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A general one-dimensional discrete monatomic model is investigated by using the multiple-method. It is proven
that the discrete bright breathers (DBBs) and discrete dark breathers (DDBs) exist in this model at the anti-continuous
limit, and then the concrete models of the DBBs and DDBs are also presented by the multiple-scale approach (MSA) and

the quasi-discreteness approach (QDA). When the results are applied to some particular models, the same conclusions

as those presented in corresponding references are achieved. In addition, we use the method of the linearization analysis

to investigate this system without the high order terms of €. It is found that the DBBs and DDBs are linearly stable

only when coupling parameter x is small, of which the limited value is obtained by using an analytical method.
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1. Introduction

It is well known that discrete breathers (DBs),
as intrinsic localized modes, are exact, periodic and
localized solutions that can be obtained in a large
variety of nonlinear discrete systems. They are usu-
ally understood as the time-periodic, spatially local-
ized solution in a discrete system and have two kinds
of modes, i.e. the discrete bright breather (DBB)
and the discrete dark breather (DDB). In the former
there is only one or a few oscillators vibrating with
large amplitudes whereas the rest of them oscillate
with small amplitudes; on the contrary, all the oscil-
lators for the latter vibrate with large amplitudes ex-
cept one or a few of them oscillating with very small
amplitudes. The proofs of existences of bright one-
site breathers and multi-breathers in a weakly cou-
pled oscillator system and their stable properties were
presented in Refs.[1-8], where the notion of the anti-
continuous limit was used. The anti-continuous limit
of a system, depending on at least one parameter Y,
is the limit where the system becomes equivalent to
a collection of uncoupled oscillators (e.g. x = 0). At
the same time, quite a lot of other studies have been
carried out to investigate the discrete localized models

in monatomic or diatomic Fermi-Pasta—Ulam (FPU)
and Klein-Gordon (KG) systems and others!®~16] by
using the methods of the rotating-wave approximation
(RWA) and the multiple-scale approach (MSA) com-
bining with the quasi-discreteness approach (QDA).
The intrinsic localized and periodic modes, the DBBs,
were obtained. In this period, Xu and Tian also found

discrete-soliton
17)

other intrinsic localized modes, i.e.
trains (DSTs) in 2D discrete monatomic lattices,!
and 3D envelop solitons and 3D vortices in 3D dis-
crete monatomic lattices.!'®! However, only a few pa-
pers about the DDBs can be found, where the DDBs
in the KG lattice and the FPU lattice'920 are dis-
cussed, separately.

In this paper, we perform some analyses of the ex-
istences and the stabilities of the DBBs and the DDBs
in a one-dimensional monatomic chain with on-site as
well as inter-site potentials. This model almost cov-
ers all of one-dimensional monatomic systems, so we
can catch the properties of the DBBs and the DDBs
in a large variety of one-dimensional nonlinear discrete
monatomic systems, if we master the properties of the
DBBs and the DDBs in this model. In addition, we
also calculate several concrete modes of the DBBs and
the DDBs to reveal the properties of the DBBs and
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the DDBs in detail.

This paper is organized as follows. In Section 2,
we describe the model, a one-dimensional monatomic
chain with on-site as well as inter-site potentials, and
the evolution equation. In Section 3, we first show
the theorem of Mackay and Aubry. It gives a posi-
tive solution to the question about the existence of the
DBBs and DDBs, and then we calculate their concrete
modes and discuss several particular models. In Sec-
tion 4, we analyse the linear stabilities of the DBBs
and DDBs. The paper concludes with a short sum-
mary of the main results in Section 5.

2. The model

We study a one-dimensional monatomic chain
with on-site and inter-site potentials. The Hamilto-
nian of the system is given by

H= Zn: (;ui +V (un)> +xW (u), (1)

where u,, is the displacement of the nth atom; V (u,,)
is the on-site potential; u represents a set of variables
{un} and xW(u) is the inter-site potential (the cou-
pling potential) with x being a parameter that de-
scribes the strength of the coupling. We suppose that
all the atoms in the lattice have mass unity and ini-
tially  is positive. The W (u) can be defined as

