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This paper is concerned with the problem of robust Ho control for structured uncertain stochastic neural networks

with both discrete and distributed time varying delays. A sufficient condition is presented for the existence of Hso control

based on the Lyapunov stability theory. The stability criterion is described in terms of linear matrix inequalities (LMIs),

which can be easily checked in practice. An example is provided to demonstrate the effectiveness of the proposed result.
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1. Introduction

The stability problem of neural networks with
discrete time delays has been investigated inten-
sively during the past decades.!'=4 In order to deal
with phoneme recognition, neural networks with dis-
tributed time delays are introduced.[% Also, system
uncertainties arise from many sources such as unavoid-
able approximation, data errors and ageing of sys-
tems. Recently, increasing attention has been paid
to the problems of robust stability and robust stabi-
lization of delayed neural networks (DNNs) with pa-
rameter uncertainty. (6-9] However, parameter uncer-
tainty may cause more conservatism to DNNs than

structured uncertainty.[*]

In practice, systems are almost always innately
‘noisy’. Therefore, in order to model a system realis-
tically, a degree of randomness must be incorporated
into the model. Thus, a class of stochastic systems has
received great attention in the past decade.'' Conse-
quently, the stability analysis problem for structured
uncertain stochastic neural networks with both dis-
crete and distributed time varying delays has practi-
cal significance for studying these networks. But there

are few articles about such DNNs. In addition, the
H, filtering has received a lot of attention due to its
advantage of the traditional Kalman filters.['2:13] The
rest of this paper is organized as follows. In Section
2, the problems of stabilization and H,, control are
formulated for structured uncertain stochastic neural
networks with both discrete and distributed time vary-
ing delays. Established in Section 3 is a sufficient con-
dition for the class of system we are treating to be
In Section 4 the H,
control problem to achieve an additional H., perfor-

robustly mean square stable.

mance index is addressed. An illustrative example is
presented in Section 5 to demonstrate the applicability
of the method.

2. Problem formulation

Consider the following stochastic neural net-
work with structured uncertainties and multiple time-

varying delays:

dz(t) = [~ (A + AA())x(t) + (Wo + AW(t)
X f(x(t)) + (Wi + AWy (8)) f(x(t — k(L))
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+[B + AB(t)]u(t) + Cu(t) + (W + AWy)
></ f(z(s))ds]dt + [AE=z(t)
t—7(t)

+AEqz(t — h(t))]dw(t),
z(t) = Fz(t) + Du(t),
x(t) = (b(t)at € [_Hvo]v (1)

where x(t) € R™ is the state; u(t) € R" is the con-
trol input; v(t) € R? is the disturbance input belong-
ing to Lg; 2(t) € R* is the system output; f(z(t)) =
(fi(z1(2), fa(2a(t)), ..., falzn(t)))T is the neuron ac-
tivation function with f(0) = 0; the bounded func-
tions h(t) and 7(t) respectively represent discrete and
distributed delays of systems with 0 < h(t) < hjs, and
h(t) < hp < 1,0 < 7(t) < 7ar; H = max{hys, 7 };
w(t) is an m-dimensional Brownian motion. It is as-
sumed that ¢T(t)é(t) < vg,t € [—H, 0], where vy > 0
can be seen as an upper bound in the initial states.
The diagonal matrix A = diag(as,as, ..., a,) has pos-
itive entries a; > 0. Wy, Wy, Wy, B, C, F, and D are
constant matrices with appropriate dimensions. AA,
AWy, AWy, AWs, AB, AE, and AFE4 represent the

structured uncertainties in stochastic system (1).

Remark Stochastic system (1) can be under-
stood as normal neural networks with discrete and
distributed time varying delays.

In order to obtain our main results, the assump-
tions are made throughout this paper.

(H1)
1,2,...,n) are bounded, and there exists a positive
,In) such that

The activation functions f;(z;)(i =

diagonal matrix L = diag(ly, ...

< fi(&) — fi(&2)
- & &

where [; > 0(i =1,2,...,n) are some given constants.

0 Sl“v 517&52,i=1,2,...,n,

(H2) The perturbed matrices AA, AWy, AW,
AWy, AB, AE(t), and AE4(t) are time -varying
functions satisfying:' AWy(t) = MFy(t)Nw,,
AWi(t) = MFi(t)Nw,, AWa(t) = ME(t)Nw,,
[AE(t), AEa(t)] = MFy()[Ng, Ng,), and [AA(t),
AB(t)] = MF4(t)[NA,NB], where M,NA, NB, NWO,
Nw,, Nw,, Ng and Ng, are given constant matri-
ces. Fi(t)(I = 0,1,2,3,4) are unknown real time-
varying matrices which have the following structure:
F(t) = blockdiag{d;, (t)1r,, ;- .-, 0u, () Lr,, , Fi, (D), - - -,
F,(0)}, 0, € Rl <1, 1<i < kand BT, <
I, 1 < j < s. We define the set A; as A; =
{FlT(t)Fl(t) < I, FyN; = N, F; for all N; € El}, where

El = {Nl = blockdiag [Nll,..., le,nllffll,...,

ni, Iy, 1}, Ny, invertible for 1 <4 < k, and n;; € R,
nl].;«éOforlgjgs.

