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Based on the anomaly cancellation method, initiated by Robinson and Wilczek, we investigates Hawking radiation

from the modified Schwarzschild black hole from gravity’s rainbow from the anomaly point of view. Unlike the general

Schwarzschild space-time, the metric of this black hole depends on the energies of probes. The obtained result shows

to restore the underlying general covariance at the quantum level in the effective field, the covariant compensating

flux of energy—momentum tensor, which is related to the energies of the probes, should precisely equal to that of a

(1 4 1)-dimensional blackbody at the Hawking temperature.
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1. Introduction

Since Stephen Hawking first proved that black
hole can emit particles in the form of purely ther-
mal spectrum from the black hole horizon,!*! many
approaches to derive Hawking radiation and its cor-
responding temperature have been proposed, such
as Buclidean gravity,? string theory,[®! temperature
Green function,¥ tunnelling picture,®=15! and so
Recently, Robin-

son and Wilczek, motivated by the method of trace

on during the past thirty years.

anomaly, !9 proposed a novel method on Hawking ra-
diation from the viewpoint of anomaly at the event
horizon (EH).'7 According to their viewpoint, the
scalar field theory in any dimensional space—time can
be reduced to that on (¢,7) section of the original
background by a universal dimensional reduction tech-
nique. Then in the 2-dimensional reduction, to de-
scribe the observable physics, they integrated out the
classically insignificant ingoing modes to construct the
effective field outside the black hole horizon. How-
ever quantum mechanically, the contributions of these
ingoing modes cannot be ignored. Hence the effec-
tive field becomes chiral and exhibits gravitational
anomaly with respect to the general coordinate sym-
metry. The underlying theory of course should be co-

Hawking radiation, anomaly, gravity’s rainbow, event horizon

variant under the infinitesimal coordinate transition.
Therefore to restore the covariance at the quantum
level, they introduced a flux to eliminate the anomaly
at the EH and found this compensating flux precisely
equalled that of a (1+1)-dimensional blackbody at the
Hawking temperature eventually.

Up to now, based on their paradigm, investi-
gations on charged space-time,!'¥ rotating space-
time,'9 de-Sitter?°=22l and BTZ space-timel?3] (for
others see Ref.[24-27]) have been done extensively. To
comprehensively understand Hawking radiation and
some pertinent problems, such as the information
problem and the origin of black hole entropy etc, in-
vestigations on the Planck scale physics,?8 particu-
larly in Hawking radiation from the anomaly point of
view, is of great importance and significance. There-
fore, in this paper, we adopt the anomaly cancella-
tion method to investigate the Hawking radiation from
the modified black hole from gravity’s rainbow which
stems from the incorporation of deformed special rel-
ativity (DSR) with the curvature of space-time.?’]
The Schwarzschild solution of the rainbow metric has
been presented in Ref.[30]. The main feature of this
metric is that the geometry of space—time depends on
the energies of probe particles falling in it. That is
to say, there are different space—time geometries for
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probe particles with different energies. Because of this
quantum effect, the related energy—momentum tensor
fluxes that obtained in this context, with covariance
at the EH after the gravitational anomaly at the quan-
tum level is cancelled, are also closely related to the
energies of the probe particles.

We in-
troduce the modified black hole and some thermody-

The remainders are arranged as follows.

namic properties in the next section. In Section 3, the
method of Robinson and Wilczek is applied to inves-
tigate the Hawking radiation from the modified black
hole from gravity’s rainbow. Finally, a brief discussion
is given in the last section.

2. The modified Schwarzschild
black hole from gravity’s rain-

bow

In the light of the energy independent coordinates
and the energy independent mass, the Schwarzschild

solution from the rainbow metric can be written as(30

ds® = —Adt2 + B~ 'dr? + 7%/ f3d2%, (1)

2m 2m
1_)/flvB_f22 1—7 , m

is the mass of the modified black hole from gravity’s

where A =

rainbow, fi; and f are energy functions which satisfy

E2[{(E;N) = p* f3(B; \) = mg, (2)

where FE is the energy of probe particles, A is a pa-
rameter of order of the Planck length. To go back
to the special relativity as E/Ep < 1 (Ep is the
Planck energy), the correspondence principle will im-
pose f1 =
to the energies and momenta of the test particles, that

f2 = 1. Moreover, Eq.(2) relates the metric

is, a given infinity observer with different energy quan-
tum to probe the space—time obtains different space—
time geometries. Because of this, the present space—
time is endowed with a Planck scale modification and
has some quantum effects.[29]