W(u) = % Z (Ung1 — Un)2 + % Z (Ung1 — un)3

n n

Ky 4
+T %: (unJrl - un) + O ('LLS) . (2)
This interaction is attractive because a nonzero value
of a variable tends to increase the values of the neigh-
bouring variables with the same signs. The on-site

potential is given by
Logo 1 3 1,4 5
2@0tn + 30U + Zﬁu" +0(uy), (3)

where wy is the linear frequency. Restricting to small-

V (un) =

amplitude atoms in multi-potentials, the equation of
motion for the displacement of the nth atom from its
equilibrium (to O(u®)) reads

iy = —wiuy, — au’ — Bud
+X{K2 (un+1 + Up—1 — 2un)
+K3 (un—i-l - un—l) (un—l-l + Up—1 — 2un)

+Ky {(unJrl - un)3 - (un - unfl)g} } (4)

This equation is a discrete equation, and its discrete
modes can be obtained by virtue of the methods of
the MSA and the QDA, or the RWA. The solutions
depend obviously on the chosen potentials V' (u,,) and
potentials V (uy,) and W (u), and then the systems for

We will analyse first the system for general

several kinds of concrete potentials V (u,) and W(u).
These models appear in many physical systems.

3. The existences of DBBs and

DDBs and the concrete modes

In this section we look for DBB solutions of
Eq.(4). And the method of calculating DBBs and
DDBs is based on the general methods of obtaining
DBs.['=4 The existence theorem by Aubry!l¥ states
that every solution at the anti-continuous limit cor-
responding to a code sequence (CDS) can be contin-
ued up to a certain value of the coupling parameter
xc # 0, and these continued solutions (CTSs) each
will preserve their character. For example, if the CDS
is periodic, the CTS is also periodic with the same
period. If the CDS is chaotic with some topological
entropy, the CTS is chaotic with the same topological
entropy. If CDS is quasi-periodic, the CTS is quasi-
periodic, etc.

3.1. The proofs of the existence of DBBs
and DDBs

According to the above theorem, the solutions of
the model with on-site and inter-site potentials will
preserve the properties of the solutions of the model
only with corresponding on-site potentials, if the con-
ditions of the anti-continuous limit are satisfied. For
example, if the solutions of the model only with on-
site potentials are DBBs or DDBs, the solutions of the
model with multi-potential are also DBBs or DDBs,
as long as the following two hypotheses by MacKay
and Aubry!l are fulfilled.

The orbit of the uncoupled excited oscillator with
the chosen frequency must satisfy % # 0, where
I = f pdq is the action variable of the oscillator; that
is, the oscillator is truly nonlinear at that frequency.

The frequency of the orbit must satisfy mwy, # wy
for any integer m; that is, none of the breather har-
monics coincides with linear frequency wy.
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The CTSs are determined by the CDS, so we must
distinguish three types of solutions of the isolated os-
cillators that can be coded in the following way: In
Ref.[4], o, = 0 for an oscillator at rest (u, (t) = 0, Vt);
on = +1 for an excited oscillator with frequency wy,
and uy, (0) > 0; o, = —1 for an excited oscillator with
frequency wp and w, (0) < 0. Time-reversible solu-
tions of the whole system at xy = 0 (anti-continuous
limit) can be referred to by a coding sequence o =
{on}. Hence, 0 ={0,...,0,1,0,...,0} corresponds to
a single-site breather, and o = {0,...,0,1,1,0,...,0}
to a symmetric two-site breather (multi-breather),
they are DBBs. In contrast, o = {1,...,1,0,1,...,1}
corresponds to a one-site DDB. At the same time,
the considered periodic solutions each correspond to a
close trajectory in the phase space.

Figure 1 shows the phase space of single oscillator
in model (1), and suggests that each equation included
in Eq.(4) has a periodic solution at the anti-continuous
limit x = 0. They can be coded in the above way, so

3 p
|
RN\
_3_3 _'2 _'1 0 1 2 3

4
n

Fig.1. Nonlinear potential V (un)

1 1 1

trajectories in the phase space.

the theorem gives an immediate solution to the ques-
tion of the existences of the DBBs and DDBs. Because
they are obtained by continuation of the configura-
tion mentioned above ¢ = {0,...,0,1,0,...,0}, o0 =
{0,...,0,1,1,0,...,0}, and o = {1,...,1,0,1,...,1},

for any coupling potential which must satisfy the
above two hypotheses.

