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We propose a hybrid scheme for computations of incompressible two-phase flows. The incompressible constraint

has been replaced by a pressure Poisson-like equation and then the pressure is updated by the modified marker and

cell method. Meanwhile, the moment equations in the incompressible Navier–Stokes equations are solved by our semi-

discrete Hermite central-upwind scheme, and the interface between the two fluids is considered to be continuous and is

described implicitly as the 0.5 level set of a smooth function being a smeared out Heaviside function. It is here named

the hybrid scheme. Some numerical experiments are successfully carried out, which verify the desired efficiency and

accuracy of our hybrid scheme.
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1. Introduction

Numerical investigations of incompressible two-
phase flows are important in fluid mechanics, marine
engineering, aeronautics and astronautics. In general,
the ability to predict the corresponding phenomena
depends on the availability of mathematical models
and numerical methodology (see Refs.[1–5] and refer-
ences therein).

Here we study the dimensionless incompress-
ible Navier–Stokes equations with continue surface
tension[6,7] and gravity, i.e.,

∇ ·U = 0,

∂U

∂t
+ (U · ∇)U

= −∇p

ρ
+

1
ρRe

∇ [
µ

(∇U + (∇U)T
)]

+
1

F 2
r

g +
1

ρWe
Fv, (1)

here ∇ is the gradient operator, U = (u, v)T is the
velocity field, p is the pressure, g = (gx, gy)T is the
vector in the direction of gravitation, Fv = (F x

v , F y
v )T

is a volume force induced by the surface tension, ρ

and µ are, respectively, the dimensionless density and
viscosity, Re is the Reynolds number, Fr is the Froude
number and We is the Weber number.

In this paper, we use a level set function ψ to
separate the two fluids, i.e.,

ψ(x, t) =





> 0.5, if x ∈ one of the two fluids,

= 0.5, if x ∈ the surface between the two fluids,

< 0.5, if x ∈ the other fluid,

(2)

and the volume force Fv can be approximated by(
−∇ · ∇ψ

|∇ψ|
)
∇ψ. Then we utilize a modified marker

and cell method to discretize Eqs.(1) and derive the

pressure Poisson-like equation from the divergence free
condition of U . If the pressure is updated, we propose
a semi-discrete Hermite central-upwind scheme to cal-
culate the velocity field U at the new cycle.
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2. Level set method

In this section we give a brief overview of the level
set method (for more details refer to Refs.[7–11], and
references therein). Level set method was proposed by
Osher and Sethian in Ref.[8] as a simple and versatile
method for computing and analysing the subsequent
propagation of an interface Γ . This method is easy
to be implemented in the presence of boundary sin-
gularities or topological changes cases. An interface
Γ bounds a (perhaps multiply connected) region Ω
of one fluid and propagates with the velocity field U .
The goal is to define a smooth (at least Lipschitz con-
tinuous) function ϕ, in which Γ can be represented as
a set where ϕ(x, t) = 0, i.e. Γ (t) = {x : ϕ(x, t) = 0}.
Then the level set function ϕ has the following prop-
erties:

ϕ(x, t) =





> 0, if x ∈ Ω̄ ,

= 0, if x ∈ ∂Ω = Γ (t),

< 0, if x ∈ Ω .

(3)

To represent the density and viscosity discontinuities
over the interface, the smeared out Heaviside function

H(ϕ) =





0, if ϕ < −ε,

0.5 [1 + ϕ/ε + sin(πϕ/ε)] /π, if |ϕ| ≤ ε,

1, if ϕ > ε

(4)
is needed. Let ψ = H(ϕ), ρ = ρ1 + (ρ2 − ρ1)ψ and
µ = µ1 + (µ2 − µ1)ψ, then ρ and µ varies smoothly
over the interface. Here, ε denotes half the thickness of
the interface, ρ1, ρ2 and µ1, µ2 are the dimensionless
densities and viscosities of the two fluids, respectively.

Now we can define a sharp interface at ψ = 0.5 or a
diffuse interface for 0 < ψ < 1.

