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Squeezing via the interaction between the cavity light field and the Bose–Einstein Condensate (BEC) in a double-

well potential is considered within the context of the two-mode approximation. For the cavity light field initially in a

coherent state, it is shown that by choosing appropriate parameters, quadrature squeezing of the cavity light field can be

achieved and it exhibits periodic oscillation. We also study the case in which BEC is tuned to resonance by periodically

modulating the trapping potential, and the quadrature squeezing of the cavity field exhibits periodic collapse and revival

effect. Both analytic and numerical calculations are performed, and they are found to be in good agreement with each

other. The result shows that the quantum statistical properties of the cavity light field can be manipulated by its

coupling with the condensates in the double-well potential. On the other hand, dynamical properties of the condensates

in the double-well potential will be reflected by the quadrature squeezing of the light field.
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Among various Bose–Einstein condensate (BEC)
systems, the BEC in a double-well potential has
attracted the intense interest in recent years.[1−13]

Experimentally, this system was recently realized.[1]

Theoretically, Milburn et al first proposed a two-
mode model to investigate the system.[2] They also
proposed a nondestructive measurement scheme for
monitoring the Josephson oscillation between BECs
in the double well[3] and investigated its applica-
tion to weak force detection.[4] Other properties of
the system such as entanglement[5] and dynamical
behaviour[6−10] were investigated in detail. In a few
very recent papers,[10−13] the periodically modulated
trapping potential has received considerable attention
for its potential application to manipulating the tun-
nelling between BECs in the double-well potential.
Investigating BEC in the double-well potential can
help us understand more complicate systems such as
dynamics,[14] soliton[15] and phase diagram[16] of BEC
in an optical lattice or a triple-well potential.[17]

Squeezing is of constant interest, for it offers the

possibility of reducing quantum noise in accurate mea-
surement. Kitagawa and Ueda[18] argued that non-
linear interaction could be used to create squeezed
spin states (SSSs) in a spin system. In particular,
Jääskeläinen et al [19] showed that a double-well po-
tential with a time-dependent well separation could
be used as a matter-wave beam splitter, and phase
squeezing can be achieved. They assessed the phase
resolution under the joint effects of collision-driven cu-
bic nonlinearities and quantum tunnelling.[19]

As is known, quantum statistical properties of a
BEC can be manipulated by its interaction with a
light field.[20] On the other hand, the quantum statis-
tical properties of the light field can also be affected by
its interaction with an atomic system. Genes et al [21]

showed that quadrature squeezing of a light field could
be created via atom–cavity field coupling. Saito and
Ueda[22] demonstrated that spin squeezing of an en-
semble of atoms in a high-Q cavity could be enhanced
by the continuous measuring of the photons in the
cavity.
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In this article we study the quantum statistical
properties of a cavity light field which interacts with
a BEC in a double-well potential. The starting-point
is that under an appropriate nonlinear interatomic in-
teraction, which can be tuned through the Feshbach
resonance, the BEC is prepared in an SSS. And then
one of the wells is put into a high-Q cavity. Owing
to the interaction between the cavity mode and BEC
atoms, the squeezing can be generated in the cavity
light field.

For the BEC in a symmetric double-well potential
and the well that is put into a high-Q cavity, if the fre-
quency of the cavity mode is far off-resonance with the
BEC atoms, under the two-mode approximation,[2]

the Hamiltonian of the total system can be written
as (~ = 1)

Ĥ =δa†a + ω0(c
†
1c1 + c†2c2) +

Ω
2

(c1c
†
2 + c†1c2)

+ 2g[(c†1)
2c2

1 + (c†2)
2c2

2]− χa†ac†1c1, (1)

where ci is the one-particle annihilation operator in
the localized ground state of well i which obeys the
Bose commutation relation [ci, c

†
j ] = δij ; a is the an-

nihilation operator for the cavity field with the detun-
ing δ; Ω is the tunnelling rate; g is the self-interaction
strength; χ is the coupling strength of the BEC with
the cavity mode.

For convenience, we introduce the pseudo angular
momentum operators

Ĵz =
1
2
(c†1c1 − c†2c2), (2)

Ĵx =
1
2
(c†1c2 + c1c

†
2), (3)

Ĵy =
1
2i

(c†1c2 − c1c
†
2). (4)

Then Hamiltonian (1) can be rewritten as

Ĥ = Ω Ĵx + gĴ2
z − χa†aĴz, (5)

where we have neglected the constant energy shifts
which depend on the total atom number N , and for
simplicity we choose δ = Nχ/2 to remove the linear
dispersion.

As the first step of our scheme, the BEC is pre-
pared in an SSS by tuning the self-interaction strength
g versus the tunnelling rate Ω . Here we use the dimen-
sionless parameter G = gN/Ω to perform the analysis.
In the absence of the interaction between the BEC and
the cavity field, from expression (5) we can see that
the ground state of the system can be expressed as

|ψ〉 =
J∑

m=−J

cm|J,m〉, (6)

where |J,m〉 is the eigenstate of the operators Ĵ2 and
Ĵz. To demonstrate that the SSS is formed in the
BEC, we perform the numerical calculation on the
ground-state distributions in terms of both the proba-
bility amplitudes |cm|2 and |cθm

|2 in which Cθm is the
amplitude of the ground state expressed on the basis
of the relative phase states[23]

|ψ〉 =
∑
m

cθm
|θm〉, (7)

where

|θm〉 =
1√

2J + 1

J∑

m′=−J

exp(im′θm)|J,m′〉 (8)

with the relative phase θm being given by

θm = θ0 +
2πm

2J + 1
(9)

with an arbitrary reference phase θ0 chosen here to be
zero.

