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Noether symmetry and Lie symmetry of discrete
holonomic systems with dependent coordinates∗
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The Noether symmetry, the Lie symmetry and the conserved quantity of discrete holonomic systems with dependent

coordinates are investigated in this paper. The Noether symmetry provides a discrete Noether identity and a conserved

quantity of the system. The invariance of discrete motion equations under infinitesimal transformation groups is defined

as the Lie symmetry, and the condition of obtaining the Noether conserved quantity from the Lie symmetry is also

presented. An example is discussed to show the applications of the results.
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1. Introduction

The symmetries and conserved quantities of con-
strained mechanical systems have been systematically
investigated in recent years.[1−15] There exist two sym-
metries in this subject: the Noether symmetry and the
Lie symmetry. The Noether symmetry is the invari-
ance of Hamiltonian action functional under infinitesi-
mal transformation groups and has a close relationship
with the invariant quantity of the system. The Lie
symmetry is the invariance of differential equations of
motion under infinitesimal transformation groups.

These two symmetry approaches have been ex-
tended to discrete systems in the last few years. There
are many important developments in this field includ-
ing Levi’s generalization of Lie symmetry to discrete
systems whose equations of motion have difference or
differential-difference formalism,[16−18] and Dorodnit-
syn’s adaptation of Noether symmetry theory to dis-
crete Lagrangian system.[19] These studies, however,
are not only highly mathematical but have no consid-
eration of special constrains in constrained mechanics.

The purpose of this paper is to extend the Noether
symmetry and the Lie symmetry theory to discrete
constrained mechanical systems. We deduce the
Noether identity and conserved quantity from the
Noether symmetry, and define the Lie symmetry for
discrete holonomic systems with dependent coordi-
nates. We also derive the criterion of determining

when the Noether conserved quantity may be obtained
from the Lie symmetry.

2. The discrete equations of mo-

tion of a system

We consider a mechanical system, which has coor-
dinates qs(s = 1, · · · , n) to determine its configuration
and dependent coordinates qr(r = 1, · · · ,m), with m

holonomic constrains related to these coordinates

fβ(t, qu) = 0, (u = 1, · · · , n + m;β = 1, · · · ,m).
(1)

The differential equations of motion of the system
are[1,2]

d
dt

∂L

∂q̇u
− ∂L

∂qu
= Qu + Λu, (2)

where L(t, qu, q̇u) and Qu(t, qu, q̇u) are the Lagrangian
and the generalized force of the system respectively.

Λu(t, qu, q̇u) = λβ(t, qu, q̇u)
∂fβ

∂qu
(3)

is the constrained force, where λβ is Lagrangian mul-
tiplier.

In discrete mechanics, continuous curve in con-
figuration space is replaced with a discrete sequence
(qu,i(ti)) (u = 1, · · · , n + m; i = 0, 1, · · · , N). The
discrete versions of L,Qu,Λu are Ld(tk, tk+1, qu,k,
qu,k+1), Qu,d(tk, tk+1, qu,k, qu,k+1), and Λu,d (tk, tk+1,
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qu,k, qu,k+1) respectively (k = 0, 1, · · · , N − 1). The
constrained equations of the discrete version are

fβ,d(tk, tk+1, qu,k, qu,k+1) = 0. (4)

The discrete Euler–Lagrange equation and the energy
evolution equation with a non-conservative general-
ized force, respectively, are[20]

D3Ld(φk)(tk+1 − tk) + D4Ld(φk−1)(tk − tk−1)

+ Qd(φk)(tk+1 − tk) = 0 (5)

and

D1Ld(φk)(tk+1 − tk) + D2Ld(φk−1)(tk − tk−1)

+Ld(φk−1)− Ld(φk)−Qd(φk)(qk+1 − qk) = 0, (6)

where Dj is the partial derivative of the discrete
function with respect to arguments j and φk =
(tk, tk+1, qk, qk+1), (k = 0, 1, · · · , N − 1).