Thus, the interface is captured at all later time,
by merely locating the 0.5 level set of ψ. Meanwhile,
the Eulerian motion formulation is obtained by con-
vecting ψ with the velocity field U :

∂ψ

∂t
+ U · ∇ψ = 0. (5)

To make sure that the interface keeps its thickness
and sharpness, the conservative reinitialization step
in Ref.[7] is imposed.

3. Marker and cell method

The marker and cell method is proposed by Har-
low and Welch in Ref.[12] to calculate the time-
dependent viscous incompressible fluid with free sur-
face. Up to now, many extensions of this method are
produced and applied in the computational fluid dy-
namics. See, for instance, Ref.[7].

In this section, we also extend the marker and
cell method in Refs.[7,12] and derive the pressure
Poisson-like equation from the incompressible con-
straint. Without loss of generality, the time step
is 4t and the computational domain [xmin, xmax] ×
[ymin, ymax] are uniformly divided into Nx × Ny cells
with the cell sizes 4x = (xmax − xmin)/Nx and 4y =
(ymax − ymin)/Ny.

We discretize the moment equations in the incom-
pressible Navier–Stokes equations (1) via an extended
marker and cell method:

un+1
j+1/2,k = un

j+1/2,k +4tGn
j+1/2,k +4t

gx

F 2
r

− 4t

4x

pn+1
j+1,k − pn+1

j,k

ρn
j+1/2,k

,

vn+1
j,k+1/2 = vn

j,k+1/2 +4tHn
j,k+1/2 +4t

gy

F 2
r

− 4t

4y

pn+1
j,k+1 − pn+1

j,k

ρn
j,k+1/2

, (6)

where

Gn
j+1/2,k =

[
−uux − vuy +

(2µux)x + (µ(uy + vx))y

ρRe
+

1
ρWe

F x
v

]n

j+1/2,k

,

Hn
j,k+1/2 =

[
−uvx − vvy +

(2µvy)y + (µ(uy + vx))x

ρRe
+

1
ρWe

F y
v

]n

j,k+1/2

.

Here we offer the derivation of the discretization of the flux Hn
j,k+1/2, while the discretization of the flux Gn

j+1/2,k

can be obtained in a similar way.
The surface tension (F y

v )n
j,k+1/2 can be approximated by
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(F y
v )n

j,k+1/2 = 0.5

[(
−∇ · ∇ψ

|∇ψ|
)n

j,k

(ψy)n
j,k +

(
−∇ · ∇ψ

|∇ψ|
)n

j,k+1

(ψy)n
j,k+1

]
,

where

(
∇ · ∇ψ

|∇ψ|
)n

j,k

=
1

24x




(ψx)n
j+1,k√(

(ψx)n
j+1,k

)2

+
(
(ψy)n

j+1,k

)2
− (ψx)n

j−1,k√(
(ψx)n

j−1,k

)2

+
(
(ψy)n

j−1,k

)2




+
1

24y




(ψy)n
j,k+1√(

(ψx)n
j,k+1

)2

+
(
(ψy)n

j,k+1

)2
− (ψy)n

j,k−1√(
(ψx)n

j,k−1

)2

+
(
(ψy)n

j,k−1

)2




with (ψx)n
j,k =

ψn
j+1,k − ψn

j−1,k

24x
and (ψy)n

j,k =
ψn

j,k+1 − ψn
j,k−1

24y
. The other terms of Hn

j,k+1/2 are calculated by

(uvx)n
j,k+1/2 =

1
4

(
un

j+1/2,k + un
j−1/2,k + un

j+1/2,k+1 + un
j−1/2,k+1

) vn
j+1/2,k+1/2 − vn

j−1/2,k+1/2

4x
,

(vvy)n
j,k+1/2 = vn

j,k+1/2

vn
j,k+1 − vn

j,k

4y
,

[(µvy)y]nj,k+1/2 =
µn

j,k+1

(
vn

j,k+3/2 − vn
j,k+1/2

)
− µn

j,k

(
vn

j,k+1/2 − vn
j,k−1/2

)

4y2
,

[(µuy)x]nj,k+1/2 =
µn

j+1/2,k+1/2

(
un

j+1/2,k+1 − un
j+1/2,k

)
− µn

j−1/2,k+1/2

(
un

j−1/2,k+1 − un
j−1/2,k

)

4x4y
,

[(µvx)x]nj,k+1/2 =
µn

j+1/2,k+1/2

(
vn

j+1,k+1/2 − vn
j,k+1/2

)
− µn

j−1/2,k+1/2

(
vn

j,k+1/2 − vn
j−1,k+1/2

)

4x2
.