3.2. The modes of the DBBs and the
DDBs

In the following, we discuss Eq.(4) by virtue of
the methods of the MSA and the QDA with y # 0.
According to the MSA and the QDA, we assume

un, () = 6“’53,21 (€ns Ty Pn) + 52“721,71 (&ns Ty Pn)
+eud  (nn o) + - -

()

)

where € is a small ordering parameter denoting the
52t§ én
¢ (na — At) is the multiple-scale slow variable; the fast

relative amplitude of the excitation; 7

variable, ¢, = nka — wt, represents the phase of the
carrier wave with k£ and w being the number and the
frequency of the carrier wave, respectively, a being
the lattice constant, and A\ being the parameter to be
determined later. We perform the Taylor expansion

3u(7) 2 92 a2u(7)
Uglgl _ u;'yzlil +ea n,ntl gTa n,ntl
, o, A oe
e3a® 83“522&1 .
3t o8 ’
Upt1 = is’y il isai quh) . (6)
n = = q' agn n,n+1

Using the method of the chain, we make the transfor-
mation as follows:

A ,0 P P
& o Pae Yoo (7a)
d2 9 2 2 . 82
S 22 49 v
a7~ oz M a5.06, T og
o2 o2 o2
— 22 — 23 —
S~ E Yorag, TS o (™)

Substituting Egs.(5), (6) and (7) into Eq.(4), we
have

azu(l) 2, (1) ) 62u(1) ) 32u(1) 82u(1) 32u(1)
20 Unn | g2 4 9 Unn 3y 29 Unn 5 3 nn g4y Unn 50 Unn
g TN agag, TS Tae T Yaghor  C "Norog, 5 or
8211,(2) 8211,(2) 82’(1,(2) a2u(2) aQu(Q) 8211,(2)
2 2 n,mn 3 n,mn 442 n,mn 4 n,n 5 n,n 6 n,mn
953\ A _9 _9e%)
W TN ae, TS e T Yagor 7 Vorae, o2
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2uld) uld) 2uld) u) 2ul), Lol
3 207 Unmn 4 n,n 512 n,n 5 n,n 6 n,n n,n
2e*wA A — 2 —2e°\ e
T e T Donde, T Toe “ognor M graE, TE a2 T
3
= —wo (sugzl +¢€ u(2) +e®u (3) + - ) -« (eumb + sng)n . ) -p (eu Dot e (2) =+ - )
8“82&1 2 2 e3a? 821&2&1
X {Kz [5 ( 7(121+1 + u( ) 2u£}2l> + 52a78én + e ( £LZL+1 + u,(lzl 1 ZUEA?%) + ) 85;%
3u(2) au(l)
tela—mrEL 4 B (uf’)nﬂ +ul® - 2u£1321> +-| + K3 |e (uf}lm SL 1) +e%q | L
9&n ’ ’ ’ ’ 3

W ou®

ou
n,n—1 (2) (2) (1) (1) 1 2 n,n+1 n,n—
+ 0%, > +é? ( Up nt1 _“n,n—l) +- lf( Upnt1 T Up 2“51,%) +e a< % ok
3
+e” (“gzzﬂ + “512)n 1 2“?%) } + Ky [6 ( 571,3L+1 - “%121) t+- }

3
—Ky [5 (U'EleL - USEH) +-- } } :

Comparing the powers of ¢ in Eq.(8) yields

o a:;% "yl o (s + )y — 20 = o,
2 a;ij) + wBulZ), —xko (u )y —2u),)
e 2m§jj§21 imﬁ“a%ﬂ xs (w0 = uho) (uh + oy —2(1),),
r ﬁ;;” utul®), XK2(;;+1+U;;_ ~2f?),)
-l o 2T T e T S g

9n 9n

)

(8)

(9a)

(9b)

au(l) au(l)
+ XK [a(u;{zﬂ U 1)< nntl sl ) o () = e ) (i el - 2u?))

+ ( f?m 5122171) ( S) 41+ U( ) - 2“1(1121)
3“7(1 LH 8“212171 1 1
+a < 3én + 6én (u;’zwl + ufljkl — 2u,(1121)
3 3
ot | (s = uth) = (uith =)

Equation (9a) has the solution as follows:

= A(&,,7) e +coc.,

where c.c. stands for complex conjugate, which is also used hereinafter.
The dispersion relation is
w? = wd — 2xK; (coska — 1).

