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This paper studies the Mei symmetry and Mei conserved quantity for nonholonomic systems of unilateral Chetaev

type in Nielsen style. The differential equations of motion of the system above are established. The definition and the

criteria of Mei symmetry, loosely Mei symmetry, strictly Mei symmetry for the system are given in this paper. The

existence condition and the expression of Mei conserved quantity are deduced directly by using Mei symmetry. An

example is given to illustrate the application of the results.
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1. Introduction

In 1918, Noether A E, a Germanic woman sci-
entist, revealed the internal relation between the sym-
metry and the conserved quantity.[1] However, the sci-
entific value of Noether theory was not found until the
1970s. From then on, the study on both symmetry and
conserved quantity is flourished and therefore plentiful
and substantial outcomes are achieved.[2−19]

The research on symmetry and conserved quan-
tity of unilateral constraint systems has only an el-
ementary development. In Ref.[20], Zhang studied
form invariance for unilateral holonomic constrained
systems, in Ref.[21] he presented symmetry and con-
served quantity of unilateral holonomic systems in the
phase space, and in Ref.[22] he studied non-Noether
conserved quantity of non-holonomic constrained sys-
tems with unilateral non-Chetaev type. Li and Fang
studied Mei symmetry of variable mass systems with
unilateral holonomic constraints.[23]

Nielsen system is one of three famous mechan-
ical systems (Lagrange system, Nielsen system, Ap-
pell system) in analytical systems and plays an im-
portant role in analytical theories.[24] There are many
conclusions on symmetry and conserved quantity for

Nielsen system, such as form invariance of Nielsen
equation for non-conservative mechanical systems,[25]

non-Noether conserved quantity led by form invari-
ance of non-conservative Nielsen equation,[26] etc.

In this paper Mei symmetry and Mei conserved
quantity for nonholonomic systems with unilateral
Chetaev type in Nielsen style are studied. First, the
differential equations of motion for the above system
are established. Its definition and criterion of Mei
symmetry by the total derivative of the function with
respect to time t along the trajectory of a curve of
the system are obtained. Next, the existence condi-
tion and the expression of Mei conserved quantity are
deduced directly by using Mei symmetry. Finally, an
example is given. The conclusions drawn from this
paper are discussed.

2. Differential equations of mo-

tion of the system

Suppose that the position of the nonholonomic
system in Nielsen style is determined by n general-
ized coordinates qs(s = 1, 2, · · · , n), and it is subjected
to the g ideal unilateral nonholonomic constraints of
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Chetaev type

fβ(t, q, q̇) ≥ 0 (β = 1, 2, · · · , g), (1)

where the constraints are consistent and independent
of each other. When the left of Eq.(1) is positive, the
system will be deviated from the constraints; when
it is nil, the system will be on the constraints. The
restriction, namely Chetaev condition, under which
constraints (1) impose on virtual displacements δqs is

∂fβ

∂q̇s
δqs = 0 (β = 1, 2, · · · , g). (2)

The differential equations of the system is

∂

∂q̇s

dL

dt
− 2

∂L

∂qs
= Qs + λβ

∂fβ

∂q̇s
(when fβ = 0) ,

∂

∂q̇s

dL

dt
− 2

∂L

∂qs
= Qs (when fβ > 0) ,

(s = 1, · · · , n; β = 1, · · · , g) (3)

with λβ ≥ 0, fβ ≥ 0, λβfβ = 0 (β = 1, 2, · · · , g). In
Eq.(3), L = L(t, q, q̇) is Lagrangian, Qs = Qs(t, q, q̇)
is non-potential generalized force, λβ is Lagrange mul-
tiplier. Equation (3) is also called Nielsen equation
with multipliers for nonholonomic non-conservative
systems of Chetaev type. Introduce Mei arithmetic
operators

Ns =
∂

∂q̇s

d
dt
− 2

∂

∂qs
(s = 1, 2, · · · , n), (4)

then Eq.(3) can be written as

Ns(L) = Qs + λβ
∂fβ

∂q̇s
(when fβ = 0) ,

Ns(L) = Qs (when fβ > 0) ,

(s = 1, · · · , n;β = 1, · · · , g). (5)

Let the system be nonsingular and in a con-
strained state, we can derive multipliers λβ = λβ

