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The unified symmetry of mechano-electrical systems with nonholonomic constraints are studied in this paper,

the definition and the criterion of unified symmetry of mechano-electrical systems with nonholonomic constraints are

derived from the Lagrange-Maxwell equations. The Noether conserved quantity, Hojman conserved quantity and Mei

conserved quantity are then deduced from the unified symmetry. An example is given to illustrate the application of

the results.
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1. Introduction

The study of symmetries is of importance not
only in mathematics but also in physics. In gen-
eral, there are three kinds of symmetries: the Noether

[1-3] the Lie symmetry®—8 and the Mei

syminetry,
symmetry.~13] And there are correspondingly three
kinds of conserved quantities: the Noether conserved
quantity, the Hojman conserved quantity'¥ and the
Mei conserved quantity. !

The study on symmetries and conserved quanti-
ties has been developing rapidly these years. Recently,
Mei Feng-Xiang and Wu Hui-Bin et al have studied
unified symmetry, Lie-form invariance, Noether—Lie
symmetry or Noether-form invariance of many kinds
of mechanical systems.!'6=25] In this paper, on the
basis of Refs.[26-30], we study the unified symme-
try of mechano-electrical systems with nonholonomic
constraints and obtain the three kinds of conserved
quantities mentioned above from the definition and

the criterion of unified symmetry of the system.

2. The Lagrange—Maxwell equa-

tion of the system

We consider a mechano-electrical system consist-
ing of m loops, each loops is composed of linear con-

ductors and circuits, the circuits are independent of
each other, but the electromagnetic processes of the
loops are not mutually independent. The current in
the kth loop is iy (K =1,---,m), and uy, is the elec-
tromotive force in the kth loop. Supposed e is the
electric charge in the capacitor, the relation between
the charge and the current is é;, = 7. The resistance
and the capacitance of the kth loop are Ry and Cj,
respectively, and its motion is subject to g nonholo-

nomic constraints

The condition that the constraints (1) act on the vir-

fs(t,q,q) =0,

tual displacements is

Ofs
94

dgs = 0. (2)

Its configuration is determined by the n generalized
coordinates eg(k = 1,---,m), ¢gs(s = 1,---,n). The
Lagrange-Maxwell function of this system is

L= T(QS7 QS) - V(qs) + Wm(q87 ek) - We(q57 ek)' (3)

Introduce the summation of the electrical and me-
chanical dissipation function

P = we(ik) + wm(QSv q.s)v
then the Lagrange—Maxwell equation of the system is

d 9L oL oY
oY _ E=1....
dt 0é,,  Oer  0éy uk ’ ),
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doL oL o ofs
106, o T oq 9T,
(s=1,---,n), (4)

where Wy, is the magnetic field energy, W, is the elec-
tric field energy, 1. is the electrical dissipation func-
tion

= % Z Z LkTikiT‘a

k=1r=1
1 m k
e _ _k
2 P C’
we = 5 Z erzi (5)
k=1

T is the potential energy and V is the kinetic energy
of the system:

n n
%Zzasli@q'l; V= V(qs)’ (6)
s=11=1

where as; = ag(gs). Equations (4) consist of n +m
second order differential equations with ¢, and e as
the generalized coordinates.

In general, it is supposed that before integrating
Egs.(4), we can find A\g as a function of ¢, g, ¢, e and
é from the Eqgs.(1) and Egs.(4), while Egs.(4) can be

expressed as

0
(L) = g, (h=1,m
0
ES(L) :Q5+As - 857 (8: 1’ '7n) (7)
7 fs o d 0 1o} _
where A; = Ag 94, E, = 05 9g B, =
do 9
dt 0é,  Oey

It is supposed that the system (7) is nonsingular,

0?L 0’L
det (&jsaq'z) #0, det (aéjaék) #0. (8)

From Eqs.(7), we can find all the generalized acceler-

ations as

Gs = as(hquﬂyé% €r = ﬁk(t7q7(jve=é)' (9)

3. Unified symmetry of the sys-

electrical system with nonholonomic constraints is a
Noether one as well as a Lie one and is also a Mei
symmetry at one time, the symmetry is called a uni-
fied symmetry.

We first introduce the infinitesimal transforma-

tion:

t"=t+eélt,q,q,¢e,€),
q:(t*) = QS(t) + efs (t, q,q,e, 6),
er(t") = ex(t) +emk(t,q. 4, €, €), (10)

where ¢ is an infinitesimal parameter and &y, &, Mk
are infinitesimal generators.

The constrain Eqgs.(1) retain the form invariance:

XV (f5) =0, (B=1,---,9). (11)

Limitations of the constraints (1) added on the
virtual displacements dq are

ofs
dqs

(fs—quo) = (ﬂ: lvvg) (12)

For the mechano-electrical system with nonholo-
nomic constraints, the Noether identity can be written

as
d B
L&ﬁo—i-X(l)( )+ (Qs + A, — 8;”) (& — ds€o)
o d
s (- g ) - o) + Gx =0 (13

The determining equations of the Lie symmetry are

o
(2) (1) _
XO{E(L)} = X (Qs + A, 8%) :

XDIE(L)} =xW (uk - g#’) . (14)

€k

The criterion equations of the Mei symmetry are

E, {X<1>(L)} =xW (QS A - gg’) :

tem ! (1) —_ v _ 37?/1
B {X (L)} X0 (w5 ), (15)
Definition If the symmetry of a mechano-  where
|
0 0 d d 0 d d 0
x@® el il el
50 +§s as +7]ka (dti qsdtfo) 94, =+ <dt fO) der’
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d dd 0 dd d dd 0
X@ = x® 4 [ = 26, —& — Ge— — i i — 26, —En — & — — —
a dt5 Ggto = bga®) ag T \aa™ g% g a®) a5
d_2 + 0 +é 0 + 9 + 0 9
a ot T ag, T % ae, T g T e
_ d _ d
p_40 0  p a0 9
dt 9¢s  Oqs dt 0é;,  Oey,
Criterion For the mechano-electrical system with nonholonomic constraints, if there exists a gauge

function Gn = Gx (¢, g, g, €, €) such that the infinitesimal generators &y, & and ny satisfy Egs.(11), (1

2
éhp) (& — dséo) + (Uk - g¢> (m — éx&o) + d GN}

Ao xm
{Ldt£o+X (L) + (QS+A 5

4 {X<2> [Ey(L)] — XM (Qs + A,

+ {E (XML, — x® (Qs + Ag

then the symmetry of the system is a unified symme-
try.

