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The Noether symmetry, the Lie symmetry and the conserved quantity of discrete holonomic systems with dependent

coordinates are investigated in this paper. The Noether symmetry provides a discrete Noether identity and a conserved

quantity of the system. The invariance of discrete motion equations under infinitesimal transformation groups is defined

as the Lie symmetry, and the condition of obtaining the Noether conserved quantity from the Lie symmetry is also

presented. An example is discussed to show the applications of the results.
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1. Introduction

The symmetries and conserved quantities of con-
strained mechanical systems have been systematically
investigated in recent years.[!=1%! There exist two sym-
metries in this subject: the Noether symmetry and the
Lie symmetry. The Noether symmetry is the invari-
ance of Hamiltonian action functional under infinitesi-
mal transformation groups and has a close relationship
with the invariant quantity of the system. The Lie
symmetry is the invariance of differential equations of

motion under infinitesimal transformation groups.

These two symmetry approaches have been ex-
tended to discrete systems in the last few years. There
are many important developments in this field includ-
ing Levi’s generalization of Lie symmetry to discrete
systems whose equations of motion have difference or
differential-difference formalism,6~!8] and Dorodnit-
syn’s adaptation of Noether symmetry theory to dis-
crete Lagrangian system.['?) These studies, however,
are not only highly mathematical but have no consid-

eration of special constrains in constrained mechanics.

The purpose of this paper is to extend the Noether
symmetry and the Lie symmetry theory to discrete
constrained mechanical systems. We deduce the
Noether identity and conserved quantity from the
Noether symmetry, and define the Lie symmetry for
discrete holonomic systems with dependent coordi-

nates. We also derive the criterion of determining

discrete mechanics, Noether symmetry, Lie symmetry, discrete conserved quantity

when the Noether conserved quantity may be obtained
from the Lie symmetry.

2. The discrete equations of mo-

tion of a system

We consider a mechanical system, which has coor-
dinates ¢s(s =1, - - ,n) to determine its configuration
and dependent coordinates g.(r = 1,--- ,m), with m
holonomic constrains related to these coordinates

fﬂ(taqu)zoa (u:1,,n—|—m,ﬁ:1,,m)
(1)
The differential equations of motion of the system

d 0oL oL
Y aA. — a = + A 9 2
05 o T )
where L(t, qu, ) and Qy(t, gu, G.) are the Lagrangian
and the generalized force of the system respectively.
. .\ Of
Au(t7Quaqu> = )\B(tvquaqu)aiﬁ (3)
qu
is the constrained force, where Ag is Lagrangian mul-
tiplier.

In discrete mechanics, continuous curve in con-
figuration space is replaced with a discrete sequence
(Gu,i(t)) (w=1,--- ,n+m;i =0,1,---, N). The
discrete versions of L,Qy, Ay, are Lq(tr,th+1, Gu.k,
Qu,k:+1); Qu,d(tk; tk+17 Qu,lm Qu,k+1)7 and Au,d (t]ﬁ tk+17
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Qu.ks Qur+1) respectively (k= 0,1,--- N —1). The
constrained equations of the discrete version are
I3,a(ths trt 1, Quoger Qup1) = 0. (4)

The discrete Euler-Lagrange equation and the energy
evolution equation with a non-conservative general-

ized force, respectively, are[2"]

D3La(¢r)(tks1 —te) + DaLa(dr—1)(ts — tr—1)
+ Qa(Pr)(ter1 —tr) =0 (5)

and

Di1La(¢r)(tks1 —te) + DaLa(dr—1)(tr — tr—1)
+La(r-1) — La(dx) — Qa(dr)(qu+1 — qx) = 0, (6)

where Dj; is the partial derivative of the discrete
function with respect to arguments j and ¢, =

(tk,tk+17Qk7 qk+1>7 (k = 0) 17 e aN - 1)
If we take coordinates ¢, and discrete constrained
force

Awa(tres thgs Quk> Quk+1)

0fp.a

0fp.d
aQu,k * ) (7)