Inserting Eq.(10) into Eq.(9b), we find
232% n (2) Ko (0@ 2 9,2
w 8¢2 + wo - XAz |\ U, ,n+1 + U’n n— un,n
2, o . 0A 4, . . 2 2i¢
= —2a|A|]” 4 2i (xK2asinka — w) X fe " 4 [dixKssinka (coska — 1) — 2a] A%e”'¥n.

n

(9¢)

(10)

(11)

(12)
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The terms proportional to e'®»on the right-hand side of Eq.(12) are secular terms which must be eliminated for
the theory to hold true. Thus we have

2,,(2)
w 861;7; = 4+ wgug% — xK> ( 5121+1 + u( ) 2u%221) = —2a|A]® + [4ixKs sin ka (cos ka — 1) — 2a] A%e?n
(13a)
xKzasinka — wh = 0. (13b)
From Eq.(13a), we obtain
u), = —27 |A]? + 54259 +c.c., (14)

8ix K3 sin kasin? (ka/2) — 2a

where § = 302 + 16y Kasin® (haj2) Substituting Eqs.(10) and (14) into Eq.(9¢) yields
2 Pufn (3) (3) i 04 2 :
w 8¢2, + wou(g) xKo ( Up g1 + Upy g — QU;‘Q’%) = Cy + Cre'% + OQAEG 00 1 C3A3e39n (15)
where
914
Co = |4xK3a (1 — coska) — 2—)([(2 ] 26,

92A
o83

= i2wg—A + (xK2a2 coska — )\2)
T

20 (2a2 - 5) — 30 — 4dixKsasinka (cos2ka — 1) §
“o

+4ix K3 sin 2ka (cos ka — 1) § + 4y K4 (cos ka — 1) (3 — 3cos ka — cos 2ka) | A|A[?,

Cy = 8ixKqasinka (coska — 1) § — 4xKsacoska (coska — 1),
C3 = — (200 + B) + dixKssinka (cos 2ka — 1) o + 4ix K5 sin 2ka (coska — 1) 0 + 4x Ky (coska — 1)

X (cos2ka — coska) .

Removing the secular terms e'®» on the right-hand side of Eq.(15), we obtain

L0A 0%A
e "o

= + DyA|A? =0, (16)

where

Koa? . W
Dy = xKaa c;)ska A )
w
1 wg + 4x Ko sin® (ka/2) 64x?K3asin* kasin? (ka/2)
Dy = — | 1602 0 X2 35— X K3
2w wg (3w§ + 16x Kz sin’ (ka/2)) 3w2 + 16y K, sin® (ka/2)

1282 K72 sin? kasin? (ka/2) cos ka
3wg + 16x Ky sin (ka/2)

+ 4Ky X (coska — 1) (3 — 3coska — cos 2ka) |;

D, and D5 must be real. Equation (16) is the nonlinear Schrédinger (NLS) equation, and its solutions have

the following forms: (2"

When D; > 0 and Dy > 0, we have

2|D D .
A= :l:\/ | 1 \/| 1D W1| 2D1T) . el(fnfwlT); (173,)
1

When D; > 0 and Dy < 0, we have

2|D; — Dy — .
Am | 2Pzl g [Pzl op )i, (17b)
D Dy

2
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When D; < 0 and Dy > 0, we have
Dy —w D —w .
A=+ /% tanh /,% (&, — 2Dy7) - Enenm), (17¢)

|D1 — w1
2 ’ D,
have the solutions as follows:
When D; > and Dy > 0, we find

Df
Let| ! w1|:

up, = £+/2usechy/n [ena — Aot] cos [kona — wpt] ;

When D; > 0 and Dy < 0, we find

up, = £/ —2pcschy/n [ena — Aot] cos [kona — wyt] ;

When D; < 0 and Dy > 0, we find

U, = ey/ptanh \/—n/2 [ena — Aot] cos [kona — wpt] .

Figure 2 shows the forms of solutions (18a) and
(18b), respectively. So they are the DBBs, i.e. the
DBBs can exist in model (1).

Figure 3 shows the forms of solutions (18c), so

20

—20
100

~100 =50 site
(c)

=1, eA+2e2Dy = Ao, € + k = ko and e\ + £2w; + w = wy, then Eq.(4) will

(18a)

(18b)

(18c¢)

they are the DDBs, i.e. the DDBs can exist in model
(1). In a word, the DBBs and DDBs can be found in
a one-dimensional monatomic chain with on-site and
inter-site potentials indeed.

