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We present a scheme to prepare cluster-type entangled squeezed vacuum states (CTESVS) by considering the

two-photon interaction between a two-level atom and a high-quality cavity, driven by a strong classical field. After

the realization of simple atomic measurements, the generation of CTESVS in four separate cavities is accomplished

within the cavity decay time. In the case of large atom—cavity detuning, the scheme is immune to the effect of atomic

spontaneous emission.
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1. Introduction

Quantum entanglement is at the heart of quan-
tum information and computing science.’:?! Entan-
glement is not only widely used for quantum dense
coding,® quantum cryptography!*5 and quantum
teleportation,®7 but also opens up possibilities for
the testing of quantum nonlocality.[®?] While bipar-
tite entanglement is well understood, multipartite en-
tanglement is still under extensive exploration. It
has been shown that there are two different classes
of tripartite entanglement states: the Greenberger—
HorneZeilinger (GHZ) class!®l and the W class, "]
under stochastic local operation and classical com-
munication. Recently, Briegel and Raussendorf in-
troduced another class of N-qubit entangled states,
i.e. the cluster states,'*) which have some interesting
features. They have a high persistence of entangle-
ment, that is, they (in the case of N > 4) are harder
to destroy by local operations and can be regarded
as an resource for the GHZ states,['') but they are
more immune to decoherence than the GHZ states.[?
The cluster states can also be used to test nonlocality
without inequalities. More importantly, it has been
shown that the cluster states constitute a universal
resource for so-called one-way quantum computation

proceeding only by local measurements and feedfor-
ward of their outcomes.!'3] Thus cluster states have
become an important resource in many branches of
physics, especially in quantum information. The orig-
inal studies on quantum entanglement focused on the
systems with a finite-dimensional (discrete variable)
state space. Since the experimental demonstration of
quantum teleportation of coherent states,!** much in-
terest has arisen in continuous variable quantum in-
formation processing.!'>16 Thereupon, the entangled
states with continuous variables have received much
attention in the study of quantum entanglement.'718!
Many types of continuous-variable cluster states based
on different states (not coherent) have been reported
in the literature.'¥) A previous paper??! has pro-
posed and investigated the properties of the cluster-
type entangled coherent states. Compared with co-
herent states, the squeezed vacuum states have not
been investigated intensively. Actually, the squeezed
states are more useful in some applications. For exam-
ple, the nonclassical squeezed states of light, in which
the quantum fluctuations of one quadrature are sup-
pressed below the vacuum level, have potential appli-
cations in optical communications and gravitational
detection.?!] Some of the entanglement properties of

multipartite entangled squeezed vacuum states were
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d.[2223] Recently, a schemel?* for squeezed

discusse
vacuum measurements without homodyning has been
proposed by Wenger et al by following the theoreti-
cal proposal presented by Fiurdsek and Cerf.[?5l The
schemes can be utilized to measure the squeezing and
the purity of single mode squeezed vacuum state,
which provides a powerful tool for the study of the
squeezed vacuum state.

In this paper, we propose a scheme to prepare the
CTESVS by considering the two-photon interaction
between a two-level atom and a single-mode cavity
with a high quality factor, driven by a strong classi-
cal field. The remainder of the paper is organized as
follows. In Section 2 we prepare the squeezed vacuum
state (SVS). In Section 3 we prepare the cluster-type
squeezed vacuum states in four separate cavities. Fi-
nally, discussion and summary are given in Section 4.

2. The generation of squeezed

vacuum state

We consider a two-photon interaction between a
two-level atom with a single-mode cavity field, res-
onantly driven by an external classical field. The

Hamiltonian of the system is given by (assuming A
= 1)[26]

H, = wyS, + waala + g (aT2S_ + a25+)
+0 (e*i“’LtSJr + eithSf) , (1)

where S, = %(I6><€| —lg)gl); ST = le)gl; 7 =
lg){e|; at (a) is the creation (annihilation) operator of
the cavity field; wg, w, and wy, are the atomic tran-
sition frequency, the cavity field frequency, and the
classical field frequency, respectively; g and (2 are the
coupling constants of atom with the cavity mode and
the driving field, respectively. In the rotating frame
with respect to the driving field frequency wy, the
Hamiltonian is given by