(t, q, q̇) from Eqs.(1) and (5). So Eq.(5) can be rewrit-
ten as

Ns(L) = Qs + Λs (when fβ = 0) ,

Ns(L) = Qs (when fβ > 0) ,

(s = 1, · · · , n; β = 1, · · · , g), (6)

where

Λs = Λs(t, q, q̇) = λβ
∂fβ

∂q̇s
(s = 1, 2, · · · , n) (7)

is called generalized nonholonomic constrained coun-
terforce. Equation (6) is the equation of holonomic

nonconservative system with unilateral Chetaev type
corresponding to Eqs.(1) and (3). The motion of
nonholonomic nonconservative system with unilateral
Chetaev type can be found from the solution to Eq.(6).
As long as original condition of the motion satisfies the
condition Eq.(1), then the solution to Eq.(6) would
provide the motion of the system Eq.(1) and (3). From
Eq.(6), one can solve all generalized accelerations:

q̈s = As(t, q, q̇) (when fβ = 0) ,

q̈s = Bs(t, q, q̇) (when fβ > 0) ,

(s = 1, · · · , n; β = 1, · · · , g). (8)

3. The definition of Mei symme-

try

Introduce the infinitesimal transformations of
time and generalized coordinates as

t∗ = t + ∆t,

q∗s (t∗) = qs (t) + ∆qs (s = 1, 2, · · · , n), (9)

or

t∗ = t + εξ0 (t, q) ,

q∗s (t∗) = qs (t) + εξs (t, q) (s = 1, 2, · · · , n), (10)

where ε is an infinitesimal parameter and ξ0, ξs are
infinitesimal generators, and the infinitesimal genera-
tors vector X(0) and its extension along the trajectory
of a curve of the system as

X(0) = ξ0
∂

∂t
+ ξs

∂

∂qs
, (11)

X̃(1) = X(0) +
(

d̄
dt

ξs − q̇s
d̄
dt

ξ0

)
∂

∂q̇s
, (12)

where

d̄
dt

=
∂

∂t
+ q̇s

∂

∂qs
+ As

∂

∂q̇s
(when fβ = 0) ,

d̄
dt

=
∂

∂t
+ q̇s

∂

∂qs
+ Bs

∂

∂q̇s
(when fβ > 0) ,

(s = 1, · · · , n; β = 1, · · · , g). (13)

The functions L, Qs, Λs, fβ become L∗, Q∗s, Λ∗s,
f∗β under the transformations (10). Expanding f∗β
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with respect to (t, q, q̇), we have

L∗ =L

(
t∗, q∗,

dq∗

dt∗

)

=L(t, q, q̇) + εX̃(1)(L) + O(ε2),

Q∗s =Qs

(
t∗, q∗,

dq∗

dt∗

)

=Qs(t,q, q̇) + εX̃(1)(Qs) + O(ε2)

(s = 1, 2, · · · , n),

Λ∗s =Λs

(
t∗, q∗,

dq∗

dt∗

)

=Λs(t, q, q̇) + εX̃(1)(Λs) + O(ε2)

(s = 1, 2, · · · , n),

f∗β =fβ

(
t∗, q∗,

dq∗

dt∗

)

=fβ(t,q, q̇) + εX̃(1)(fβ) + O(ε2)

(β = 1, 2, · · · , g). (14)

Definition 1 If Eq.(6) keeps its form invariant
when dynamic functions L, Qs and Λs are substituted
by the functions L∗, Q∗s and Λ∗s under the infinitesimal
transformations, that is

Ns(L∗) = Q∗s + Λ∗s (when fβ = 0) ,

Ns(L∗) = Q∗s (when fβ > 0) ,

(s = 1, · · · , n; β = 1, · · · , g), (15)

then the invariance is called Mei symmetry of Nielsen
equations for holonomic nonconservative systems with
unilateral Chetaev type corresponding to the same
nonholonomic systems.

Definition 2 If Eqs.(1) and (6) keep their forms
invariant when dynamic functions L, Qs, Λs and fβ

are substituted by the functions L∗, Q∗s, Λ∗s and f∗β
under the infinitesimal transformations, that is,

f∗β = fβ

(
t∗, q∗,

dq∗

dt∗

)
≥ 0 (β = 1, 2, · · · , g), (16)

and Eq.(15) is also satisfied, then the invariance is
called loosely Mei symmetry of the system (1) and
(3).