The results are shown in Fig.1, where G is cho-
sen to be equal to −1, which is the point discussed in
Ref.[18] that is, high phase resolution can be achieved
in a double-well potential BEC based interferometry.
From Fig.1(b) we can see that the relative phase be-
comes well defined due to spin squeezing.

Fig.1. (a) Ground-state distribution |cm| for N = 20,

G = −1; (b) The distribution of relative phase compo-

nents |cθm |, with the parameters being the same as those

in (a).
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We assume that the cavity field is initially in a
coherent state, |α〉, and the quadrature operators P̂

and Q̂ are defined as

Q̂ =
1√
2
(a + a†), P̂ = − i√

2
(a− a†). (10)

Squeezing of the field occurs if the variance of one
of these two operators is smaller than the value it
would have for the vacuum field. Initially the field
is in a coherent state of real amplitude α, then the
variance (∆Q̂)2 = (∆P̂ )2 = 1/2. We define the fol-
lowing squeezing parameters

ξQ =
√

2∆Q̂, and ξP =
√

2∆P̂ . (11)

With this definition, the squeezing occurs for ξQ < 1
or ξP < 1.

We perform a numerical calculation based on
Hamiltonian(5). The results are shown in Fig.2, where
the squeezing parameters ξQ and ξP each are shown
as a function of χt. Figures 2(a) and 2(b) are for
atom number N = 20 while Figs.2(c) and 2(d) are for
N = 30. From the figures we can see that as time goes
on, the cavity field can exhibit periodic squeezing as
a result of the interaction with the BEC which is pre-
pared in the SSS. With the increase of atom number
N , the oscillations of squeezing parameters ξQ and ξP

become dense. This is because with a larger N , 〈Ĵz〉
will have a bigger value with time evolution, which
causes dense oscillations of cavity field squeezing pa-
rameters.

Fig.2. (a) and (b) Squeezing parameters ξQ and ξP each are shown as a function of χt for

N = 20, G = −1, and α = 0.4; (c) and (d) are the same as (a) and (b), except for N = 30.

As is shown in Refs.[10–13], the properties of BEC
can be manipulated by the periodic modulation of the
potential parameters. Here we will study the effects
arising from modulating the difference in well depth.
At certain modulation frequencies the system exhibits
resonances, and then it can be approximated by a two-
state model. The validity of the two-mode approxi-
mation under the periodic modulation is addressed in
Ref.[12].

For a difference in time-dependent energy ε(t) be-

tween the two wells, the Hamiltonian of the system
can be written as

Ĥ = ε(t)Ĵz + Ω Ĵx + gĴ2
z . (12)

For periodic modulation, we assume ε(t) = ε cos(ωt).
Then we perform the unitary transformation with the
unitary operator

T̂ (t) = exp[−iθ(t)Ĵz − igtĴ2
z ], (13)
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where θ(t) =
∫ t

0
dt′ε(t′) = ε sin(ωt)/ω. Then we have

Ĥ ′ =ΩT †ĴxT

=
Ω
2

[Ĵ+e−iθ(t)+igt(2Ĵz+1) + H.c.]

=
Ω
2

∞∑
n=−∞

Jn(ε/ω){Ĵ+eit[g(2Ĵz+1)+nω] + H.c.},
(14)

where we have performed the Fourier–Bessel expan-
sions and Jn(x) is the nth-order Bessel function. If all
BEC atoms are initially in the 2nd well (|Ψ(t = 0)〉 =
| − J〉), then from expression (14) we can see that the
coupling between | − J〉 and | − J + 1〉 is in resonance
once the following conditions are satisfied:

nω + g(−2J + 1) = 0, (15)

∣∣∣∣
Ω
2

√
(J −m)(J + m + 1)
nω + g(2m + 1)

Jn(ε/ω)
∣∣∣∣ ¿ 1, (16)

where m is an integer lying between [−J, J ] but not
equal to −J . Then the Hamiltonian H ′ can be ap-
proximately written as

Ĥ ′ = Ω ′(| − J〉〈−J + 1|+ H.c.), (17)

where Ω ′ =
√

2J

2
ΩJn(ε/ω). To demonstrate that the

above approximation is correct, we perform a numer-
ical calculation on the populations P−J and P−J+1

based on Hamiltonian (12). The results are shown in
Fig.3. From the figures we can see that Rabi oscilla-
tion exists between the states |−J〉 and |−J +1〉, but
P−J +P−J+1 is not strictly equal to 1. This is because
there is still a possibility with which the population
transfers to the states besides | − J〉 and | − J + 1〉
although the states | − J〉 and | − J + 1〉 are in reso-
nance. But for a not very long time evolution as we
have discussed here, the above approximation is cor-
rect.

