the doped medium is increased. Con-
sequently, the original LHM’s pass band from 8.2 to
10.5GHz is narrowed after introducing these induc-
tors.

Fig.7. Calculated transmission spectra for the LHM, the

inductor-only array, and the LDLHM.

3.3. LHM doped with capacitors

(CDLHM)

The second sort of DLHM is constructed by in-
serting one group of continuous capacitors between
two neighbouring rows of wires along the propagation
direction. The SRRs on the other side of the board
are unchanged and share the configuration shown in
Fig.4. The value of each capacitor is C = 1 pF. The
distance from the lower edge of the board to the near-
est row of wire is 1.5mm and the distance from the
lower edge of the board to the nearest row of capaci-
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tors is 3.3 mm. The front surface of each board com-
posing this CDLHM is shown in Fig.8.

We have simulated EM waves propagate through
this medium. The calculated transmission spectrum

Fig.8. The front side of the CDLHM composed of wires,

SRRs, and capacitors. The space between two neighbour-

ing rows of capacitors is d1 = 3.6mm and the space be-

tween two neighbouring rows of wires is d2 = 3.6mm.

is shown in Fig.9. In contrast to the transmission spec-
trum of the traditional LHM, this CDLHM gives rise
to a new pass band situated from 10.7 to 11.4 GHz.
Moreover, the original pass band between 8.2 and
10.5GHz is shifted to the frequency range from 7 to
9.6GHz. These phenomena can be explained as fol-
lows. First, according to the quasi-static model pro-
posed by Maslovski et al,[14] the plasma frequency for
the wire array is given by

fp =
1

2πa
√

ε0εraveL
, (2)

where a is the wire lattice spacing and εrave is the
average relative permittivity of a unit cell. L repre-
sents the wires’ total inductance per unit length and
is proportional to the magnetic flux ψ in a unit cell.
The equivalent circuit model for a capacitor at mi-
crowave frequencies is a series L and C. As there
are L components in the introduced capacitor struc-
ture, the magnetic flux ψ in a unit cell would increase
substantially, and our new medium’s total inductance
per unit length is increased. Finally, the plasma fre-
quency of the CDLHM is decreased. Besides, con-
tinuous wires can have a first forbidden band from
0Hz to a low plasma frequency. Coupled to the neg-
ative permeability of SRRs, a resonance must appear

in this forbidden band.[7] Therefore, we observe the
original resonance around 4.3 GHz in a narrowed for-
bidden band from 0Hz to a lower plasma frequency
in the transmission spectrum of CDLHM. We think
that the newly generated pass band ranging from 10.7
to 11.4 GHz is caused by the interaction between the
inserted capacitors and the original LHM structure.

Fig.9. Calculated transmission spectra of the LHM and

the CDLHM.

3.4. LHM doped with inductors and ca-

pacitors (LCDLHM)

We also devise a third sort of DLHM by combin-
ing the features of the LDLHM and CDLHM men-
tioned above. On the one hand, we insert one group
of continuous capacitors between two neighbouring
rows of wires along the propagation direction. On
the other hand, we place three rows of continuous in-
ductors along the propagation direction on the surface
where SRRs are located. The value of each capacitor
is C = 1 pF and the value of each inductor is L = 1 nH.
Figure 10 depicts the two sides of each dielectric board
comprising this LCDLHM. The configuration of the
front side of the board is commensurate with that of
the CDLHM, and the configuration of the back side of
the board is commensurate with that of the LDLHM.

FDTD simulations then follow. The transmission
spectrum of the LCDLHM is presented in Fig.11. The
transmission peak around 4.3 GHz is weakened. Ac-
cording to our above discussions, the weakened trans-
mission peak around 4.3GHz can be explained by the
blocking effect of the inductors in this frequency range.
While, the forbidden band from 0 to 8.2 GHz is moved
to lower frequencies but not as much as that in the
transmission spectrum of the CDLHM. This is due
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to the counteraction between the inductors and the
capacitors. As shown in the transmission spectra of
LDLHM and CDLHM, the inductors can increase the
plasma frequency whereas capacitors can decrease the
plasma frequency. In our simulations, the capacitors
have more impact on the pass-band changes. As a re-

sult, the plasma frequency in this LCLHM has moved
to a lower frequency and the change is not as much as
that in the CDLHM. However, the new generated pass
band between 11 GHz and 11.3GHz can be traced to
the interaction between the capacitors and the LHM
structure.

Fig.10. Two sides of each dielectric board. The space between two rows of capacitors is d1 = 3.6mm and the

space between two rows of wires is d2 = 3.6 mm. The distance between two rows of inductors is d3 = 7.2mm

and the distance between every two SRRs is d4 = 2.1mm.

Fig.11. Calculated transmission spectra of the LHM and

the LCDLHM.

4. Conclusion

In this paper, we have simulated the SRR struc-
ture devised by Bayindir and compared our calcula-

tion result with his measurement. Noting the good
agreement between our simulation and the measure-
ment, we then designed three sorts of DLHMs. In con-
trast to the traditional LHM we have measured, the
LDLHM shows a weakened resonance in a wider for-
bidden band, whereas the CDLHM exhibits a shifted
pass band with respect to the LHM and also gives rise
to a new pass band. And the LCDLHM displays a
weakened resonance, a shifted original pass band, and
a newly generated pass band. We think that these
unique features can be helpful in designing multi-pass-
band filters with better controllability.
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