The following useful lemmas will be used to derive
the desired LMI-based stability criteria.

11] S11 S12

Lemma 1! The LMI

< 0, with
* 522

S11 = Sf;, and Sop = S5, is equivalent to
Sog < 0, and S11 — 51252_215?2 < 0.

Lemma 2(1% Let D, E, and F be real matrices

of appropriate dimensions and F; € A;, then for any
block-structured matrix N; € ¥; we will have

DRE+ (DFRE)T < D(NNYDT + EY(N,NF)LE.

Let A, D, E, F and P be real
matrices of appropriate dimensions with P = PT > 0

Lemma 3[10]

and F; € Ay, then for any block-structured matrix
N, € ¥ satisfying P71 — D(N;N})DT > 0, we will
have

(A+ DF,E)"P(A+ DFE)
< AY(P~' - D(N,NFYDTYT1A
+ET(N,NHE.

Lemma 4['% For any z, y € R™ and for any sym-
metric positive-definite matrix X € R"*™ we have

—2:Ty <2TX 12+ 9T Xy.

Lemma 577 For any positive definite matrix
0,7] = R"

such that the integrations concerned are well defined,

M > 0, scalar v > 0, vector function w :

the following inequality holds:

([ wtoras) ar (] toac)
<o ([ e anstsas)

Definition 1
tic time-delay system (1) is said to be mean-square

T

The trivial solution of stochas-

asymptotically stable if, when v(t) = 0, for all finite
initial functions ¢ € R™ defined on [—H, 0], the fol-
lowing equation holds:

lim E|z(t, ¢)|* = 0.

t—oo
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Definition 2 Uncertain time delay system (1)
is robustly mean square stabilized if the trivial so-
lution of the stochastic functional differential equa-
tion related to system (1) with u(t) = Kxz(t) is glob-
ally asymptotically stale for admissible uncertainties
AA(t), AB(t), AE(t), AE4(t), AWy(t), AW (t), and
AWs(t) in the mean square sense.

Definition 3 Given scalars v > 0, and ¢ > 0,
stochastic time-delay system (1) is said to be robustly
closed-loop stable in the mean square sense with a dis-
turbance attenuation rate -y if it is robustly stable in
the sense of Definition 2 and for every T' > 0, we have

]E/O ZE () z(t)dt < v* </o v (t)v(t)dt + 0) ,

certainties AA(t), AB(t), AE(t), AEq(t), AWy(t),
AW, (t), and AWs(t). Note that the scalar o > 0 is
induced by the initial condition of the system.

3. Robust

mean square sense

stabilization in the

Theorem 1 Structured uncertain time delay
system (1) is robustly stabilized with v(¢) = 0 in the
mean square sense if there exist symmetric positive-
definite matrices X, Ty, 11, 15, 13, Ty, R1, Ry, and a

matrix Y satisfying the following LMIs:

—X MT; <0, @)
for any nonzero v(t) € Lo and any admissible un- R
|
Iy, Wo Wi Wa 15 ITi6 My XL M M M
My, 0 O 0 0 o 0 0 0 O
x Ilzz3 0 0 0 o 0 0 0 O
x % Iy O 0 0o 0 0 0 O
* %k —%Tg 0 0 0 0 0 0
I = * * * * ! _QhD T3 0 0 0 0 0 <0, (3)
* ok ok * * -7, 0 0 0 0
x % * * *« —I 0 0 0
* ok sk * * * x =T 0 0
* ok k * * * % x =17 0
¥ ok ok * * * * * x =Ty
[
where [T = — XA - AX +BY +Y"BT + MT,M",
Ihs = XNE, ILe = XN]:gd, IIi; = (NaX — NgY)T,
Iy = —I + Ry + 73Ry + Ny, ToNw,, Ils3 = —(1 —  da(t) = | — Az(t) + Wof(2(t)) + Wi f(z(t — h(t)))
hp)R1 + NVTVITlNWI, and Iy = — Ry + N‘?VZTQNWQ.