H, = Adfa+g (aTQSf + a25+>
+02(St+57), (2)

w
where A = w, — “L " In the interaction picture, the

Hamiltonian is given by
Hi — eiHrotHrie—iHrot
1 i
= o[l = =)+ e (|
—67129t|—><+|]a26712At + H.C., (3)

where

Hyo = Ad'a+ 2 (ST +57), (4)
Hi=g (aTQS_ + a25+> , (5)
%) = (l9) £ e))/V2, and Su|%) = (ST +57)|%) =

+|+).
the rotating-wave approximation the effective Hamil-

In the strong driving regime 2 > A,g, in

tonian is obtained to be

1 : .
Hit = =S, (aT2612At n a2€—12At) ' (6)

2
If the atom-field is initially in the state |g)|0), the total
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[¢) = e7 e g) 0)

_iHieffti _
\/5(\+> +[=))[0)

[14)5(€) +[-)S(=6)]10)

|
o

1

S

2
1

S

5 (B8 +1=)1=8), (7)

S(€) = eW/A(E e )

0

—a—

with |€) being the squeezed vacuum state (SVS) of the
cavity mode.

3. The generation of cluster-type

entangled squeezed vacuum

states

Now we discuss how to prepare the four-cavity
CTESVS. The experimental setup is shown in Fig.1.

L
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Fig.1. Sketch of the proposed experimental setup. Each flying
atom crosses two cavities. Both atoms enter the fifth cavity
which is to apply a quantum phase gate between the atoms
before measurement to Dy and Ds.
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Assume four identical cavities C1, Cq, C3 and C4 to be
initially in vacuum states |01),|02),]03) and |04), re-
spectively and two identical two-level atoms initially
prepared in the state |g1)|g2), and then the initial state
of the whole system will be

[v0) = 191)192)101)|02)|03)|04). (9)

Atom 1 crosses cavities C; and Cs in sequence and

atom 2 crosses cavities C3 and C4. After an interac-

tion time ¢ in each of two cavities atom ¢ (i = 1,2)
and respective cavities stay in the state

1
i) = %(I+>i|£>|€> + =)l =81 -8),
(i=1,2). (10)

Hence, the state of the whole system is given by

V) = [¥1) ® [tha)
- §<|++>|e,§>m|§,s>34
++ =E Szl — & —E)sa
+H ==& =€ >12\€75>34
+H =) =& =2l =& —8sa). (1)

In order to achieve the CTESVS, we need now to
perform a controlled phase gate (CPG) operation on

1
the atomic dressed basis |£) = —2(|g> + |e)) before

atomic state measurement. The quantum phase gate
between the atoms may be implemented by using the
fifth cavity (see Fig.1). The atoms will now simulta-
neously interact with both the cavity field in the fifth
cavity and an external classical field. By using the
rotation wave approximation, the Hamiltonian for the
system can be written as (assuming h = 1)[27]

2 2
= ZwoSzﬂ‘ +waala + Z g (aTS[ +aS;")
=1 i=1
+02 (e7wrt S +elwrtsr) ] (12)
1 +
where S, ; = *(|€i><€i| — lgi){gil), S;" = lei){gi|, and

o= |gi)<ei|, (i = 1,2); ¢’ is the atom—cavity cou-
pling constant, with wg = wy, assumed. In the strong
driving regime {2 > {¢’,d}, the interaction Hamilto-

nian is written as[28:29

—_

2
Hf = ,Z ae +ale™™") (S 4+ S87), (13)

[\

where § = wy — w, is the detuning between the fre-

quencies of the cavity field and atoms. In the case

d > ¢'/2, there is no energy exchange between the
atomic system and the cavity. The strong classical
field causes photon-number-dependent Stark shifts to
be cancelled. Then the effective Hamiltonian is given

by!28]
2 1 2
=02 (SF+57) 22|61 (ed]
i=1 =1

2
+lgi){gi]) Z (SSH+8S7 +HC)

17, (14)

where A = ¢'%/20.
nian to perform the CPG. We choose the interaction

So we can use this Hamilto-

time ¢r and Rabi frequency {2 appropriately such that
ty = w/4X and t = (Qk—i— ) 7w/ (integer k > 1)
between the atoms and the cavity field. Then the fol-

lowing transformation is performed:[20]