Finally, we require U to be divergence free at any cycle, i.e.,

(∇ ·U)j,k =
uj+1/2,k − uj−1/2,k

4x
+

vj,k+1/2 − vj,k−1/2

4y
= 0,

and thus we obtain the pressure Poisson-like equation

1
4x2

(
pn+1

j+1,k − pn+1
j,k

ρn
j+1/2,k

− pn+1
j,k − pn+1

j−1,k

ρn
j−1/2,k

)
+

1
4y2

(
pn+1

j,k+1 − pn+1
j,k

ρn
j,k+1/2

− pn+1
j,k − pn+1

j,k−1

ρn
j,k−1/2

)

=
Gn

j+1/2,k −Gn
j−1/2,k

4x
+

Hn
j,k+1/2 −Hn

j,k−1/2

4y
. (7)

4. Semi-discrete Hermite central-

upwind scheme

In this section, we deduce the 2D semi-discrete
Hermite central-upwind scheme. Without loss of gen-
erality, we consider the 2D Hamilton–Jacobi equation

φt + H(φx, φy) = 0, (8)

subject to the initial data φ(x, y, t = 0) = φ0(x, y).
We assume that the approximate solution at time tn,

φn
jk, is given and that a continuous piecewise polyno-

mial interpolation, φ̃(x, y, tn), is reconstructed from
φn

jk. Here, the time step 4t should satisfy xn
j+,k <

xn
j+1−,k and yn

j,k+ < yn
j,k+1− for all j and k.

At every grid point (xj , yk), the maximal one-
sided local speeds of propagation in x- and y-
directions, a±jk and b±jk, can be estimated by

a+
jk = max

φ̃x∈Ix, φ̃y∈Iy

n
Hu(φ̃x(x, y, tn), φ̃y(x, y, tn)), 0

o
,

a−jk =

˛̨
˛̨
˛ min
φ̃x∈Ix, φ̃y∈Iy

n
Hu(φ̃x(x, y, tn), φ̃y(x, y, tn)), 0

o˛̨˛̨
˛ ,
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b+
jk = max

φ̃x∈Ix, φ̃y∈Iy

n
Hv(φ̃x(x, y, tn), φ̃y(x, y, tn)), 0

o
,

b−jk =

˛̨
˛̨
˛ min
φ̃x∈Ix, φ̃y∈Iy

n
Hv(φ̃x(x, y, tn), φ̃y(x, y, tn)), 0

o˛̨˛̨
˛ ,

with Ix = [min{φ+
x , φ−x },max{φ+

x , φ−x }] and Iy =
[min{φ+

y , φ−y },max{φ+
y , φ−y }]. Here φ±x = φ̃x(xj ±

0, yk, tn) and φ±y = φ̃y(xj , yk ± 0, tn).
The reconstructions φ̃(x, y, tn) at the grid points

are then evolved around (xn
j±, yn

k±) = (xj±a±jk4t, yk±
b±jk4t) according to the Hamilton–Jacobi equation
(8). We denote φ̃n

j±,k± = φ̃(xn
±, yn

±, tn) and use the
Taylor expansion in space to compute the values of
φ̃n

j±,k± as follows:

φ̃n
j±,k± = φn

jk ±4ta±jkφ±x ±4tb±jkφ±y +O(4t2)

= φn
jk ±4ta±jkφ̃x(xj ± 0, yk, tn)

±4tb±jkφ̃y(xj , yk ± 0, tn) +O(4t2). (9)

At the same time, we use the Taylor expansion in time

to approximate the intermediate values at the next
time level t = tn+1

φn
j±,k±

= φ̃n
j±,k± −4tH

(
φ̃x(xn

j±, yn
k±, tn), φ̃y(xn

j±, yn
k±, tn)

)

+O(4t2). (10)

