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This paper presents a set of multicomponent matrix Lie algebra, which is used to construct a new loop algebra
Apr. By using the Tu scheme, a Liouville integrable multicomponent equation hierarchy is generated, which possesses
the Hamiltonian structure. As its reduction cases, the multicomponent (241)-dimensional Glachette-Johnson (GJ)
hierarchy is given. Finally, the super-integrable coupling system of multicomponent (2+1)-dimensional GJ hierarchy is
established through enlarging the spectral problem.
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1. Introduction ton equations with infinite dimensions. The key idea

of his work is to construct a loop algebra as follows:
Tul'l proposed a simple and efficient method for

obtaining integrable Hamiltonian hierarchies of soli-

l

=5 ) =0 ). w2 2

[h(m), e(n)] = 2e(m + n), [h(m), f(n)] = =2f(m + n), [e(m), f(n)] = h(m +n),
degh(n) = dege(n) = degf(n) = n,

where deg is the different gradation. Recently, Zhou®! introduced Lax pairs as follows:

Under the frame of the zero curvature equation

Uy — V™ 4 [U,v™] =0, (2)

a good many integrable hierarchies were derived, such
as the Ablowitz—Kaup—Newll-Segure (AKNS) hierar-
chy, the Kaup—Newll (KN) hierarchy, the Wadati—
Konno-Ichika (WKI) hierarchy, and the Bopte-
Pempinelli-Tu (BPT) hierarchy, etc.l>=7.

As we all know, Eq.(2) is compatible with the fol-
lowing Lax pairs:

0 = U(u, Ny,
er =V (u,N)p, A =0. (3)

oy = Ap: + Uy,
pr = By, + V(")go, A =0, (4)

its compatibility is given by

Uy — V™ +[U,v™] + AV — BU, =0,
(A, VW] = [B,U], (5)

where A = diag(aq, a9, -+, a,), B = diag(by, ba, -,
bp).
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In this paper, we take A and B as the unit Definition 1919 Let a = (a1, a9, an)T,
matrices and try to see for multicomponent (24+1)- 3= (81,82, -+ ,0m) T, their product is defined as
dimensional integrable equation hierarchies by using

Tu scheme and the generalized zero curvature equa- axB=pF*xa=(vf, - 704M5M)T’ (6)
tion(5). As an application example, we obtain a mul-

ticomponent (2+1)-dimensional Glachette-Johnson  here M stands for an arbitrary positive integer.

(GJ) hierarchy. Finally, the super-integrable coupling It follows from Definition 1 that set a —

system of the multicomponent (2+1)-dimensional GJ (a1, a ant), b = (bi,b bar), we have their
1,82, ", UM), - 1,092, VM),

hierarchy is presented through enlarging spectral product @ * b as

problem.
axb=0bxa= (arby,asbs, - ,aprbyr).
2. The multicomponent (2+41)-
dimensional GJ hierarchy Definition 2 1f a = (a1, a2, ,am)", a =
(a1,a2, -+ ,ap), a kind of product between a and a
First, a few notations are defined. is given by
a7 o101 0 s 0
(65 0 Q209 v 0
aeq= ) (a1,az, -+ ,ap) = . . ) ) . (7)
(034 0 0 tee apNrapng

In what follows, we construct a set of multicomponent matrix Lie algebra by using of the Definitions 1 and 2:

—-M 0 0 Iixm 0 0
€1 = €y = €q =
! 0 In) 0 0 r Inrxr 0,

[61,62] = —(M + 1)62, [61,63] = (M + 1)63, [62,63] = —eq, (8)
1
1
where I; is a M x M unit matrix, 1wy = (1,1, , Disxa, Tuxa =
1 Mx1
Definition 3 Let a = (ay, 0, -+ ,an)T, a = (a1,a9,--- ,ap), ¢ is a scalar, we define the following

operation relations:

—cM 0 0 CL.ID(M 0 0
ce1 = , aeg = , aez = .
0 CIM 0 0 OZ*IM><1 0

In terms of Eq.(8), a loop algebra Ay is presented as Consider an isospectral problem

Pr = UQO» )\t = Oa

ei(n) = eA\", U = —e1(1) + se1(0) + gex(0) + res(0), (10)
ler(m),ea(n)] = —(M + 1)ea(m + n), where ¢ = (q1,q2, -+ ,qur), 7 = (r1,72, - ,7ar) T, 5 is
ex(m), e3(n)] = (M + Des(m +m), a sinsgi(z function.