~100 =50 site

(b)

o
-

il
w1

Fig.2. The DBBs in a 1D chain with the multi-potential. Panels (a) and (b) show the results from expression

(18b). Panels (c¢) and (d) show the results from expression (18a). In Panels (a) and (c) there exists the relation
el +2e2Dy = 0.
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Fig.3. The DDBs in a 1D chain with the multi-potential. Panels (a) and (b) show the forms of solutions (18c). In

Panels (a) there exists the relation e\ + 2e2Dq = 0.

3.3. The several particular modes

From the above discussion, we know that only
if xKza?coska—\?> > 0(D; > 0) and Dy # 0,
can the DBBs exist in model (1). On the con-
trary, only if yKza?coska—\? < 0(D; < 0) and
Dy > 0, can the DDBs be found in model (1).
These do not restrict the form of the coupling po-
Hence, only if Ky # 0, can the DBBs and
DDBs be found in a one-dimensional monatomic chain

tential.

with on-site and inter-site potentials for any cou-
pling potential. When K5 = 0, the quasi-periodic
and chaotic breathers have been found in a paramet-
rically driven system by Maniadis and Bountis.??
That is to say, we can expand the results of this
model to several concrete models. For example, when
K3 = K4 = 0, model (1) can be transformed into
the KG model, and if D; = (xyKza?coska — \?)/2w
and Dy = [2a(2a/wi — 6) — 30]/2w, the DBBs and
DDBs can also be found in the KG chain by dis-
cussing Eq.(16). The same question has been dis-
cussed by Alvarez et all'”) by using the method
of anti-continuous limit. When w} = a = 8 =
0, model (1) can be transformed into the FPU
model, and if D; = —/xKzsin (ka/2) /4 and Dy =
(w/x*K3){3xKsw?/2 + xK3[4(w?/K3)]}, the DBBs
and DDBs can exist in the FPU chain by discussing
Eq.(16). These results are the same as the conclusions
discussed by Sanchez-Rey et all?%! by using numerical
computations and approximate analytical expressions.
When a=—-1,=0and a =0, § =
tials expressed by Eq.(3) correspond to the cubic and

—1, the poten-

the quartic soft on-site potentials, respectively. On
the contrary, « = +1, § =0 and o = 0, 8 = +1 the
potentials expressed by Eq.(3) correspond to the cubic
and the quartic hard on-site potentials, respectively.
The DBBs and DDBs can also be found in these mod-
els by discussing Eq.(16). These questions have been
discussed by Alvarez et all'® and Morgante et al.l??!
But they are different from model (1). Their main
difference consists in the domain which contains the
unperturbed orbit at the anti-continuous limit y = 0.
The area containing the close orbits of model (1) is
not restricted, but the domain with the close trajec-
tories of these models is restricted by the separatri-
ces which are indicated by thick lines in the phase
space shown in Fig.4. That is to say, small amplitudes
are restricted in these models except for the quartic
hard on-site potentials, but such a restriction is not
placed on model (1) and the models with the quar-
tic hard on-site potentials. The former models only
have the small-amplitude DBBs and DDBs, yet the
large-amplitude DBBs and DDBs can exist in the lat-
ter models.

From the above arguments, we know that the
DBBs and DDBs can be found in a lot of nonlinear
systems. In addition, because the sign of D, is closely
associated with the sign of sin (ka/2), the DBBs and
DDBs cannot be found at the same site in the Bril-
louin zone. However, the above discussion does not
give the value of the coupling x¢ at which the DBBs
and DDBs do not exist any more, and it is worth in-
vestigating whether they are stable or not, and up to
which value the coupling parameter can reach if they
are stable.
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Fig.4. The soft and the hard on-site potentials, trajectories in the phase space. Panels (a) and (b) are for the cubic

and the quartic soft on-site potentials, respectively, and panels (c) and (d) are for the cubic and the quartic hard
on-site potentials, respectively.