If we take coordinates qu and discrete constrained
force

Λu,d(tk, tk+1, qu,k, qu,k+1)

= λβ,d(tk, tk+1, qu,k, qu,k+1)
(

∂fβ,d

∂qu,k
+

∂fβ,d

∂qu,k+1

)
(7)

into account, Eqs.(5) and (6) can be rewritten respec-
tively as

D3Ld(φu,k)(tk+1 − tk) + D4Ld(φu,k−1)(tk − tk−1)

+ [Qu,d(φu,k) + Λu,d(φu,k)](tk+1 − tk) = 0 (8)

and

D1Ld(φu,k)(tk+1 − tk) + D2Ld(φu,k−1)(tk − tk−1)

+Ld(φu,k−1)− Ld(φu,k)− [Qu,d(φu,k) + Λu,d(φu,k)]

(qu,k+1 − qu,k) = 0, (9)

where φu,k = (tk, tk+1, qu,k, qu,k+1). Equations (8)
and (9) are respectively the discrete Euler–Lagrange
equation and the energy evolution equation of discrete
holonomic system with dependent coordinates, which
also are called the discrete equations of motion of the
system.

3. The Noether symmetry of a

discrete system

The recursive and derivative operators of a dis-
crete system for any multi-dimensional discrete vari-
able or function are represented as

R±f(zu,k) = f(zu,k±1) (10)

and

Ddf(zu,k) =
R+f(zu,k)− f(zu,k)

tk+1 − tk
. (11)

Using representations (10) and (11), the discrete
equations of motion, (8) and (9), can be rewritten re-
spectively as

D3Ld(φu,k) + CtD4[R−Ld(φu,k)]

+ Qu,d(φu,k) + Λu,d(φu,k) = 0 (12)

and

D1Ld(φu,k) + CtD2[R−Ld(φu,k)]−Dd[R−Ld(φu,k)]

− [Qu,d(φu,k) + Λu,d(φu,k)]Dd(qu,k) = 0, (13)

where Ct = (tk − tk−1)/(tk+1 − tk).
The infinitesimal point transformations of dis-

crete time and generalized coordinates are

t∗k = tk + ∆tk = tk + ετk(tk, qu,k)

and

q∗u,k = qu,k + ∆qu,k = qu,k + εξu,k(tk, qu,k), (14)

where τk and ξu,k are the discrete generators. The
vector field of generators is

X
(0)
d = τk

∂

∂tk
+ ξu,k

∂

∂qu,k
, (15)

which can be extended to the two- and three-point
schemes

X
(1)
d = X

(0)
d + τk+1

∂

∂tk+1
+ ξu,k+1

∂

∂qu,k+1
, (16)

and

X
(2)
d = X

(1)
d + τk−1

∂

∂tk−1
+ ξu,k−1

∂

∂qu,k−1
. (17)

Criterion 1 If there exists a discrete gauge
function Gk(tk, qu,k) such that the identities

LdDd(τk) + X
(1)
d (Ld) + (Qu,d + Λu,d)

× [ξu,k −Dd(qu,k)τk] + Dd(Gk) = 0 (18)

and(
∂fβ,d

∂qu,k
+

∂fβ,d

∂qu,k+1

)
[ξu,k −Dd(qu,k)τk] = 0 (19)

hold, and in addition the Eqs.(12) and (13) also hold,
then the discrete holonomic system with dependent
coordinates has the discrete Noether conserved quan-
tities

τkR−Ld(φu,k) + τk(tk − tk−1)D2[R−Ld(φu,k)]

+ξu,k(tk − tk−1)D4[R−Ld(φu,k)] + Gk = const (20)

and Eq.(18) is called the discrete Noether identity and
Eq.(19) is called the restricted equation of the Noether
symmetry.

Proof Using representations (10), (11) and (16),
the extension of Noether identity (18) gives
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LdDd(τk) + X
(1)
d (Ld) + (Qu,d + Λu,d)[ξu,k −Dd(qu,k)τk] + Dd(Gk)

=τk {D1Ld(φu,k) + CtD2[R−Ld(φu,k)] −Dd[R−Ld(φu,k)]

−[Qu,d(φu,k) + Λu,d(φu,k)]Dd(qu,k)}
+ ξu,k {D3Ld(φu,k) + CtD4[R−Ld(φu,k)] + Qu,d(φu,k) + Λu,d(φu,k)}
+ Dd{τkR−Ld(φu,k) + τk(tk − tk−1)D2[R−Ld(φu,k)]

+ ξu,k(tk − tk−1)D4[R−Ld(φu,k)] + Gk} = 0. (21)

According to Eqs.(12) and (13), the Eq.(21) becomes

Dd{τkR−Ld(φu,k) + τk(tk − tk−1)D2[R−Ld(φu,k)]

+ξu,k(tk − tk−1)D4[R−Ld(φu,k)] + Gk} = 0. (22)