= Ag,d(tk: tht1, Qu ks Qu,kJrl)( Ddurns
u,

into account, Eqs.(5) and (6) can be rewritten respec-
tively as
D3La(pup)(ter1 —te) + DaLa(dup—1)(te — tr-1)
+ [Qu,d(éu,k) + Au,d(¢u,k>](tk+1 - tk) =0 (8)

and

D1 La(pu i) (trt1 —te) + DoLa(bu—1)(tk — th—1)
+La(buk—1) — La(Pu k) — [Qu,a(Duk) + Aud(Puk)]
(QU,kJrl - Qu,k) =0, (9)

where ¢y = (tk,tk+1, Qu.k> Quk+1). Equations (8)
and (9) are respectively the discrete Euler-Lagrange
equation and the energy evolution equation of discrete
holonomic system with dependent coordinates, which
also are called the discrete equations of motion of the

system.

3. The Noether symmetry of a

discrete system

The recursive and derivative operators of a dis-
crete system for any multi-dimensional discrete vari-

able or function are represented as

Ry f(zur) = f(zuk+1) (10)

and
R+f(zu,lc) — f(Zu,k) )

Daf(zur) = —

(1)

Using representations (10) and (11), the discrete
equations of motion, (8) and (9), can be rewritten re-
spectively as

D3La(¢uk) + CeDy[R_La(¢uy 1))

+ Q1L,d(¢u,k) + Au,d(¢u,k) =0 (12)

and
D1 La(¢u ) + CeDo|R_La(¢ur)] — Da[R—La(¢u.r))
— [Qu,a(duk) + Au,a(Puk)]Da(qur) =0, (13)

where Ot = (tk - tk—l)/(tk+1 - tk).
The infinitesimal point transformations of dis-
crete time and generalized coordinates are

t;: =1t + Aty =t + ETk(tk,qu,k)
and
Qo ke = Quk + Aquk = qu i + uk(trs qur),  (14)

where 7, and &, are the discrete generators. The
vector field of generators is

0 0
X = 15
which can be extended to the two- and three-point
schemes
0
X(l) — X(O) “ 16
d a F Tk FT +& ’kHaqu,kH’ (16)
and
(@) _ () 9
Xy =X + 15— +&uk-1 (17)

atk_l GQch—l .

Criterion 1 If there exists a discrete gauge

function Gy (tk, qu,k) such that the identities
LaDa(i) + X (La) + (Qua + Aua)
X [&uk — Dalquk) k] + Da(Gr) =0 (18)

and

(%i 4 Ofsa

aQU,k 8Qu,k+1
hold, and in addition the Egs.(12) and (13) also hold,
then the discrete holonomic system with dependent

>[§u,k — Da(qur)] =0 (19)

coordinates has the discrete Noether conserved quan-
tities

Tk R_La(Puk) + Ttk — tk—1)D2[R_La(pu.x)]
+E&uk(ty — tk—1)Da[R_La(¢y )] + Gy = const  (20)
and Eq.(18) is called the discrete Noether identity and
Eq.(19) is called the restricted equation of the Noether
symmetry.

Proof Using representations (10), (11) and (16),
the extension of Noether identity (18) gives
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LqDy (i) + Xc(il)(Ld) + (Qu,a + Au,a)[Euk — Dalquk) ] + Da(Gr)
=Tk {D1La(Pu,k) + CeD2[R_La(puk)] — Da[R-La(¢ur)]

—[Qu,a(bur) + Au,d(uk)Da(qu,k)}

+&uk {D3La(pur) + CiDs[R_La(du k)] + Qu,a(dur) + Aua(Pur)}

+ Da{mR-La(buk) + Tty — te—1)D2[R-La(¢u,r)]

+ &uk(t — th—1)Da[R_Lqa(¢u k)] + G} = 0.