Substituting Eq.(9) in Eq.(10) yields

φn+1
j±,k±

= φn
jk ±4ta±jkφ̃x(xj ± 0, yk, tn)

±4tb±jkφ̃y(xj , yk ± 0, tn)

−4tH
(
φ̃x(xn

j±, yn
k±, tn), φ̃y(xn

j±, yn
k±, tn)

)

+O(4t2). (11)

We now project the intermediate values φn
j±,k±

back onto the original grid points. We construct a 1D
cubic Hermite interpolation in y-direction at first, i.e.,

ϕ̃(xn
j±, y, tn+1) =

[
1− 2(y − yn

k−)
yn

k− − yn
k+

](
y − yn

k+

yn
k− − yn

k+

)2

φn+1
j±,k− +

[
1− 2(y − yn

k+)
yn

k+ − yn
k−

](
y − yn

k−
yn

k+ − yn
k−

)2

φn+1
j±,k+

+(y − yn
k−)

(
y − yn

k+

yn
k− − yn

k+

)2

φ+
y + (y − yn

k+)
(

y − yn
k−

yn
k+ − yn

k−

)2

φ−y . (12)

Next, we use the values ϕ̃(xn
j±, y, tn+1) to construct another 1D cubic Hermite interpolation in x-direction

ϕ̃(x, yk, tn+1)

=

[
1− 2(x− xn

j−)
xn

j− − xn
j+

](
x− xn

j+

xn
j− − xn

j+

)2

ϕ̃(xn
j−, yk, tn+1) +

[
1− 2(x− xn

j+)
xn

j+ − xn
j−

](
x− xn

j−
xn

j+ − xn
j−

)2

ϕ̃(xn
j+, yk, tn+1)

+(x− xn
j−)

(
x− xn

j+

xn
j− − xn

j+

)2

φ+
x + (x− xn

j+)

(
x− xn

j−
xn

j+ − xn
j−

)2

φ−x +O(4t4). (13)

Therefore, the evolved solution at the original grid point (xj , yk) at time tn+1 is

φn+1
jk = ϕ̃(xj , yk, tn+1)

= φn
jk +

(
1 +

2a+
jk

a−jk + a+
jk

)(
a−jk

a−jk + a+
jk

)2

4ta+
jkφ+

x −
(

1 +
2a−jk

a−jk + a+
jk

)(
a+

jk

a−jk + a+
jk

)2

4ta−jkφ−x

+

(
1 +

2b+
jk

b−jk + b+
jk

)(
b−jk

b−jk + b+
jk

)2

4tb+
jkφ+

y −
(

1 +
2b−jk

b−jk + b+
jk

)(
b+
jk

b−k + b+
jjk

)2

4tb−jkφ−y

+4ta−jk

(
a+

jk

a−jk + a+
jk

)2

φ+
x −4ta+

jk

(
a−jk

a−jk + a+
jk

)2

φ−x

+4tb−jk

(
b+
jk

b−jk + b+
jk

)2

φ+
y −4tb+

jk

(
b−jk

b−jk + b+
jk

)2

φ−y

−4t
[
C++H(φ+

x , φ+
y ) + C+−H(φ+

x , φ−y ) + C−+H(φ−x , φ+
y ) + C−−H(φ−x , φ−y )

]
+O(4t2), (14)
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where

C++ =

(
1 +

2a+
jk

a−jk + a+
jk

)(
a−jk

a−jk + a+
jk

)2 (
1 +

2b+
jk

b−jk + b+
jk

)(
b−jk

b−jk + b+
jk

)2

,

C+− =

(
1 +

2a+
jk

a−jk + a+
jk

)(
a−jk

a−jk + a+
jk

)2 (
1 +

2b−jk

b−jk + b+
jk

)(
b+
jk

b−jk + b+
jk

)2

,

C−+ =

(
1 +

2a−jk

a−jk + a+
jk

)(
a+

jk

a−jk + a+
jk

)2 (
1 +

2b+
jk

b−jk + b+
jk

)(
b−jk

b−jk + b+
jk

)2

,

C−− =

(
1 +

2a−jk

a−jk + a+
jk

)(
a+

jk

a−jk + a+
jk

)2 (
1 +

2b−jk

b−jk + b+
jk

)(
b+
jk

b−jk + b+
jk

)2

.