4. Conserved quantities deduced

from unified symmetry

The unified symmetry of the mechano-electrical
systems with nonholonomic constraints can lead to all
of the Noether conserved quantity, the Hojman con-
served quantity and the Mei conserved quantity under
certain conditions.

Proposition 1 For the mechano-electrical sys-
tem with nonholonomic constraints, the unified sym-

metry will lead to the Noether conserved quantity

oL oL
In=1L — S (" G
N o + 34, (€s — dséo) + Der (M — ds€o) + GN
= const. (17)
Proof  Because the unified symmetry of the

mechano-electrical system is certainly a Noether
symmetry, there exists a gauge function Gy =
Gn(t,q,q,e,é) such that the Noether identity (13)
holds. According to the Noether theorem, this system
has the conserved quantity (17).

Proposition 2 For the mechano-electrical sys-
tems with nonholonomic constraints, under the spe-
cial infinitesimal transformation that have unchanging
time (& = 0), if there is a function p = u(t, q, g, e, é)
such that

iao.és'f'i%—’_élnMZO’ (18)
k

1 aqs 1 aek dt

2), and

éﬁ)ﬁ+{x@wum1lﬂ”0%§i>}

gz>} {E,’C[X(l)(L)] _X<1>< k_g;/;)} o, 16)

then the unified symmetry will lead to a Hojman con-
served quantity

10 10 d
Iy = s 5,Ss
" uaqs(ﬂg) 1t 04 <Mdt€>
+li( ) 1 9 a
11 Dex YL Iy Der M 771c
= const. (19)
Proof  Because the unified symmetry of the

mechano-electrical systems is certainly a Lie symme-
try, the determining equations (14) of the Lie sym-
metry hold. From expressions (14) and (18), using
Hojman’s proof method of the mechano-electrical sys-
tems, the system has the conserved quantity (19).

Proposition 3 For the mechano-electrical sys-
tems with nonholonomic constraints, if there is a func-
tion Gy = Gul(t, q, 4, e, €) such that

X(l)(L)%go +x® [X(l)(L)}

+x M <Qs + 45— gj) (& — dséo)

o) , d
+x® <Uk - 5;/;) (. — €xbo) + aGM

=0, (20)

then the unified symmetry will lead to the Mei con-
served quantity

)
R R )
1)
+8X87ék(L)(77k — éxéo) + Gu

= counst. (21)
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Proof Because the unified symmetry of the Ei(L) =1, Ea(L) = G,
mechano-electrical systems is certainly a form invari- Ei(L)=é+ Ae, E X(l)( L)) =0,
ance, so Egs.(15) hold, from e-xpressmns (15) and (20), BL(XM(L) =0, XP(E,(L) =0,
we have the conserved quantity (21). _
X@(E)(L)) = 0. (26)

5. Illustrative example

Suppose that the mechano-electrical system has a
capacitor, the voltage of electrical source is U, and q, e
are the generalized coordinates of this system, the La-

1

grangian function can be written as L = 3 (q% + 43 ) +
1 1

§é2 — k¢qr — §A62, the electrical dissipation function
is Y = §Ré2, the capacitor’s voltage drop is u = Ré,
where R is the resistance, k and A are constants, the
nonholonomic constraints f = ¢1+¢2—2t(q1 +¢2) = 0.
Let us study the unified symmetry of the system.

The differential equations of motion of the system
are

Gi=X\ Go=X ¢é=—-Ae+U (22)

We have

A =t(g1 + ¢2) + (1 + ¢2). (23)

The differential equations of motion of the system
can be written as

G = t(q1 + d2) + (a1 + q2),
Go = t(q1 + d2) + (q1 + q2),
é=—Ae+u. (24)

The generators are as follows:

§o=0, &=t &=-t n=0. (25)

After calculation, we have

XOL)y=¢ —k—¢, XOXD(©L)]=2,

The Eqs.(11), (12) and (16) hold. It is easy to ver-
ify that generators (25) are unified symmetry of the
mechano-electrical system with nonholonomic con-
straints.

Substituting relations (25) and (26) into the
Noether identity (13), we obtain the gauge function

GNn =q — q1 + kt. (27)

The Noether conserved quantity deduced from
generators (25) is

In = t(q1 — ¢2) + g2 — q1 = const. (28)

which is the Noether conserved quantity deduced from
the unified symmetry (25).

Substituting relations (25) and (26) into the equa-
tion (18), we obtain the gauge function

d . N
—lInp=—=2t, p=(¢ —qgle". (29)

dt

From proposition 2, we have

2
Ig = - — = const, (30)
q1 — Qg2

which is a Hojman conserved quantity deduced from
the unified symmetry (25).

Substituting relations (25) and (26) into Eqs.(20),
we obtain

Gm=q1 — ¢ — 2t, (31)
and proposition 3 gives
Iy = ¢1 — ¢2 = const, (32)

which is the Mei conserved quantity deduced from the
unified symmetry (25).
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