The Arnowitt—Deser—Misner (ADM) mass of this

black hole can be calculated via the Komar integral

="t /ngz W:ff (3)

where f(“t) is the normalized time-like Killing vector.
Obviously, for the modified Schwarzschild black holes,
the ADM mass is not equivalent to the mass param-
eter m strictly, but depends on the energies of the

probe particles. This is because the quantum correc-
tion effect of the gravity’s rainbow space—time stem-
ming from DSR has energy dependence. For the met-
ric (1), we obtain that the EH is located at r, = 2m
as the usual Schwarzschild black hole for all observers,
however the entropy S = 47mm?/f3 does not have the
usual form, but depends on particle’s energy.

3. Quantum anomaly and Hawk-
ing radiation of the modified
Schwarzschild black hole

Now we focus on investigating Hawking radia-
tion of the modified Schwarzschild black hole from
gravity’s rainbow space—time by the anomaly cancel-
lation method proposed by Robinson and Wilczek.
We find for metric Eq.(1) gu.g-» # 1, so its sur-
face gravity does not have the usual form, but
K = 12/ FBG)

the derivative with respect to 7.

r, » where the prime denotes
As mentioned
above,17=20] before the effective field theory is formu-
lated, the higher scalar field in the gravity’s rainbow
background should be reduced to that in a (1+1)-
dimensional space-time by the dimensional reduc-
tion technique. However, note that in the modi-
fied Schwarzschild space-time, if we take into account
the interaction between the probe and emitted parti-
cle, the reduced effective metric will be very compli-
cated, which is adverse for our next discussion. There-
fore to study Hawking radiation from the modified
Schwarzschild black hole from the anomaly point of
view, we should deal with it approximately. That is
in the low order approximation, we can ignore that
interaction and the back reaction of the emitted par-
ticles on the background space—time. Then the action
for the scalar field in the modified black hole from

gravity’s rainbow is

Slel == / AW P

1 4 rPsing {_ 1
-5 [
+%8§+7f2 ]

r2sin’ 6

1
0 + T—28TT2B(T)8T

(4)

After the partial wave decomposition in terms of the
spherical harmonics ¢ = 37, | ¢u(t,7)Yim and the
tortoise coordinate transformation dr,/dr = f (r)™",
we find that the effective radial potential for partial
wave modes of the scalar field vanishes exponentially
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as 7 — rg. Thus after the subordinate terms are omit-
ted, physics that near the EH can be described effec-
tively by an infinite collection of (1+41)-dimensional
scalar field with the metric

ds? = —Adt? + B~ tdr®. (5)

Moreover the background dilaton factor ¥ = r2/f; f3,
which is often ignored in the static background, is also
related to the energies of probe particles. The reason
for this arises from the changes of ADM mass and
the area at the EH. In the two-dimensional space—
time, since the horizon is a null hypersurface, ingoing
modes classically cannot affect the dynamics outside
the black hole horizon. So we integrate out the clas-
sically irrelevant ingoing modes to define the effec-
tive field theory outside the horizon that makes the
effective theory becoming chiral and suffering from
a gravitational anomaly with respect to the general
coordinate symmetry. However the underlying the-
ory should be covariant, hence we shall introduce an
energy—momentum tensor flux to cancel this nonex-
istent anomaly at the quantum level. In the near-
horizon region [rg, rg + €], when the ingoing modes
are ignored, the effective field is chiral and suffers from
a gravitational anomaly which satisfies the anomalous

equation3!]
VT, = A = <=0, (©
V=Y
where
N = %5 kOIS, 1)
In which, e/ = . (1) and ['J; is the Christoffel

connection. The covariant form, on the other hand,
also takes the form as

v, =A, =

1 8
wly, = —=0uN}. (8)