In the above LMlIs, Ty, Ti, Ts, T3, and Ty re-
spectively take the forms of (NoNg )=t (N7 N{)~L,
(NoNF)~Y N3NF, and NyNj for Ny € %(
1,...,4). Moreover, we can obtain the control law
asu(t) =YX 1a(t).

Proof Applying the controller u(t) = Kxz(t)
to system (1) with v(¢) = 0, we have the following

system:

+Wy /t_ (t)f(x(s))ds] de

+[AEx(t) + AEsa(t — h(t)]dw(t),  (4)

where A = A+ AA(t) — (B+AB(t)K, Wy = Wy +
AWo(t), Wl = Wo+AW; (t), and WQ = Wo—‘y—AWg(t).

Choose a
V(z(t),t) as

Lyapunov functional candidate
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V() = 2T (6) Pa(t) + /  T(9)Qu(s)ds XP[ABx(t) + AEqx(t = h(t))]
t 0 +2T (1)Qu(t) — (1 — h(£))2™ (t — h(t))
+ [ )R ) %Qu(t — h(t)) + (@ (1))
o xRy f(x(t)) — (1= h(t)
R R GERIRED) % ST (a(t — h(E) R f(a(t — h(t)))
% Ro f(2(5))ds, + (0 (0) R (2(0)
where @ is given by Q = I *2hD Np. Ty 'Ng,, then ™ . FH (@) Raf (x(t))ds
the averaged derivative will be given by the following + T (x(t) f(x(t))
expression: — (@) f (x(t)). (5)

LV(x(t) = 2T (t)[-PA— A" Pla(t)
+22T (1) PW o f ((t))
+22T () PW f(z(t — h(t)))

26T () PW. z(s))ds

+227 () 2/t h(ﬂf( (s))

+[ABw(t) + ABga(t — h(t)] "

AEx(t) + AEqz(t — }T

pa(t) + Ng,z(t — h(1)| Ty

ININ

(
a(t
+[Ne

= 2[Npx(t )]TTg [Ne(t)

By (H1) and Lemma 5, we have

t

FE(x(t)) R f (x(t))ds

t—7Tm

< (1 / R 0)s

—TM

Fra®)f(2(t) < a7 (t) LLa(?). (9)

Substituting inequalities 7-9 into Eq.(5), we obtain
2LV (2(t) < XT()EX(t), (10)

where =
MFi(t)N,  +

= 51 4+ MiFy(t)No + Ny Ff ()M +
NEFT()MT + M F(t)Ny +

[AEx(t) P[AEx(t)

{MF5(t)[Npx(t) + NEd ( h(t)]} T P{MF3(t)[Npx(t) + Ng,2(t -

[Npz(t) ) HNgz(t) + Neya(t -

[Ngz())" Ty [Npa(t)] + [Neya(t — h(t)] " Ty [Ng,2(t — h(t))

z(t))" Ty [Npa(t) + [Ng,=(t —
|+ 2[Ng,x(t -

Let X = P~ then by Lemma 1, inequality (2) will
be equivalent to

Pt MTsMT > 0. (6)

Hence, it follows from Lemmas 3 and 4 that

+ AEqxz(t — h(t))]
h(t))]}
h(t))]

]
[NE 2 (t = h(t))]
h(t))]- (7)

RN Ty ' Tyt
h(E)) Ty [Ny a(t —

Ny Fy ()M, X = [27(t),fT (@), [T (a(t -

T
D (S Fl(s)ds) T,
Zn PW, PW,  PW,
| x I+ Ri+TRe 0 0
A * ~(1—hp)R:1 0
* * * —Rs
with 5, = —P(A — BK) — (A — BK)™P +
2N§T3—1NE+ =i ———Np, Ty ' Ng, — PMFy(t)(Na —
NpK) — (MFEy(t)(N4 — NpK))™P + LL,M; =
PM
O | Ny = [0 Nw, 00], N = [00 N, 0],
0
0
and Ny = {0 00 Nwz] . Using Lemmas 1 and 2, we
have
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Z{, PWy PW; PWy NE Ngd =, L PM PM PM
My, O 0 0 0 0O 0 0 0 O
x I3z 0 0 0 0 0 0 0 0
* x Iy O 0 0 0 0 0 0
* * * —%T?, 0 0 0 0 0 0
E<E = % . 1 _QhDT3 o0 0 0 o0 [ (11)
* * * * * =T, 0 O 0 0
* * * * * x —1 0 0 O
* * * * * * x =Ty 0 0
* * * * * x % % =17 0
* * * * * I T x =Ty
[
where =/, = —P(A — BK) — (A — BK)TP + I ¢ (XFT4+YTDTy
(PM)T4y(PM)T, and =/, = (Na — NgK)T. B 0 <0, (13)
Pre- and post-multiply the matrix =’ by diag . I

(X, I,1,1,I,1I,1,1)andletY = KX, we can see
that =2/ < 0 is equivalent to LMI (3).