4. The DBBs and DDBs stabili-

ties

evolution of any infinitely small perturbation {&,, (0)}
to its initial condition {u, (0)} remains unchanged in
time. With the substitution of w, (¢) for u,, (t)+k, (1),

the linearization of Eq.(4) yields a equation for ,
After Aubry, a trajectory u, (t) of dynamical

system (4) is said to be linearly stable if the time

R (t) + Wg’fn (t) + 2auy, (1) Kk (t) + 3ﬁui (t) fin () — XKz (Fng1 (t) + Kn_1 (t) — 2K, (1))
—2X K (1 (£) =t (6)) (Rt (8) = o (8)) + (i (6) = 1 (8)) (o (8) = s ()]
=3XK [ (1 (6) = tn ()7 (B () = Ao () (i (8) = oy (8))° (6 (6) = ko ()] =0 (19)

In other words, a solution {u, (t)} of Eq.(4) is said to be linearly stable when there is no solution {x,, (t)}

of Eq.(19) which diverges exponentially for a long time. In the case in which u, is a real and time-independent

solution of Eq.(4), the general solution of Eq.(19) can be searched as the following form:[??!

Ko (t) = by, (eF £e ') (20)
where the eigenfrequency w = wy and the eigenmodes {b, } are determined by the eigenequation

[ + 200, () + 38U (£) + 20K (1 (8) + tut () = 2up (8)) + 3K (w1 (8) = wory (1))
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(Unt1 () + tn—1 (t) = 2un (1))] b — X [Kot 2K3 (unt1 (1) — n (1) + 3Ky (Un1 (1) — un (t))z} b1

—X [KQ— 2K3 (un (t) — Unp—-1 (t)) — 3K4 (Un (t) — Up—-1 (t))2:| bn—l = w?\bn (21)

Hence, linear stability is achieved if and only if all the eigenvalues of Eq.(21) are real. Thus for N sites in which
N is large but finite, we should have N real eigenvalues w)y for a linearly stable solution. b, in Eq.(21) has a
solution as follows:

b, = €l". (22)

Substituting expressions (18a) and (22) into Eq.(21) and eliminating high order terms of ¢, we find
wi + 2\/ﬂsasech\/ﬁena - cos kona — x PKQ cosq + 4@5Kgsech\/ﬁsna cos konaJ = w3, (23)
For a real wy, we have
wg + 2\/ﬂsasech\/ﬁsna - cos kona > x PKQ cosq + 4\/ﬁsKgseCh\/ﬁsna cos konaJ . (24a)

By taking the same procedure as the above, we also obtain

wg + 24/ —2peacschy/nena - cos kona > x PKQ cos g + 4/ —2ue Kzcschy/mena cos konaJ , (24b)
wi + 2y/fiea tanh \/—n/2ena - cos kona > x PKQ cos ¢ + 4\/ue K3 tanh \/ —n/2ena cos k‘onaJ . (24c¢)

Equation (24a)—(24c) suggest that the DBBs and  equations by using the method of the MSA, and the
DDBs are linearly stable only when x is small, and its ~ concrete localized modes of the DBBs and DDBs are
limited value is determined by Eqs.(24a)—(24c). Simi-  obtained in this general model. As a result, the DBBs
larly, we can obtain the conditions of linear stabilities = and DDBs can be found in one-dimensional discrete
of the DBBs and the DDBs in all the above particular =~ monatomic chain with on-site and inter-site potentials
models. indeed, when K5 # 0. In addition, we also expand the
general results to particular models, for example, KG
model, FPU model, soft on-site potential model and
5. Conclusions hard on-site potential mO(.iel and prove'the existences
of the DBBs and DDBs in these nonlinear systems.
Because only the stable localized modes can be real-
In this paper we have investigated the existences  ized, we explore the linear stabilities of the DBBs and
and the linear stabilities of the DBBs and the DDBsin  the DDBs in this general model by using the methods
a one-dimensional discrete monatomic chain with no-  of linearization and analytical computation, and give
site and inter-site potentials separately. The model  the conditions of the linear stabilities of the DBBs and
covers a lot of one-dimensional discrete monatomic ~ DDBs in this system, i.e. the coupling parameter x
systems, so the results obtained from this model have = must be very small, of which the limited value can
general properties and can be applied to the KG and  be obtained. The same results can also be obtained
the FPU systems with the soft on-site and the hard  from the KG and the FPU models, etc, by using the
on-site potentials and other systems. For this rea- same method. That is to say, these models have stable
son, we first prove the existences of the DBBs and  DBBs and DDBs, when the coupling parameter x is
DDBs in this general model by Aubry’s theorem at  small, and their difference from system (1) appears as
the anti-continuous limit, then we discuss the discrete  the difference in value of x.
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