We therefore have the discrete conserved quantities

τkR−Ld(φu,k) + τk(tk − tk−1)D2[R−Ld(φu,k)]

+ξu,k(tk − tk−1)D4[R−Ld(φu,k)] + Gk = const. (23)

4. The Lie symmetry and the

Noether conserved quantities

of a discrete system

We rewrite discrete Euler–Lagrange equation (8)
and energy evolution equation (9) as

E(ϕu,k) = 0 (24)

and
F (ϕu,k) = 0, (25)

where ϕu,k = (tk−1, tk, tk+1, qu,k−1, qu,k, qu,k+1), (k =
1, · · · , N − 1). Applying extension (17) to Eqs.(24)
and (25), we obtain

X
(2)
d [E(ϕu,k)] = 0, (26)

and
X

(2)
d [F (ϕu,k)] = 0. (27)

Also applying extension (16) to discrete constrained
equation (4), we obtain

X
(1)
d [fβ,d(φu,k)] = 0. (28)

Criterion 2 If the infinitesimal generators τk

and ξu,k satisfy Eqs.(26)–(28), then the invariance of
the discrete equations of motion (8) and (9) is the
Lie symmetry of the discrete holonomic systems with
dependent coordinates. Equations (26) and (27) are
the determining equations of the Lie symmetry, and
Eq.(28) is the restricted equation of the Lie symmetry.

By solving these equations, we can obtain gener-
ators for the infinitesimal Lie symmetry transforma-
tions. Considering criterion 1, we straightforward ac-
quire the criterion for obtaining the Noether conserved
quantities from the Lie symmetry.

Criterion 3 If the Lie symmetry generators τk

and ξu,k satisfy discrete Noether identity (18) and re-
stricted equation (14), then the Lie symmetry of dis-
crete holonomic system with dependent coordinates
leads to discrete Noether conserved quantities (20).

5. An example

Now we us take an example (the motion of a top
on a plane) to show this procedure. The discrete La-
grangian of the system and its recursive operator, re-
spectively, are

Ld(φu,k) =
1
2
M

[(
q4,k+1 − q4,k

tk+1 − tk

)2

+
(

q5,k+1 − q5,k

tk+1 − tk

)2

+
(

q6,k+1 − q6,k

tk+1 − tk

)2]

− 1
2
Mg(q6,k+1 + q6,k) +

1
2
A

[(
q2,k+1 − q2,k

tk+1 − tk

)2

+
(

q1,k+1 − q1,k

tk+1 − tk

)2

sin2

(
1
2
(q2,k+1 + q2,k)

)]

+
1
2
B

[
q3,k+1 − q3,k

tk+1 − tk
+

q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]2

, (29)
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and

R−[Ld(φu,k)] =Ld(φu,k−1) =
1
2
M

[(
q4,k − q4,k−1

tk − tk−1

)2

+
(

q5,k − q5,k−1

tk − tk−1

)2

+
(

q6,k − q6,k−1

tk − tk−1

)2]

− 1
2
Mg(q6,k + q6,k−1) +

1
2
A

[(
q2,k − q2,k−1

tk − tk−1

)2

+
(

q1,k − q1,k−1

tk − tk−1

)2

sin2

(
1
2
(q2,k + q2,k−1)

)]

+
1
2
B

[
q3,k − q3,k−1

tk − tk−1
+

q1,k − q1,k−1

tk − tk−1
cos

(
1
2
(q2,k + q2,k−1)

)]2

. (30)

The discrete constrained equation is

fd(φu,k) =
1
2
(q6,k+1 + q6,k)−N cos

(
1
2
(q2,k+1 + q2,k)

)
. (31)

According to restricted equations (19) and (28), together with constrained equation (31), we straightforward
have

τk(tk, qu,k) = 0, (32)

and

ξ2,k(tk, qu,k) = ξ6,k(tk, qu,k) = 0. (33)

Applying Eqs.(7), (8) and (9) to Eqs.(29)–(31), we obtain a group of discrete Euler–Lagrange equations

E(ϕ1,k) = −A

(
q1,k+1 − q1,k

tk+1 − tk

)
sin2

(
1
2
(q2,k+1 + q2,k)

)
+ A

(
q1,k − q1,k−1

tk − tk−1

)
sin2

(
1
2
(q2,k + q2,k−1)

)

−B cos
(

1
2
(q2,k+1 + q2,k)

)[
q3,k+1 − q3,k

tk+1 − tk
+

q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]