According to Egs.(12) and (13), the Eq.(21) becomes

Da{mR_La(pur) + Ti(tr — ti—1)D2[R_La(¢u. )]
+&uk(th — ti—1)Da[R_La(¢u k)] + Gr} = 0. (22)

We therefore have the discrete conserved quantities

Tk R_La(¢u k) + 76tk — th—1)D2[R_La(Pu,x)]

+Euk(tr — th—1)Da[R_La(buk)] + Gi = const. (23)

4. The Lie symmetry and the
Noether conserved quantities

of a discrete system

We rewrite discrete Euler-Lagrange equation (8)
and energy evolution equation (9) as

Also applying extension (16) to discrete constrained
equation (4), we obtain

X fs,a(ur)] = 0. (28)

Criterion 2 If the infinitesimal generators 7y
and &, i satisfy Eqgs.(26)—(28), then the invariance of
the discrete equations of motion (8) and (9) is the
Lie symmetry of the discrete holonomic systems with
dependent coordinates. Equations (26) and (27) are
the determining equations of the Lie symmetry, and
Eq.(28) is the restricted equation of the Lie symmetry.

By solving these equations, we can obtain gener-
ators for the infinitesimal Lie symmetry transforma-
tions. Considering criterion 1, we straightforward ac-
quire the criterion for obtaining the Noether conserved
quantities from the Lie symmetry.

Criterion 3 If the Lie symmetry generators 7

E(pur)=0 (24) and §, i satisfy discrete Noether identity (18) and re-

stricted equation (14), then the Lie symmetry of dis-

and crete holonomic system with dependent coordinates
F(pur) =0, (25)

where ¢y k = (tk—1, ths tit 15 Quk—15 Qu,ks Quk+1), (B =
1,---,N —1). Applying extension (17) to Egs.(24)
and (25), we obtain

leads to discrete Noether conserved quantities (20).

5. An example

Now we us take an example (the motion of a top

2
XP[E(pur)) =0, (26) , ,
on a plane) to show this procedure. The discrete La-
and grangian of the system and its recursive operator, re-
X((f) [F(@ur)] = 0. (27)  spectively, are

2

La(u) =1MKM>2 i (e~

thtr1 — tk the1 — g

1 —
) 5

2 2
1 1 42,k+1 — 92,k q1,k+1 — 1,k ) 1
Mggeret + go) + 1A K?Hz) n (1+11 i? (L anins + 0o0)

2 2 b1 — g b1 — g 2
2
1 _ - 1
i B|:Q3,k+1 a3k | Tk+1 Lk o0 <(q27k+1 + qM))] ; (29)
2 thr1 — tk te+1 — tk 2
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and
1 _ 2 _ 2 B 2
R_[La(¢ur)] =La(dus_1) = M[((M,k Q4,k1> T <Q5,k Q5,k1> n (%,k q6,k1> }
2 by — th—1 tp — tp—1 ty —tp—1
1 1 Gk — Qo1 Qi — g1 1
iy - A , k= , k= o1 -
5M9(g6.k + do.—1) + 3 Ktk —— ) + (tk — ) sin (2(Q2,k + a2, 1))}
1o |@e—ak-1 | @k —qre—1 1 2
—p| LB, A L e D) 30
+ 5 [ et + et cos 2(Q2,k +q2,0—-1) (30)
The discrete constrained equation is
1 1
fa(Pur) = 5(q6,k+1 +ge,1) — N cos §(q2,k+1 +aq2k) |- (31)

According to restricted equations (19) and (28), together with constrained equation (31), we straightforward
have

Tk (th, Quk) = 0, (32)

and
E2.6(trs Qu.k) = 6.k (tks Qu,k) = 0. (33)

Applying Eqs.(7), (8) and (9) to Egs.(29)—(31), we obtain a group of discrete Euler-Lagrange equations