[e2(m), es(n)] = —e1(m + n),

v = a(m)A"™ + b(n)A" + c(n)A"),
degei(n) =n,i = (1,2,3). 9) nzzg)( " )
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where a(n) is a scalar smooth function, equation

b(n) = (bi(n),b2(n), -~ ,bu(n)), c(n) = (ci(n), ASOIR v CORNS GR VD) (11)
T Yy x 9 )

c2(n), - ,em(n)),m=1,2,---.

Solving the generalized stationary zero curvature  we obtain

l

1

ay(n) — az(n) = 37 (qc(n) —rb(n)),
by(n) = be(n) = (M +1)(=b(n + 1) + sb(n)) — (M + 1)qa(n),
cy(n) —cz(n) = =(M + 1)(—c(n+ 1) + sc(n)) + (M + 1)ra(n). (12)
Taking
0
0
a(0) =, b(0)=0=(0,0,---,0)ax1, c(0)=1] . )
0 Mx1
we have
—Qary
—Qary
a(l) =0,¢(1) = —ar = : , b(1) = (—aq1,—aqa, - ,—aqu),
—Qarp
b(2) = —ags + O‘(Qlw - qu) —agasy + 04(6121- - qu) e —aqasa + a(qu - QMy)
1°1 M+1 ; 292 M+1 ; ) MSM M+1 ;
a(riy —r
T2z — T2y) M
—Qarosg — ———=42 —a
= M+1 = T
c(2) | , a(2) R, ;qlrl. (13)
a(rye —r
Carysy — X IX/IHM@/)
\
The Eq.(11) can be written as = (M +1)b(n+ 1)e2(0) — (M + 1)c(n + 1)es(0).
AV, — VM) 4+ [0, V) Takine A Do (01, 57 — (o) A
_ ()\nv(n))_x _ ()\nv(n))_y - U, V(n)]_' (14) aking A,, = a(n + )€1< )s = ( )+ +' n
we find that the generalized zero curvature equation
We find that the terms on the left-hand side in Eq.(14)
are of degree > 0, while the terms on the right-hand U, — AN v{(ON U f/(n)] U, =0 (15)
x )
side in Eq.(14) are of degree < 0. Therefore, !
APV — AV 4 [, V], leads to
|
/7 5. 0 0 4" —(M +1)b(n+1) + (M + 1)ga(n + 1)
r =10 9, 0 ro| + (M + 1)e(n+ 1)T — (M +1)rTa(n + 1)T
1 1
S/ 0 0 & 5 ch(n +1) - Mrb(n +1)+ (M +1az(n+1)
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1
0 (Oy = 0z) = (M +1)s ——q
q7 ]\14 c(n)
=i | )+ ] @ -0 -+ 1)s 0 o b (n)
s 1 1 1 —(M?+ M)a(n)
—q" —rt ——(0y — Oy)
' M M
q" c(n)
=h| r |+ bT(n) , (16)
s —(M? + M)a(n)
where Js is the Hamiltonian operator.
From Eq.(12), we obtain a recurrence operator
c(n+1) c(n)
( bT(n+1) ) =1L ( bT(n) ) ,
—(M?+ M)a(n +1) —(M? + M)a(n)
where
(Oy — 0s) r
M1 0 M?Z+ M
Oy — Oy) q
L= (0x — 0y q
0 T M?+ M
_ _ 1 1 _ _ 1
(0, — 0,0y~ 00) — yga"s (0 =0, )0 —0,) +ors O

Thus, the system (16) can be written as

q" q" c(1)
Ut—(r) _J1<r)+J2L”( bT(1) ) (17)
s/, s —(M? + M)a(1)