+ B cos
(

1
2
(q2,k + q2,k−1)

)[
q3,k − q3,k−1

tk − tk−1
+

q1,k − q1,k−1

tk − tk−1
cos

(
1
2
(q2,k + q2,k−1)

)]
= 0, (34)

E(ϕ3,k) =−B

(
q3,k+1 − q3,k

tk+1 − tk

)
+ B

(
q3,k − q3,k−1

tk − tk−1

)

+ B

[
q1,k − q1,k−1

tk − tk−1
cos

(
1
2
(q2,k + q2,k−1)

)
− q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]
= 0, (35)

E(ϕ4,k) = −M

(
q4,k+1 − q4,k

tk+1 − tk

)
+ M

(
q4,k − q4,k−1

tk − tk−1

)
= 0 (36)

and

E(ϕ5,k) = −M

(
q5,k+1 − q5,k

tk+1 − tk

)
+ M

(
q5,k − q5,k−1

tk − tk−1

)
= 0, (37)

and a group of discrete energy evolution equations

F (ϕ1,k) =
1
2
A

[(
q2,k+1 − q2,k

tk+1 − tk

)2

+
(

q1,k+1 − q1,k

tk+1 − tk

)2

sin2

(
1
2
(q2,k+1 + q2,k)

)]

− 1
2
A

[(
q2,k − q2,k−1

tk − tk−1

)2

+
(

q1,k − q1,k−1

tk − tk−1

)2

sin2

(
1
2
(q2,k + q2,k−1)

)]

+ B

[
q3,k+1 − q3,k

tk+1 − tk
+

q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]
q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)

−B

[
q3,k − q3,k−1

tk − tk−1
+

q1,k − q1,k−1

tk − tk−1
cos

(
1
2
(q2,k + q2,k−1)

)]
q1,k − q1,k−1

tk − tk−1
cos

(
1
2
(q2,k + q2,k−1)

)

− 1
2
B

[
q3,k+1 − q3,k

tk+1 − tk
+

q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]2

+
1
2
B

[
q3,k − q3,k−1

tk − tk−1
+

q1,k − q1,k−1

tk − tk−1
cos

(
1
2
(q2,k + q2,k−1)

)]2

= 0, (38)
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F (ϕ3,k) =B

[
q3,k+1 − q3,k

tk+1 − tk
+

q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]
q3,k+1 − q3,k

tk+1 − tk

−B

[
q3,k − q3,k−1

tk − tk−1
+

q1,k − q1,k−1

tk − tk−1
cos

(
1
2
(q2,k + q2,k−1)

)]
q3,k − q3,k−1

tk − tk−1

− 1
2
B

[
q3,k+1 − q3,k

tk+1 − tk
+

q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]2

+
1
2
B

[
q3,k − q3,k−1

tk − tk−1
+

q1,k − q1,k−1

tk − tk−1
cos

(
1
2
(q2,k + q2,k−1)

)]
= 0, (39)

F (ϕ4,k) =
1
2
M

(
q4,k+1 − q4,k

tk+1 − tk

)2

− 1
2
M

(
q4,k − q4,k−1

tk − tk−1

)2

= 0, (40)

F (ϕ5,k) =
1
2
M

(
q5,k+1 − q5,k

tk+1 − tk

)2

− 1
2
M

(
q5,k − q5,k−1

tk − tk−1

)2

= 0, (41)

where we omit the E(ϕ2,k), E(ϕ6,k), F (ϕ2,k), and F (ϕ6,k) due to conditions (32) and (33).
Using expression (29) and Eqs.(32)–(33), discrete Noether identity (18) becomes

− 1
2
M

(
q4,k+1 − q4,k

tk+1 − tk

)2

Dd(τk) + M
q4,k+1 − q4,k

tk+1 − tk
Dd(ξ4,k)

− 1
2
M

(
q5,k+1 − q5,k

tk+1 − tk

)2

Dd(τk) + M
q5,k+1 − q5,k

tk+1 − tk
Dd(ξ5,k)

− ξ1,kA
q1,k+1 − q1,k

(tk+1 − tk)2
sin2

(
1
2
(q2,k+1 + q2,k)

)
+ ξ1,k+1A

q1,k+1 − q1,k

(tk+1 − tk)2
sin2

(
1
2
(q2,k+1 + q2,k)

)

− ξ1,kB

[
q3,k+1 − q3,k

tk+1 − tk
+

q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]cos
(

1
2
(q2,k+1 + q2,k)