- . 1 — _ . 1
E(pix) = —A(M> sin® (2(612,k+1 + Q2,k)> + A<mqlk1> sin? (2(612,k + qz,k1)>

te+1 — tk te—tr
! _ - 1
— Bcos <(QZ,k+1 + ‘12,k)) [Q3,k+1 a3,k 4 q1,k+1 — 91,k cos ((qQ,,C+1 + qM)ﬂ
2 thp1 — T thg1 — bk 9
. — 43k — k- 1
+Beos { (a2 + a26-1) ok — G5k Gk GLRCL oo a2k +a2k-1) || =0, (34)
2 tr — th—1 th — th1 2
Elpsn) = B(M) +B<%chw—1>
tht1 — b th — th_1
Lo ! G —ae (1
+ B [111 cos ((QQ,Ic + QQ,k—l)) _ Dkt Tk ((qz,k+1 + qm))] =0, (35)
be = ti 2 tht1 — T 2
B(pap) = —M(M> + M<Q4k—Q4kl> 0 56)
tk—i—l — 1k th —th_1
and
E(pss) = _M<M> +M<W%/f—1> o .
thy1 — g th —th 1

and a group of discrete energy evolution equations
1 Gt — G2r ) Qg1 — g\ 1
F(spl k) 7A |:< ot ’ ) + ( ot ’ ) Sin2 ((qz’kJrl + q2’k)):|
2 tet1 — Tk tht1 — Tk 2

1 Gk — i) Gr—qra) . o1
7A B B - _
[( te — th1 + et ) ™ 2(Q2,k+Q2,k 1)

[\

{ e (1(Q2,k+1 + @2,k )] AR R e (1(61271%1 + QZ,k)>
let1 — b tht1 — Tk 2 tost — tr B
{th: :;1: kl 1y QIt,: : ?;_k;l oS <;(QQ,1¢ +q2,k—1) )} ! t: :;1; k‘l ! cos (;(Cp,k + q21k1)>
L[ s i (L, )]
+;B{q3tjl,::g,jkl_l Q1,§Z :f;fl_l co (;(‘Dk“rfhk 1 )} (38)
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43.k+1 — 43,k

q1,k+1 — 1k

43,k+1 — 43,k

F =B
(¢3.%) { trort — tr

41,k — q1

tk+1 — Tk
43,k — 43,k—1

1

§(Q2,k+1 + %,k))]

( 1
cos

te+1 — Tk
1

g3 — s p1

B

|

tk — tk—l tk - tk

q3,k+1 — 43,k

-1

q1,k+1 — 491,k

5 (a2 + q2,k1)>}

COs (

tp —tp—1

te+1 — Tk
43,k — q3,k—1

tr+1 — Tk
Qe — q1,k—1

2
1
cos (2(612,k+1 + qzk)ﬂ

bt —tp—1

b —tr—1

0,

cos (;(qz,k + qml))]

q4,k+1 — 94,k
tk+1 — Tk

qak — q4,k—1
t —tp—1

q5,k+1 — 45,k
tk+1 — Tk

45,k — 45,k—1
tp —lp—1

Floa) = 3 f—éM( f:m
Y

() ()

1 M(
2

where we omit the E(p2 k), E(gsx), F(p2,k), and F(pg k) due to conditions (32) and (33).

Using expression (29) and Eqs.(32)—(33), discrete Noether identity (18) becomes

()
—;M( )QDd(Tk)-‘rM

QGk+1— @k . o1
—_ A’i’ sin —
Sk (te1 — th)? (2

- fl,kB[
+51,k+13[
d

Solving Eq.(42), we obtain the generators for the infinitesimal Noether symmetry transformations as follows:

F(psy) =

q4,k+1 — 44,k

Da(m) + MMDd(&,k)
trt1 — Tk

ter1 — Tk

q45,k+1 — 45,k
trt1 — Uk

q5.k+1 — G5,k

D
lpt1 — L alsx)

AR+l T Dk
(trt1 — th)?