A direct calculation reads or
ou ou 5
<V, 3q> = ¢(0), <V, 87,> = b(0), (M)(—(MQ + M)a(n +1))
<v, %U> (M2 + M)a(0), —(y = m)(e(n), b(n), (M? + M)a(n)).  (19)
<V, 8U> — —(M2 + M)a(0). To fix the constant 7, we simply set n = 0 in
oA Eq.(19) and find that v = 0. Therefore, we conclude

Substituting the above formulae into the trace identity =~ that

we have

5
oU 5 Hy = (c(n), b(n), (M? + M)a(n)),
V' 5q —(M? + M)a(n+1)
1 H, = / da. (20)
O (v OUNY _ 9 0| [y OU (18) n+l
du oN/) 1)) " Or ’
oU Hence, we obtain Hamiltonian structure of the mul-
<V’8s> ticomponent (241)-dimensional GJ hierarchy, when
n =1,
and obtain
§ 4 ) Hy aqir
(5552 ) (42 + Myafn + 1) e | | e
5 Hy = agr, ie. : . . (21)
=( 277 57 |V b(n),(M* + M ' '
(37 (55) 7 ) et b, (024 At a) L
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Thus, the Hamiltonian structure of the system (16) is

given by
T T
U qr =J qr + J o, (22)
t = =1 250
s/, S
It is easy to verify that JoL = —L*Jy. Therefore,

when 9, = 9,' = 0, the system (16) is Liouville inte-
grable.

3. The super-integrable coupling
system of multicomponent
(2+1)-dimensional GJ hierar-
chy

To construct the super-integrable coupling system
of the multicomponent (241)-dimensional GJ soliton
equation hierarchy, we use an idea of enlarging spec-

ml11-18]

tral proble to make an enlarged spectrum as

follows:
by — ¢o =U¢ = U(u,\)9,
with the enlarged spectral problem square matrix

UU(ﬂ)(g %"), aa(i“:(). (24)

¢=(¢",05) (23)

This enlarged spectrum is equivalent to

Oy — b =Ud+Usda, (¢a)s =0. (25)

Choosing a solution for V as

5 o vV, V(u) Va(u)
V =V(a) = = 26
w=(y ¢)= ("7 ) e
and then it leads to the additional equation
Vy =V =1[U,V], (27)
(Va)y — (Vo) =UV, = VU,.
The enlarged temporal spectral matrices read as
_ vy
V =
w=(" ")
V(n) V(”) -
_ ( O(U) a O(U))’ n>0, (28)

and thus enlarged associated temporal spectral prob-

lem,

br, = + V™Mo, d=(¢",00)", n>0 (29)

is equivalent to
b, = 62+ VMo + VG4, ($a)r, = 0,n > 0. (30)

Therefore, the enlarged generalized zero curvature
equation

Ur, = V" 4+ VW 40,V =T, = 0,n >0 (31)
equivalently yields the following triangular systems:

Utn _‘/y(n) +V3L(n) + [U, V(n)] _U:c == 07 n Z Oa (32&)
(Ua)tn - (Va(n))y + (Va(n))m + UVa(n)

VU, = (U)ey =0,n > 0. (32b)

To present a realization of the above structure,
let us introduce

- 0V
Va = Vai)\_za = = y
Soat Gen @
>0
and then it implies that
UoVa,o — VoU, =0, (34)
(Vai)y - (Vai)z = UOVa,iJrl + Ulvai - V;Uav 1 > 0.

(35)

In order to determine V,, then U, is invertible,
and so the matrix V, in Eq.(33) is uniquely deter-
mined by Eqs.(34) and (35). We define the additional

Lax matrices as
V. = (A"V,)4,n >0,

where the subscript 4+ denotes taking the polynomial
part in A\. Then by Eq.(31), we have

(Vi) = (Vi™)a
=(\"UVy)gy — (A\"V) U, = (A"UV,) 4 — VMU,

and further, we can compute that

(Vi) = (VM) + UV — v,
=— (\"UV,), +UV™
= — UV — 0y v+ (AU + U) VY
= — Up(V™ 4 AV 4 XU V™
=— UV, (36)
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It follows that the additional equations determined by Eq.(32) become candidates of integrable couplings they

are given by
U, = Kn(u), (Ua)t, =UoVan + Uz, n>0. (37)

To get the concrete expression of Eq.(31), we now denote U, and V, ; as follows:
V1, R (%) 61(i)7 ) 6[(2))
Us = ’ Va,i: . . ’ 1207 38
(wh ) wl) (f1(2)7 Tty fl(l) ( )

where [ is an arbitrary natural number, v; and ¢;(i) are scalars, but w; and f;(i) are m-dimensional columns.