Definition 3 If Eqs.(1) and (6) keep their forms
invariant when dynamic functions L, Qs, Λs and fβ

are substituted by the functions L∗, Q∗s, Λ∗s and f∗β
under the infinitesimal transformations, and the addi-
tional restriction equation of the infinitesimal genera-
tors ξ0, ξs

∂fβ

∂q̇s
(ξs − q̇sξ0) = 0 (β = 1, 2, · · · , g) (17)

is satisfied, then the invariance is called strictly Mei
symmetry of the system (1) and (3).

4. Criterion of Mei symmetry

Neglecting terms that are O(ε2) or higher and
substituting Eq.(14) into Eq.(15) we have

Ns[X̃(1)(L)] = X̃(1)(Qs) + X̃(1)(Λs) (when fβ = 0) ,

Ns[X̃(1)(L)] = X̃(1)(Qs) (when fβ > 0) ,

(s = 1, · · · , n; β = 1, · · · , g).

Introduce generalized Mei arithmetic operators

Ñs =
∂

∂q̇s

d
dt
− 2

∂

∂qs
(s = 1, 2, · · · , n), (18)

we obtain

Ñs[X̃(1)(L)] = X̃(1)(Qs + Λs) (when fβ = 0) ,

Ñs[X̃(1)(L)] = X̃(1)(Qs) (when fβ > 0) ,

(s = 1, · · · , n; β = 1, · · · , g). (19)

Similarly, we can also arrive at

X̃(1) (fβ) = 0 (when fβ = 0) ,

fβ (t, q, q̇) + εX̃(1) (fβ) > 0 (when fβ > 0) ,

(β = 1, · · · , g). (20)

Consequently, the following criteria are presented as
follows.

Criterion 1 For the holonomic nonconservative
system (6) of unilateral Chetaev type, if infinitesimal
generators ξ0, ξs admit Eq.(19), then corresponding
symmetry is called Mei symmetry of the system.

Equation (19) is the criterion equation of Mei
symmetry for holonomic nonconservative systems
with unilateral Chetaev type.

Criterion 2 For the nonholonomic nonconser-
vative system (1), (3) of unilateral Chetaev type,
if infinitesimal generators ξ0, ξs admit Eq.(19) and
Eq.(20), then corresponding symmetry is called
loosely Mei symmetry of the system.

Equations (19) and (20) are the criterion equa-
tion, the restriction equation, respectively, of Mei
symmetry for nonholonomic nonconservative systems
with unilateral Chetaev type.

Criterion 3 For the nonholonomic nonconserva-
tive system (1), (3) of unilateral Chetaev type, if in-
finitesimal generators ξ0, ξs admit Eqs.(17), (19) and
(20), then corresponding symmetry is called strictly
Mei symmetry of the system.

Equation (17) is the additional restriction equa-
tion of Mei symmetry for nonholonomic nonconserva-
tive systems with unilateral Chetaev type.
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5. Mei conserved quantity led by

Mei symmetry

In the following, we provide the proposition to
give out the existence condition and the expression

of Mei conserved quantity, which resulted from Mei
symmetry directly.

Proposition If the infinitesimal generators ξ0, ξs

of Mei symmetry, or loosely Mei symmetry, or strictly
Mei symmetry admit

X̃(1)(L)
d
dt

ξ0 + X̃(1)[X̃(1)(L)] + X̃(1)(Qs + Λs)(ξs − q̇sξ0) +
d
dt

GM = 0 (when fβ = 0) ,

X̃(1)(L)
d
dt

ξ0 + X̃(1)[X̃(1)(L)] + X̃(1)(Qs)(ξs − q̇sξ0) +
d
dt

GM = 0 (when fβ > 0) ,

(s = 1, · · · , n; β = 1, · · · , g). (21)

in which GM (t, q, q̇) is the gauge function, then the system possesses Mei conserved quantity caused by Mei
symmetry as follows:

IM = X̃(1)(L)ξ0 +
∂X̃(1)(L)

∂q̇s
(ξs − q̇sξ0) + GM = const. (22)

Proof

d
dt

IM =
[

∂

∂t
X̃(1)(L) + q̇s

∂

∂qs
X̃(1)(L) + As

∂

∂q̇s
X̃(1)(L)