It is the fully-discrete Hermite scheme for 2D Hamilton–Jacobi equation (8).
Let the limit 4t → 0 generates a semi-discrete Hermite scheme for 2D Hamilton–Jacobi equation (8):

d
dt

φjk(t) =

(
1 +

2a+
jk

a−jk + a+
jk

)(
a−jk

a−jk + a+
jk

)2

a+
jkφ+

x −
(

1 +
2a−jk

a−jk + a+
jk

)(
a+

jk

a−jk + a+
jk

)2

a−jkφ−x

+

(
1 +

2b+
jk

b−jk + b+
jk

)(
b−jk

b−jk + b+
jk

)2

b+
jkφ+

y −
(

1 +
2b−jk

b−jk + b+
jk

)(
b+
jk

b−jk + b+
jk

)2

b−jkφ−y

+a−jk

(
a+

jk

a−jk + a+
jk

)2

φ+
x − a+

jk

(
a−jk

a−jk + a+
jk

)2

φ−x

+b−jk

(
b+
jk

b−jk + b+
jk

)2

φ+
y − b+

jk

(
b−jk

b−jk + b+
jk

)2

φ−y

− [
C++H(φ+

x , φ+
y ) + C+−H(φ+

x , φ−y ) + C−+H(φ−x , φ+
y ) + C−−H(φ−x , φ−y )

]
. (15)

Using the dimension-by-dimension approach (see, e.g.,
Ref.[13]), the 2D extensions of the WENO interpola-
tions can be easily obtained and then can be used
to calculate the one-side derivatives in Eq.(15). In
the following numerical tests, the third-order TVD
Runge–Kutta method in Ref.[13] is imposed as the
ODE solver to integrate Eq.(15).

Obviously, the semi-discrete Hermite central-
upwind scheme (15) can solve the evolving equation
(5) directly. To calculate the new velocity field U ,
we use the second-order centred difference approxi-
mations to the right hand side of the moment equa-
tions in the incompressible Navier–Stokes equations
(1), while the advection terms on the left hand side
can be discretized by the scheme (15).

5. Algorithm of the hybrid

scheme

In this section, we present a complete description
of the hybrid algorithm we use in this paper:

1) Choose a level set function at time t, i.e.,
ψ(x, t), which satisfies the constraint (2);

2) Solve the evolving equation (5) via the semi-
discrete Hermite central-upwind scheme (15) and up-
date the level set function;

3) Use the extended marker and cell method in
Section 3 to solve the pressure Poisson-like equation
(7) and obtain the new pressure at time t +4t;

4) Utilize the semi-discrete Hermite central-
upwind scheme (15) and the second-order centred dif-
ference approximations to obtain the new velocity field
U at time t +4t;

5) To make sure that the interface keeps its thick-
ness and sharpness, the conservative reinitialization
step in Ref.[7] is imposed, and then go to step 2).

6. Numerical examples

We test our hybrid scheme for five different cases:
vortex test, shear-layer problem, rising bubble, flow
induced by wall adhesion in zero gravity and the liq-
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uid sloshing in zero gravity.

6.1.Vortex test

To test our advection scheme, the semi-discrete
Hermite central-upwind scheme, on a complicated flow
(refer to Ref.[7]), we use the following velocity field,
u = − sin2(πx) sin(2πy) and v = sin2(πy) sin(2πx),
on a unit square. A circle with a radius 0.15 centred
at (0.5, 0.75) is imposed as the initial condition. At

t = T the flow field is reversed, hence the exact so-
lution at time t = 2T should coincide with the initial
condition. The computational domain is discretized
by 100 × 100 cells. We select T as 1 and ε as 0.54x.
The results are shown in Fig.1. We also perform a
long time no-reversed simulations on the 100 × 100
cells with an initial circle centred at (0.5, 0.65). The
solutions at time t ranging from 1 to 4 are described
in Fig.2.

Fig.1. Vortex test: (a) evolving solutions; (b) the area of the vortex.