COS (
(@2,k41 + qw«)ﬂ
b1 — g

1 cos (
(g2,k+1 + QQ,k)>:|

2
&1 B
tk+1 — Tk

. 1
(q2,k41 + Q2,k)> + &1 k41 sin® (Q(Q2,k+1 + Q2,k))

COS (
COS (

(q2,5+1 + @,k)ﬂ

1
—(g2,k4+1 + Q2,k))

1 2

2

q1,k+1 — 41,k
te+1 — Tk

43,k+1 — 43,k
tk+1 — Tk

1( + ))
q1,k+1 — 91,k B q2,k+1 T 42,k

tk+1 — Tk

cos ( 5
< 1
cos

5

43.k+1 — g3,k
tk+1 — Tk

tk+1 — Tk
q3,k+1 — 43,k 1

tet1 — i

q1,k+1 — 41,k
trt1 — Uk

&3kr1B
tk+1 — tk

q1,k+1 — 41,k
te+1 — Uk

q3,k+1 — 43,k

+ Dy(Gg) =0.
ter1 — Uk

(42)

Q2.k+1 + q2,k)>:|

§rp=Ci, = =8r=8r=6r =8k =0, G =0, (43)
8r=0C31, =& =86k =8r=E&r =8k =0, Gr=0, (44)
Sk =Cutr, =81k =8k =8k =&x =&k =0, Gr=—-MCyiqa, (45)
and
&k =Csite, =81k =8k =8k =&r =8k =0, Gr=—-MCs1051, (46)
|
where C11, C31, Cy1, Cs1 are constants. +uk—1DsE(pu i) + Euk Ds E(puk)
The next step is to calculate the generators for +éurr1D6E(pur) =0, (47)
the infinitesimal Lie symmetry transformations. Sub- '
stituting Eqgs.(34)—(41) into Eqs.(26) and (27) leads to 7,1 D1 F(puk) + T D2 F (0w k) + Tht1 D3 F (0u k)
the determining equations +éun1D4F(pur) + Eux DsF(©ur)
Th—1D1E(pu k) + TeD2E(pu k) + Thr1 D3 E(pu k) +Eu k1 D6 F(pu ) =0, (48)
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where the representations of D;E(g,) and D;F
(¢u,x) in Eqgs.(47) and (48) can be calculated from
Eqgs.(34)—(41), (v = 1,3,4,5). Solving Eqgs.(47) and
(48), we obtain the generators for the infinitesimal Lie
symmetry transformations as follows:

e =0, &= Ch, (49)
e =0, &%= Ca, (50)
T =0, &a = Cauity + Caoqar + Cus, (51)
Tk =0, & = Csity + Cs205% + Cs3, (52)

where C11, C31, C41, Cyo, Cys3, Cs1, C59, Cs3 are con-
stants.

Comparing the generators (49)—(52) with (43)—
(46), we have a group of generators (43)—(46), which
are not only the Lie infinitesimal symmetry transfor-
mation but also the Noether infinitesimal symmetry
transformation.

According to criterion 1, we obtain the discrete
Noether conserved quantities from the Lie symmetry

k= Q1 k— . 1
Ci1A Lk = Gk=1) 2 —(g2.6 + q2,5—1)
ty — th—1 2

1
+B [031 + C'1 cos ((QQ,k + Q2,k—1)>]

2
3,k — 43,k—1 , 1,k — q1,k—1 1
X | = —+— - cos | =(g2,ktq2,k—1 )}
[ ty — th—1 tr — th—1 <2( )

+y <C41 q4,k — q4,k—1 o g5,k — Q5,k1>
tp —te_1 tr — th—1

—M(Cs1q4,1 + Cs195,1) = const. (53)

The representations of Do[R_ Lq(¢y )], and D4[R_Lqg
(¢uk)] in Eq.(20) can be calculated from Eq.(30).

6. Conclusions

There are three main results in this paper, i.e. (i)
discrete Euler-Lagrange equation (8) and energy evo-
lution equation (9) for a discrete holonomic system
with dependent coordinates, (ii) restricted equations
of the Noether and Lie symmetry, (19) and (28), (iii)
discrete Noether identity (18) and Noether conserved
quantities (20) of a discrete holonomic system with
dependent coordinates. These results can be general-
ized to other discrete constrained mechanical systems
such as those with non-holonomic constraints.
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