Note that LMI (3) implies that there exists a
scalar b > 0 such that

IT + diag(bI, 0, 0, 0, 0) < 0.
By this and inequality (10), we have
LV (x(t)) < —bla(t)]*.

According to Ito’s formula, system (1) is robust stable
in the mean square sense. This completes the proof.

4. H,, control problem

In this section, we derive a sufficient condition for
robust H., control of uncertain stochastic neural net-
works with both discrete and distributed delays. The
main result is presented in the following theorem.

Theorem 2 Given scalars v > 0 and o > 0,
if there exist symmetric positive-definite matrices
X, Ty, Th, T3, T3, Ty, Ry, Ry, and a matrix Y sat-
isfying the following LMIs:

—X MTy
* —T3

3
P+ hyQ + RiLPhar + TTMR2L2 < 5’727 (14)
0

where ¢’ = (C0000000000)%, (XFT +
YIDTY = (XFT+Y™T 0000000000)%,
AP = Amax(P), AL = Amax(L), Ao = Amax(Q), Ar, =
Amax(R1), and Ar, = Amax(R2), then the closed-loop
system is robustly stabilized with u(t) = Y X ~!z(t) in
the mean square sense.

Proof For ¢t € [—H,0], introduce the cost func-
tion

J(it)=E {/0 (2T (s)2(s) — ’}/Z’UT(S)’U(S)]dS} . (15)
Using the Dynkin formula yields

szﬁ{éw%n@—ff@w@

+$V(x(t))]d8} +E[V(2(0))] — E[V (2(1))]-

Since system(1) is robust mean square stable, we can
obtain lim;_,., E[V (z(¢))] = 0. This implies that J(¢)
is well defined as t — oo.

It can be easily seen that

ﬂwSE{A7F@WM@®}+Ewmwm,u®

where
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T T
t
n(t) = |2 (), [T (), T (2t = (1)), </t " f(x(S))d8> RGN
and
[ =, + (F+ DK)"(F + DK) PW, PW,  PW, PC |

- —I+ R+ 73Ry 0 0 0

I — « % —~(1—=hp)Ry 0 0

* * * —Ry O
* * * * —’}/2

Similarly to Theorem 1, inequality (13) implies I" < 0, so

t 3
E {/ [zT(s)Z(S) — /YQUT(S)U(sﬂ ds} < ()\p +hamAg + )\Rl)\%hM + 7—2M)\R2)\%> vy < 720'.
0

This completes the proof.

5. An illustrative example

In this section, we demonstrate the theory developed in this paper by means of a simple example.
Consider a tow-mode structured uncertain stochastic neural network with time delays. The network data
are given as follows:

23 0 10 09 —1.5 0.8 0.6 0.3 0.2 0.1 0
A= ) B = ) WO = ) Wl = ) W2 = ) M = ’
0 34 01 1.2 1 0.5 0.7 0.1 0.2 0 0.1
20 02 0 02 0 02 0 02 0
NWo: 7NW1: 7NW2: 7NE: 7NEd:
0 -1 0 —0.1 0 —0.1 0 —0.1 0 —0.1
02 0 02 0 10 0.1 0 10
NA = ) NB = ) C= ) L= ) D= )
0 —0.1 0 —0.1 01 0 0.1 01
sint 0
Fy(t) = Fi(t) = Fa(t) = F3(t) = Fu(t) = 0 . yY=2,hp =0, and 7y = 1.
COS

Using Matlab LMI control Toolbox to solve the LMIs (12) and (13), we obtain

x 17.3848 —0.0508 v —15.8614 —0.0556 T 2.2873 0.0503 T 1.6918 0.0411
= ; = ) 0= ) 1= )
—0.0508 11.8782 —0.0556 —10.8255 0.0503 8.8980 0.0411 7.1462
43.1127 0.0688 85.6352 —0.0476 43.3861 —0.0191 0.3272 —0.0024
T2 = 7T3 = ) T4 = 7R1 = )
0.0688 40.6526 —0.0476 84.5660 —0.0191 43.2748 —0.0024 0.3278
| 03272 —0.0019 o | ~0.9124 —0.0086

b

n
—0.0019 0.3287 —0.0059 —-0.9114
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6. Conclusions

In this paper, we have investigated the stabiliza-

tion problem as well as the H,, control problem for

a class of structured uncertain stochastic neural net-

works with both discrete and distributed time varying

delays. The stability criterion is expressed in terms of

LMIs, which can be readily tested by some standard

numerical packages. Therefore, the developed result

is practical.
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