Then, the recursion relation defined by Eqs.(34) and (35) yields

ay(n) ~ az(n) = 1 (ge(n) ~ rb(n))

by(n) —bz(n) = (M 4+ 1)(=b(n + 1) + sb(n)) — (M + 1)ga(n),

¢y(n) = cx(n) = =(M + 1)(=c(n + 1) + sc(n)) + (M + Dra(n),

ey(n) —ez(n) = Me(n+1) + Mse(n) + qf(n) — Mva(n) — wb(n),

Fon) = faln) = F(n+ 1) + re(n) — 5 (n) — ve(n) + wa(n). (39)

Taking v
V2
e)=av,=a| . |,
a(0) =a, b(0)=0= (0,0, - ,0)arx1,
Um
0
0 o
= = = w
€0 =0, SO =0, 0= ’ fO)=aw=al| . | (40)
0
Mx1 Wy
we obtain The additional equations determined by Eq.(31) be-
come
—ary el(i)a T el(i) >
UoVyn = . ], n>0. 41
—QTry ore <f1(2)7 T fl(z) ( )
a(l) =0,¢(1) = —ar = . )
: There, the super-integrable hierarchy Eq.(31) of
—ary the multicomponent (2+1)-dimensional GJ hierarchy
b(l) = (—CYCIL —0qga, - 7_OKQM)7 reads as
qt 9 0 0 0 0 qt c(n+1)
r 0 9, 0 0 O r bT(n+1)
Uy, =] s =K,=]10 0 8, 0 0 s |+ | —(M2+ M)a(n+1)
vF 0 0 0 9, 0 vF Mel(n+1)
wi /), 0 0 0 0 9, wl fEn+1)
q" c(1)
T bT(1)
=Ji| s | +LL"| —(M?+M)a(l) |, n>0, (42)
o MeF(1)
wl £1(0)
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with
1
0 Oy —0g)— (M +1 - 0 0
0~ 0)~ (M+1)s  —=20
1
(Oy — 0z) — (M +1)s 0 v 0 0
1 ¢ 1 ¢ 1
Jy = Mq MT _M(a” — 0y) 0 0 ,
1 T 1 1 .
0 M M1 O =0+ M
T w}! T
w; 0 RYEESY; —r; (Oy — Oy) + s
and
(Oy — 92) r
T 0 WM 0 0
(0z — Oy) q
0 St M2+ M 0 0
_ _ 1 _ _ 1
L= *(‘9y1*8z I)QT(ayfaz)* M+1q s (6y1*az 1)T(az*8y)+ﬁ7”5 0 0 0
0 wZT —v;-F Oy — Oz _ —q;-F
M M2+ M M M
T wz'T
0 —v YR, —7r; (Ox —0y) — s

The enlarged hierarchy(42) of the multicompo-
nent (2+41)-dimensional GJ hierarchy reads as

q* qt —ar
T r —aqT
Ut" s =J; s + JHoL" 0 ,
vl vF —Moav}
wf 6 wf —aw]
i=1,---, M. (43)

When M = 1, the system (43) is the super-
integrable coupling system of the (2+1)-dimension
GJ hierarchy. When M > 1 the system (43) is the
super-integrable coupling system of the multicompo-
nent (241)-dimensional GJ hierarchy.

4. Conclusions

We have obtained a multi-component Liouville in-
tegrable hierarchy Eq.(16) by using the loop algebra
(9). Tt is worthwhile studying that how we expand the
loop algebra (9) into a larger one and work out a type
of Liouville integrable coupling system. Further, some
linear combinations of the Lie algebra (8) can produce
the other new Lie algebras. It follows that some multi-
component integrable hierarchies might be generated
by making use of generalized Tu scheme again. These
problems are worth researching in the future.
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