Fig.3. Time dependence of the populations Pm for the states |m >= | − J > and |m >=

| − J + 1 >. The parameters are taken as Ω = 0.25g, ε = 14g, ω = 3g and N = 16.

According to Hamiltonian (17), the state vector
of the system can be written as

|ψ(t)〉 = cos(Ω ′t)| − J〉 − i sin(Ω ′t)| − J + 1〉. (18)

Then as we have done previously, one well is put into
a high-Q cavity, and the frequency of the cavity mode
is far off-resonance with the BEC atoms. The system
Hamiltonian can be written as

Ĥ = Ω ′(| − J〉〈−J + 1|+ H.c.)− χa†aĴz. (19)

We note that the transformation operator T̂ (t)
Eq.(13) is only Ĵz dependent and will not cause any
transformations of the 2nd term in expression (19).

Just as what we have done previously, we as-
sume that the cavity mode is initially in the coher-

ent state |α〉 =
∞∑

n=0

cn|n〉, and the BEC is in the state

cos φ|−J〉− i sin φ|−J +1〉 (where φ can be adjusted),
the state vector of the whole system can be written as

|ψ(t)〉 =
∞∑

n=0

[c1n(t)| − J〉 ⊗ |n〉

+ c2n(t)| − J + 1〉 ⊗ |n〉], (20)

where

c1n(t) = − 1
Ω ′ [D1n(An + Bn + λ2n)ei(An+Bn)t

+ D2n(An −Bn + λ2n)ei(An−Bn)t], (21)

c2n(t) = D1nei(An+Bn)t + D2nei(An−Bn)t (22)

with λ1n = nχJ , λ2n = nχ(J − 1), An = −(λ1n +
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λ2n)/2, Bn =
√

(λ1n − λ2n)2 + 4Ω ′2,

D1n =− cn

2Bn
[Ω ′ cos φ− i(An −Bn + λ2n) sin φ],

D2n =
cn

2Bn
[Ω ′ cos φ− i(An + Bn + λ2n) sin φ].

According to definition (10), we have

〈Q̂〉 =
∑

i=1,2

∞∑
n=0

[
√

nc∗i,n−1(t)

+
√

n + 1c∗i,n+1(t)]ci,n(t)/
√

2,

and

〈Q̂2〉 =
1
2

+
1
2

∑

i=1,2

∞∑
n=0

[
√

n(n− 1)c∗i,n−2(t)

+
√

(n + 1)(n + 2)c∗i,n+2(t) + 2nc∗in(t)]cin(t).

In the limit |α| ¿ 1, only the first few states are of
importance. We can count only the states with n ≤ 2
by retaining the terms until being proportional to α2,
we have c0 ≈ 1 − α2/2, c1 ≈ α, and c2 ≈ α2/

√
2.

For simplicity, we also take the limit χ À Ω ′. Af-
ter some lengthy but straightforward calculation, we
can derive the following result with the terms until α2

terms retained

(∆Q)2 =〈Q2〉 − 〈Q〉2

=
1
2

+ α2{1 + cos φ cos(Ω ′t + φ) cos(λ12t)

+ sinφ sin(Ω ′t + φ) cos(λ22t)

− 2[cos φ cos(Ω ′t + φ) cos(λ11t)

+ sinφ sin(Ω ′t + φ) cos(λ21t)]2}. (23)

If φ = 0, we have

(∆Q)2 =
1
2

+ α2[1 + cos(Ω ′t) cos(λ12t)

− 2 cos2(Ω ′t) cos2(λ11t)]. (24)

We can see from the equation that the squeezing pa-
rameter will oscillate with time and at some point it
will exhibit squeezing. We have also performed nu-
merical calculation from the system Hamiltonian, and
the results are shown in Fig.4. From the figure we can
see that the squeezing parameter experiences collapse
and revival with time going, the numerical results are

in good agreement with the analytic results (24).

Fig.4. Squeezing parameter ξQ is shown as a function of

Ω ′t, where the parameters are the same as those in Fig.3

with α = 0.4. (a) numerical solution; (b) analytical solu-

tion.

In conclusion, we have studied squeezing via the
interaction between the cavity light field and the BEC
in a double-well potential within the context of the
two-mode approximation. We show that spin squeez-
ing can be generated in the BEC in a double-well po-
tential by appropriately tuning the system parameter.
For the cavity light field initially in a coherent state,
quadrature squeezing can be achieved and it exhibits
periodic oscillation. With the increase of the BEC
atom number, the oscillation becomes dense. Finally
we show that the BEC in resonance can be approxi-
mated by a two-state model, and the squeezing of the
cavity mode can also be generated by their interaction
and exhibits periodic collapse and revival. Both an-
alytic and numerical calculations are performed, and
we found the results to be in good agreement with each
other. The result shows that the quantum statistical
properties of the cavity light field can be greatly ma-
nipulated by its coupling with the condensates in the
double-well potential and it can serve as an estimation
of the dynamical properties of the condensates in the
double-well potential.
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