)

tk+1 − tk

+ ξ1,k+1B

[
q3,k+1 − q3,k

tk+1 − tk
+

q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]cos
(

1
2
(q2,k+1 + q2,k)

)

tk+1 − tk

−
[
q3,k+1 − q3,k

tk+1 − tk
+

q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]
ξ3,kB

tk+1 − tk

+
[
q3,k+1 − q3,k

tk+1 − tk
+

q1,k+1 − q1,k

tk+1 − tk
cos

(
1
2
(q2,k+1 + q2,k)

)]
ξ3,k+1B

tk+1 − tk
+ Dd(Gk) = 0. (42)

Solving Eq.(42), we obtain the generators for the infinitesimal Noether symmetry transformations as follows:

ξ1,k = C11, τk = ξ2,k = ξ3,k = ξ4,k = ξ5,k = ξ6,k = 0, Gk = 0, (43)

ξ3,k = C31, τk = ξ1,k = ξ2,k = ξ4,k = ξ5,k = ξ6,k = 0, Gk = 0, (44)

ξ4,k = C41tk, τk = ξ1,k = ξ2,k = ξ3,k = ξ5,k = ξ6,k = 0, Gk = −MC41q4,k, (45)

and
ξ5,k = C51tk, τk = ξ1,k = ξ2,k = ξ3,k = ξ4,k = ξ6,k = 0, Gk = −MC51q5,k, (46)

where C11, C31, C41, C51 are constants.
The next step is to calculate the generators for

the infinitesimal Lie symmetry transformations. Sub-
stituting Eqs.(34)–(41) into Eqs.(26) and (27) leads to
the determining equations

τk−1D1E(ϕu,k) + τkD2E(ϕu,k) + τk+1D3E(ϕu,k)

+ξu,k−1D4E(ϕu,k) + ξu,kD5E(ϕu,k)

+ξu,k+1D6E(ϕu,k) = 0, (47)

τk−1D1F (ϕu,k) + τkD2F (ϕu,k) + τk+1D3F (ϕu,k)

+ξu,k−1D4F (ϕu,k) + ξu,kD5F (ϕu,k)

+ξu,k+1D6F (ϕu,k) = 0, (48)
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where the representations of DjE(ϕu,k) and DjF

(ϕu,k) in Eqs.(47) and (48) can be calculated from
Eqs.(34)–(41), (u = 1, 3, 4, 5). Solving Eqs.(47) and
(48), we obtain the generators for the infinitesimal Lie
symmetry transformations as follows:

τk = 0, ξ1,k = C11, (49)

τk = 0, ξ3,k = C31, (50)

τk = 0, ξ4,k = C41tk + C42q4,k + C43, (51)

τk = 0, ξ5,k = C51tk + C52q5,k + C53, (52)

where C11, C31, C41, C42, C43, C51, C52, C53 are con-
stants.

Comparing the generators (49)–(52) with (43)–
(46), we have a group of generators (43)–(46), which
are not only the Lie infinitesimal symmetry transfor-
mation but also the Noether infinitesimal symmetry
transformation.

According to criterion 1, we obtain the discrete
Noether conserved quantities from the Lie symmetry

C11A

(
q1,k − q1,k−1

tk − tk−1

)
sin2

(
1
2
(q2,k + q2,k−1)

)

+B

[
C31 + C11 cos

(
1
2
(q2,k + q2,k−1)

)]

×
[
q3,k − q3,k−1

tk − tk−1
+

q1,k − q1,k−1

tk − tk−1
cos

(
1
2
(q2,k+q2,k−1)

)]

+tk

(
C41

q4,k − q4,k−1

tk − tk−1
+ C51

q5,k − q5,k−1

tk − tk−1

)

−M(C41q4,k + C51q5,k) = const. (53)

The representations of D2[R−Ld(φu,k)], and D4[R−Ld

(φu,k)] in Eq.(20) can be calculated from Eq.(30).

6. Conclusions

There are three main results in this paper, i.e. (i)
discrete Euler–Lagrange equation (8) and energy evo-
lution equation (9) for a discrete holonomic system
with dependent coordinates, (ii) restricted equations
of the Noether and Lie symmetry, (19) and (28), (iii)
discrete Noether identity (18) and Noether conserved
quantities (20) of a discrete holonomic system with
dependent coordinates. These results can be general-
ized to other discrete constrained mechanical systems
such as those with non-holonomic constraints.
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