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Quantum optical ABC'D theorem in two-mode case*
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By introducing the entangled Fresnel operator (EFO) this paper demonstrates that there exists ABCD theorem

for two-mode entangled case in quantum optics. The canonical operator method as mapping of ray-transfer ABCD

matrix is explicitly shown by EFO’s normally ordered expansion through the coherent state representation and the

technique of integration within an ordered product of operators.
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In a recently published paper!!! we have shown
that the multiplication rule of single-mode Fresnel
operators (FO) directly leads to quantum optical
ABCD law which corresponds to the classical opti-
cal ABCD law. In matrix optics, the ABCD law
tells us how the curvature of a centred spherical
wavefront changes from one reference plane to the
next. The multiplication rule of matrix optics guar-
antees that if the ray-transfer matrices of the n op-
tical components are My, Mo, M3, -+, M,, respec-
tively, then the whole ray transfer is determined by
M = MyMsMs --- M,. Remarkably, the propagation
of Gaussian beam also obeys ABCD law via opti-
the input light field

f (z1) and output light field g (z2) are related to each
(23]

cal diffraction integration, i.e.

other by one-dimensional (1D) Fresnel integration
g(z2) = ffooolC (A, B,C;x9,21) f (21) doy, where

K (A, B, C; o, 371)

1 i
= exp | — (Ax? — 2292 —|—Dm2], 1
m p 2B( 1 241 2) ()

where AD — BC = 1. The ABCD law for Gaussian

beam passing through an optical system is!*!
Ag + B
= — 2
q2 Cq1 +D’ ( )

where ¢; (¢2) represents the complex curvature of the
input (output) Gaussian beam. While the single-
mode FO corresponds to 1D classical Fresnel trans-
form, the two-mode FO corresponds to entangled Fres-
nel transform which is not the direct product of two

independent 1D Fresnel transforms. In this paper

Fresnel operator, Quantum optical ABC'D theorem

by introducing the entangled Fresnel operator (EFO)
we demonstrate that there also exists ABC'D theo-
rem for two-mode entangled case in quantum optics.
In our derivation, the canonical operator methods as
mapping of ray-transfer ABC'D matrix is explicitly
shown by EFO’s normally ordered expansion through
the coherent state representation and the technique
of integration within an ordered product (IWOP) of
operators. 6]

As an extension of single-mode FO, instead of us-
ing the direct product of two independent single-mode
FOs, which is a routine generalization, we introduce

the following integration:

2 2
F - d Zld z9 * «
2 (Tv 5) =S 2 |Szl + 29,72

+ 522> <Zla 22| ) (3)
where

|sz1 + 1z, rz] + sz2)

=|s21 +1r25); @ |r2] + 522),, (4)

s and r are complex and satisfy the unimodularity con-
1
dition ss* —rr* =1, |z1) = exp (—2 21 ]? + zm{) |0)

is the coherent state, "] az is the Bose creation opera-
tor, [ai, a}] = 0;;, ¢ = 1,2. Equation (3) indicates that
F5 (r,s) is an image of classical symplectic transform
(21,22) — (821 +rz3, rzf + sz2) in two-dimensional
complex phase space through two-mode coherent state

representation. Using the normal ordering of vac-
uum projector |00) (00| =: exp (—aJ{al - agag) :
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and the IWOP technique we can calculate the inte-
gral in Eq.(3) and derive its normally ordered form

-
F5 (r,s) =exp (Sjaia;)

X exp [(a{al +abay + 1) ln(s*)_l}
X exp <—;a1a2> . (5)

Thus F (r, s) induces the transform
Fy (r,s) ar Fy (r, s)f1 =s*a; — rag,
Fy (r,8) agFs (r, s)_l =s%aq — r(ﬂ;, (6)

and F5 is a 3-parameters two-mode squeezing opera-
tor. By introducing A, B, C, D through the relation

s:%M+D—MB—mL

T =

1
—i[A—D—H(B—i—C)]7 (7)
we see that the unimodularity ss* — rr* = 1 be-
comes AD — BC = 1. Using the overlap (z |2/} =

1
exp{ ~3 (|z|2 + |z'|2) + z*z’} and the IWOP tech-

nique we can obtain multiplication rule of F» (r, s),

FQ (Tv 5) FQ (Tla 3/)

=Fy(r",s"), (8)
where
s —r s —=r s —r”
_pt gt _ple gl* - it gxr |7
") = 1" =1, (9)

1

or 8" = ss' +rr"™, " = rs™ +r's. Equation (8) is

equivalent to

F2 (A/a Bl7 C/) F2 (Aa Ba O) = F2 (AN) BN? CU) ) (10)

F2 (A,B,C)_ 2

2
1) (of i
+<A+D+i(B—C) )(“1“1+“2“2)+A+D+1(3—0)

Note

;
P, = (17)
and

(ar—ab) iy =nlm, (az—af) i) =n*Im), (18)

where

A// B/l
C// Dl/

AB\[(AB
D RNGHY
cp)\cp

On the other hand, we can prove that the matrix el-

ement of F; in the entangled state representation |n)
[9-11]

1 *
|n) = exp {—2 In|* +aln — aln* + aiaé] 100) (12)

i, [12:13]

(1| Fa (r,5) )
1 1 2 2
_ (A _ /% E Dln
5B P [23 ( [nl” — ("™ +n"n') + D || )}

=K ('), (13)

which is different from Eq.(1), so it can be considered
as the integration kernel of entangled 2-dimensional
optical Fresnel transform,