]
ξ0 + X̃(1)(L)

d̄
dt

ξ0

+
[

d̄
dt

∂

∂q̇s
X̃(1)(L)

]
(ξs − q̇sξ0) +

∂

∂q̇s
X̃(1)(L)

[
d̄
dt

ξs − Asξ0 − q̇s
d̄
dt

ξ0

]
+

d̄
dt

GM

=X̃(1)[X̃(1)(L)]− ξs
∂

∂qs
X̃(1)(L) + q̇sξ0

∂

∂qs
X̃(1)(L) + X̃(1)(L)

d̄
dt

ξ0

+
d̄
dt

GM +
[

d̄
dt

∂

∂q̇s
X̃(1)(L)

]
(ξs − q̇sξ0)

=
[

d̄
dt

∂

∂q̇s
X̃(1)(L)− ∂

∂qs
X̃(1)(L)− X̃(1)(Qs + Λs)

]
(ξs − q̇sξ0) = 0.

In a similar way, we can also prove the other case that is not in a constrained state.

6. Example

Consider an unilateral nonholonomic system

L =
1
2
(q̇2

1 + q̇2
2), (23)

f = q̇1 + btq̇2 − bq2 + t ≥ 0, (24)

Q1 = Q2 = 0. (25)

where b is arbitrary constant.
Let us now turn our attention to the differential

equations (3) of the system by which we have

q̈1 = Λ1 = λ, q̈2 = Λ2 = λbt (when f = 0) ,

q̈1 = 0, q̈2 = 0 (when f > 0). (26)

If the system breaks away constraint, from

Eqs.(24) and (26), we obtain

λ = − 1
1 + b2t2

. (27)

When Eq.(8) is taken into account, substituting
Eq.(27) into Eq.(26) we obtain

q̈1 = A1 = Λ1 = − 1
1 + b2t2

,

q̈2 = A2 = Λ2 = − bt

1 + b2t2
(when f = 0) ,

q̈1 = B1 = 0, q̈2 = B2 = 0 (when f > 0) . (28)

Taking

ξ0 = 0, ξ1 = −btq̇1 + q̇2 + bq1 + bt, ξ2 = 1, (29)
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we achieve

d
dt

ξ1 = b, X̃(1)(L) = bq̇1, X̃(1)[X̃(1)(L)] = b2,

X̃(1)(Q1 + Λ1) = X̃(1)(Q2 + Λ2) = X̃(1)(f) = 0,

Ñ1[X̃(1)(L)] = Ñ2[X̃(1)(L)] = 0,

X̃(1)(Q1) = X̃(1)(Q2) = 0. (30)

It is not difficult to verify by Eq.(30) that criterion
equation (19) and restriction equation (20) are both
satisfied, however, the additional restriction equation
(17) is not existent. Due to Criterion 2 we know
that the infinitesimal generators in Eq.(29) are ones
of loosely Mei symmetry for nonholonomic systems of
unilateral Chetaev type in Nielsen style.

From Eq.(21), we obtain

GM = −b2t.

In the last, we can find non-Noether conserved quan-
tity, Mei conserved quantity, of the system expressed
as

IM = b(−btq̇1 + q̇2 + bq1) = const. (31)

7. Concluding remarks

This paper presents the definition and the crite-
rion of Mei symmetry for nonholonomic systems of
unilateral Chetaev type in Nielsen style. In addition,
Mei conserved quantity is also studied and the exis-
tence condition, its expression for the system are pro-
vided. These conclusions include Criteria 1, 2, 3 and
the proposition.

Through Eqs.(3), (5) and (6) etc., it shows that
if non-potential generalized force Qs = 0, the con-
clusions of this paper will become corresponding ones
for nonholonomic conservative systems of unilateral
Chetaev type in Nielsen style (the example in this
paper is just so); if generalized nonholonomic con-
strained counterforce Λs = 0, then they will be ones
corresponding to holonomic nonconservative systems;
if Qs = Λs = 0, and then they will be ones correspond-
ing to holonomic conservative systems; if unilateral
constraints are turned into double-faced constraints,
they will be the conclusions of nonholonomic noncon-
servative systems with double-faced Chetaev type in
Nielsen style. Therefore, the study of this paper has
universal significance.
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