Ucpa|++) = | ++),

Ucpcl + =) = |+ -),

Ucra| —+) = | —+),

Uopa|— =) = | = =), (15)
where Ucpa = exp(—inHtf). The Ucpg causes

Eq.(11) to evolve to

¥) = (-] ++>|§,§>12\£7£>34

+ + =)E &2l — & —E)sa
+=H)-& € >12|§75>34
H =) =& =) 2] =& —E)sa).  (16)

Equation (16) can be rewritten as

') = £[|99>(|§75>12034 + =& —=612)(I€,8)34
+| =& —€)34a) + [ge)(I€, §)12034
+ =& —812)(I€,E)3a — | — & —&)34)
+|€9>(|§ §)12034 — | — &, —&)12)(|€, )34
+| =& —&)sa) + lee)([€, 5>12034
=£)

- = 12)(1€, )34 — | — &, —&)3a)] 5 (17)
with o34 = —[§,&)34(&, & + | = &, —&)3a (=, =]

The final atomic states are analysed in the state-
selective field-ionization detectors D; and Do (see
Fig.1), respectively. Depending on the detection re-
sults of the atomic states, the four-cavity fields are
projected onto one of the four CTESVS as follows:

l99) — (1€, €)12034 + [ — & =&)12) (€, §)34

+ =& —€)34),
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lge) — (1€, &) 12034 + | — & —€)12)(|€, &) 34

—| =& —&)34),
leg) — (1§, §) 12034 — | = & =) 12) (1€, €)3a
+| =& —&)3za),
lee) — (I€,€)12034 — [ = &, =E)12) (€, §)3a
—| =& —&)s4). (18)

4. Discussion and summary

We now give a brief discussion about the feasibil-
ity for the proposed scheme. From Refs.[30,31], the
coupling constant of the two-photon interaction can
be taken as ¢g/2r = 1kHz, about 1/50 that of the
single-photon interaction (27 x 49 kHz).2! Therefore,
if 2/2r = 1MHz, the condition (£2 > A,g) of the
rotating-approximation in expression (6) is satisfied.
A photon storage time in the cavity is 7, ~ 130ms,
and the lifetime of the circular Rydberg atom is T, ~
30ms,[%) much longer than the cavity mode decay
time 7oy ~ 0.85ms.[*2 So we will consider only the
cavity decay. For the cavity with the size L = 27.5 mm
and the waist of Gaussian field mode w = 6 mm, ! if
the atoms move with the speed v = 200 m/s,m] the
interaction time of each atom with the cavity mode is
about T} = /7w/v = 5.3 x 1072 ms, and the time for
the atoms to cross the cavity is about 73 = 0.14ms.
Having neglected the spacing between the cavities, the
generation protocol takes a time T' = 2T+ 3T+ /4,
which for ¢’ = 27 x 49kHZ, and § = 27 x 8¢, gives
T ~ 0.786 ms, shorter than T,,. But in current opti-
cal cavity QED systems, the coupling strength g(r) of

atoms with the cavity modes depends on the atomic
position 7. If atomic motion is localized within a size
(6r) comparable with the cavity mode resonant wave-
length A, this position-dependent uncertainty gen-
erally reduces the quantum coherence or entangle-
ment between atoms and cavity modes. It requires
the Lamb—Dicke limit dr < A, to be imposed on
an approximate coupling constant g. This require-
ment has been met in a one-cavity system, and can be
obtained by atom-cooling techniques. However, our
scheme needs atoms to cross three cavities separated
by a distance L with a speed v, and in each cavity,
the Lamb—Dicke limit is required to repress the deco-
herence caused by atomic motion. If the initial wave
packet has a size dr, according to the Heisenberg un-
certainty principle, the atomic size will be uncertain
by a quantity d = [h/m(dr)]*(L/v) (m is the mass of
the atom and A is the Planck’s constant).[33] To assure
that the Lamb-Dicke limit is still effective, the uncer-
tain quantity d should be much less than the wave size
or, i.e. d < dr. This leads to more stringent condi-
tions on the experimental parameters than one-cavity
case. Therefore, the effect of the atomic motion on
the scheme needs further studying.

In summary, we have proposed a scheme to pre-
pare the CTESVS based on the two-photon Jaynes—
Cumming (JC) model, driven by a strong classical
field. After the realization of simple atomic measure-
ments, the generation of CTESVS in four separate
cavities is accomplished within the cavity decay time.
In the case of large atom-cavity detuning, the scheme
is immune to the effect of atomic spontaneous emis-

sion.
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