)
While in the region [rg+¢, +00], there is not anomaly
and the energy—-momentum tensor satisfies the con-

servation equation V,T" ) = 0. So now, we focus

v(0
on discussing the anomaly in the region [rg, rg + €.
Incorporating Eqs.(5) and (7) with the Christoffel con-

nection we obtain

1 1

O li = Toom

NM = —
t 96

— (A'B'+ A"B).  (9)

We now consider the variation of the effective action
that induced by the infinitesimal general coordinate

transformation z# — z* + \* with a gauge parameter
A

—nW :/dﬁ\/jg)‘uvuT#
:/dtdr\/jg)\tvy( 1(0) O+ +TtIEH)H)

- / dtdrA{0,(Ny H) + [V=9(T} 1) — T}y
+N{JO(r —rn =€)}, 10

where the current outside the horizon has been writ-
ten as the sum of two regions, T} = T €+ (r) +
Tf(H)H (r) by the scalar step function @, =
O (r — r, — €) and scalar top hat function H = 1— 6,
(in the region [ry, rg+e¢], H= 1; while in [rg+¢&,+00],
H=0). The total effective action must be gauge invari-
ant and the first term would be cancelled by the quan-
tum effect of the classically irrelevant ingoing modes
that we have ignored. Therefore, to hold the general
coordinate invariance at the quantum level, the coef-
ficient of the delta function should vanish, namely

C(]:Ch—NtT(H), (].].)
where ¢y = /— 9T ) v = V= t(H f:h drd,. Ny

are the energy-momentum tensor fluxes observed by
the observer located at infinity and the EH respec-
tively. To determine cy precisely, we impose the co-
variant energy-momentum tensor to be vanished at
the horizon (regularity condition®?), that is

~ B
1" = /—alI"
Vol =vogli 9

Then we obtain that at the horizon

K2
v t(H) 247

(AA” —2A4) =0. (12)

QNT(TH) (13)

where
i A —
\/ A (r)B'(r) |, =27/8 = f 4m

is the surface gravity of the black hole. Therefore, the
total energy—momentum tensor flux, which is required
to cancel the gravitational anomaly at the quantum
level to save the underlying general coordinate invari-
ance at the EH, can be expressed as

T3 1 f2

= 2N/ — N/ = 14

<o £ (rn) = Ny (rn) = ¢ = Tosmm? [2 (14)

where T}, = AN é is the Hawking tempera-
2 f18mm

ture, which is related to the energies of the test par-
ticles, at the EH of the modified Schwarzschild black
hole from gravity’s rainbow.

Now we turn to derive the total energy—
momentum tensor flux from the blackbody radiation.
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The Planckian distribution with the inverse tempera-
ture takes the form as N (w) = 1/ (exp(fw) £ 1). To
avoid super-radiance, we only discuss fermions and ob-
tain o _

g = /0 ;N (w)dw = ETH. (15)
Comparing Eq.(14) with Eq.(15), we find that the
compensating flux of energy—momentum tensor, re-
quired cancelling the gravitational anomaly at the EH
to hold the underlying general coordinate invariance
at the quantum level, is equivalent to the Hawking
radiation flux from the EH. That is, Hawking radia-
tion can be determined by the compensating flux with
covariance at the EH.

4. Discussion

In this paper, we find that Hawking radiation can
save the underlying general covariance at the quan-
tum level. However, in the background of gravity’s
rainbow, an observer with different energies to probe
the background space—time will get different condi-
tions to restore this covariance. In the low energy
realm?”! i.e. E/Ep < 1 (Ep = \/1/87 is the Planck

energy), to save the general coordinate covariance, the
black hole must radiate out at the Hawking temper-
ature 7, = 1/8mmf, where f = f; = e*%Ez/EI%7
fo = 1 are obtained by the imposition of correspon-
dence principle. While for large mass black holes
E=T, f= e’%T2/E12’, where T' is the characteristic
temperature of the emitted particles from the black
hole, to hold the underlying covariance at the EH, the
black hole must radiate at the Hawking temperature

s, 1 T
T 64m2M?2 0 SwM?’

Of course, if f; = fo = 1, to restore the general in-
variance at the EH, the modified Schwarzschild black
hole from gravity’s rainbow should do as the classical
Schwarzschild black hole, which is consistent with the
initial work of Robinson and Wilczek.
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