G = [ e F), ()

so Fy(r,s) can be named as EFO, here F(n) =
n F),G(n') = (| Gy, and we have used the com-
pleteness relation

2
[ ol =1, (15)

For the applications, in quantum teleportation, of en-
tangled state representations with continuum vari-
ables, we refer to Ref.[14].
Eq.(7), we can put Eq.(5) into the following form:

Using the relation in

A-D+i(B+C) 4 4

_A+D—|—i(B—C):eXp{_A+D+i(B—C)

a)ay

ADuB+maa}
142

which leads to

(Q1—Q2)n) = V2 |n),
(Pr+P) ) =V2n2|n), n=m+in,  (19)

we can prove the operator identity
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2
e%[(Q17Q2)2+(P1+P2)2] — / d ne%[(Q1*Q2)2+(P1+P2)2}

. ) (n

d2 * *
= [Fhew {0 =D P +aln— ey +a’ — azn+ (- ab) (o2 —al)}

1
= ——:exp

A 2 2\ | .
T {2(1_/\) ((Ql—Qz) + (P + B) )] . (20)
When B=0, A=1,C — C/A, D =1, and using Eq.(20) we see that
2 iC/A
2—ic/A “Pl2-i0/A

= exp {ﬁ {(Ql — Q)+ (P + Pz)z} } , (21)

F»(1,0,C/A) = (a{al +abay —alal — alag)} :

which is in the form of a canonical operator. On the  and )
other hand, by introducing the |£) representation, / &°¢ 1€) (€] =1, (24)
7r
1 . we can derive another operator identity
€) = exp | —5 [€I° +alé + ale™ —ala}| 00), (22)
e%[(Q1+Q2)2+(P1*P2)2}

which is conjugate to |n), and is the common eigen-  _ / d2§e%[(Q1+Q2)2+(P1—P2)2] 1€) (€]
vector of (Q1 + Q2) and (P, — Ps) &
1 [ A 2 2
= cexp | (Q1 + Q2)” + (P — ) ]1~(25)
Qi +Q2)18) = V26116). SR S S
(P, — Py) |€) = V26 |€), (23) Tt then follows from Eqgs.(16) and (25)

2 iB/A
FQ (1, B/A,O) = m exp {—2_’_1-3/14 (a—{a; + a;CLQ + aial + a1a2)} .
2 iB/A ) )
= e P —Pp)?| Y
3T iB/A GXP{ 52+ iB/A) [(Q1+Q2) + (P 2)}}
iB 2 2
—ep i~ [(Qu+ Q) + (P - R ¢ (26)
In particular, when B =C =0, and D = A~!, Eq.(16) becomes
2 A— A1
R _a—a gt
F5 (A,0,0) = exp{ A AT
2 A— A1
T T .
+<A+A4‘Q(%“+%W)+A+A4“@}-
=sech A: exp [—aia; tanh A + (sech A — 1) (a{al + a£a2> + ajas tanh A| (27)
_ a1
where AT AT =tanh \, A = e*. Equation (27) is just the two-mode squeezing operator,[15:16]
F5(A,0,0) = exp[i (Q1 P2 + Q2P1) In A], (28)

which actually squeezes the entangled state |£) (its conjugate state is |n)),

2¢1
B (4,006 = [ 5 le/ €16 = 5 16/4). (29)
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Using the decomposition of the matrix!!7]
A B 1 0 A 0 1 B/A
= / , (30)
C D C/A 1 0 A°! 0 1
we immediately see that F» (A, B, C) has its canonical operator (Q, P) representation
F2 (AaBaO) :F2 (I,0,0/A)FQ (A,0,0)FQ (1’B/A7O)
iC .
= exp {4A [(Ql —Q2)*+ (P + P2)2} } exp [i (Q1 P2 + Q2P1) In A]
X expq =~ {(Q1+Q2) +(P1—P2)} : (31)
\
Next we directly use the EFO to derive ABC'D rulein  where we have identified
quantum optics for Gaussian beam in two-mode case.
From Eq.(16) we see A+iB
q.(16) w y “=Grp (33)
2 iD
F; (A, B,C)[00) = /(qﬂ)
L —
+i Then according to the multiplication rule of two EFOs
xexp [~ atal [ 100y, (32)
b -1 12 ’ and Eq.(11) we obtain

l

Fy (A, B',C") Fy (A, B,C) |00)
2

AI/ _ DII + 1 (B// + C//)

exp {
2

:AII + D/I _|_ 1 (B// _ C//)

_A”+D’/+i(B’/—C/')

alaé} 100)

TAAYBC+CB+DD+i(AB+BD-C'A-DC)

X exp

A'A+B'C—C'B-DD+i(AB+BD+C'A+DC) ;

2/(C +iD)

- alal | 00)
AA+BC+C'B+D'D+i(AB+B'D-C'A-DC)
q (A" +iC") + B' +iD"

Using Eq.(33), we can simplify Eq.(34) as

7ﬁm+3)iwm+Dfm[quwq+Bwfl

2/ (C +1D)

a a§]|00>. (34)

Fy (A, B',C")F, (A, B,C)|00) =

where
14/q1 _|_ B/

N C'q1 + D"’
which resembles Eq.(2), therefore this is just the new

q2 (36)

ABCD law for two-mode case in quantum optics.
In summary, the multiplication rule of EFO nat-

(@—M0m+ﬂfm

-2 alof] 0o}, ()

urally leads to the quantum optical ABCD law in
two-mode case. The operator method as mapping of
ray-transfer ABC'D matrix has been explicitly shown
through EFO’s normally ordered form and the coher-
ent state representation.
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