Fig.2. Vortex test: long time simulations.
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6.2. Shear-layer problem

The periodic double shear-layer problem in
Ref.[14] is simulated to check the efficiency of the
extended marker and cell method, given in Section
3. First, we solve the incompressible Euler equations

subject to (2π, 2π)-periodic initial data. The numer-
ical results at time t = 10 for 60 × 60 grid cells are
described in the left column of Fig.3. For the same
conditions, we solve the incompressible Navier–Stokes
equations. See the right column of Fig.3. The qual-
itative results obtained with our method agree with
that in Ref.[14].

Fig.3. Numerical solutions: (left) results of the incompressible Euler equations; (right) results of the incom-

pressible Navier–Stokes equations.
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6.3.Rising bubble

Consider an air bubble in water initially at rest.
We select gx = 0, gy = −10, Re = 500, Fr = 0.45,
We = 0.68, ρ1 = 1, ρ2 = 0.013, µ1 = 1 and µ2 = 0.016

throughout the following numerical tests. Computa-
tions are performed in the domain [0, 2] × [0, 2] with
40 × 40 grid cells. Results, i.e. the velocity field and
the interface of the bubbles, at time t = 0.263 are
shown in Fig.4(a). We also plot the evolving area of
the air bubbles, shown in Fig.4(b).

Fig.4. Rising bubble: (a) the velocity field and the interface of the bubbles; (b) the area of the air bubble.

6.4. Flow induced by wall adhesion in

zero gravity

As an example of the effects of wall adhesion in
zero gravity computed with our hybrid scheme, con-
sider a shallow pool of liquid fuel located at the bot-
tom of a rectangular tank in a satellite. As is known,
the gas and the liquid fuel are pressed to store in the
tank. Since the pressure is invariable at the initial

time, the compressibility of the gas can be omitted.
Assume that the liquid interface should arrive at a
specified contact angle θ. Two different cases are con-
sidered: the contact angle θ = π/3 (see Fig.5) and
θ = 2π/3 (see Fig.6). In Fig.5, we describe the in-
terfaces of the liquid and the velocity fields at time
t = 0.1 and t = 0.4. In Fig.6, we give the stationary
interface and the velocity field with the different liquid
volumes: 0.3344 and 0.4311. The domain [0, 1]× [0, 1]
is discretized with 30× 30 grid cells.

Fig.5. Interfaces with θ = π/3 at different times: (a) t = 0.1 and (b) t = 0.4.
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Fig.6. Interfaces with θ = 2π/3 and the different liquid volumes: (a) 0.3344 and (b) 0.4311.

6.5. Liquid sloshing in zero gravity

Nonlinear sloshing in zero gravity inside a surg-
ing partially filled rectangular tank has been inves-
tigated. Likewise, the pressure changes slightly and
the compressibility of the gas can be also omitted.
The surge motion is given by Ẍ0 = −X0ω

2
x sin(ωxt),

where X0 = 0.5 is the maximum horizontal amplitude,
ωx = 8π is the surge frequency, with the contact an-
gle θ = π/2. The sloshing surface of the liquid and
the corresponding velocity field at time 0.0564 is de-
scribed in Fig.7(a), while Fig.7(b) shows the results at
time t = 0.071. Computations are performed in the
domain [0, 1]× [0, 1] with 30× 30 grid cells.

Fig.7. Liquid sloshing at different times: (a) t = 0.0564 and (b) t = 0.071.

7. Conclusions

A hybrid scheme for computations of incompress-
ible two-phase flows is proposed and the desired ef-

ficiency and accuracy of the scheme are verified via
some numerical examples. The conservation of the
area within the scheme is shown in the vortex test,
and the sloshing results in the fully filled tank are dis-
cussed in the shear-layer problem. As an example,
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the rising bubble is computed to show the results of
incompressible two-phase flows in nonzero gravity. In
zero gravity case, the flow induced by wall adhesion
and the liquid sloshing problems are investigated. We
can calculate the stationary interfaces and the veloc-

ity fields with the different liquid volumes and contact
angles. At the same time, the maximum amplitude of
the sloshing surface with respect to the equilibrium
surface is less than 0.045 in subsection 6.5.
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