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Using the coherent state representation of Wigner operator and the technique of integration within an ordered

product (IWOP) of operators, this paper derives the Wigner functions for the photon-depleted even and odd coherent

states (PDEOCSs). Moreover, in terms of the Wigner functions with respect to the complex parameter α the nonclassical

properties of the PDEOCSs are discussed. The results show that the nonclassicality for the state |β, m〉o (or |β, m〉e)
is more pronounced when m is even (or odd). According to the marginal distributions of the Wigner functions, the

physical meaning of the Wigner functions is given. Further, the tomograms of the PDEOCSs are calculated with the

aid of newly introduced intermediate coordinate-momentum representation in quantum optics.
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1. Introduction

The Wigner function[1,2] in phase space is an im-
portant statistical method for studying fields in quan-
tum optics. Since its two marginal distributions lead
to measuring probability density in coordinate space
and momentum space respectively, the Wigner func-
tion is most popularly used. Recently, various photon
states have been generated by the micromaser[3] and
Wigner functions of some cavity fields can be mea-

sured in the whole phase space by a scheme based on
interaction between cavity fields and atoms.[4] There-
fore, it is an important topic to construct and mea-
sure the Wigner functions of quantum states by us-
ing some theoretical schemes. In this paper, we shall
obtain the Wigner functions for the photon-depleted
even and odd coherent states (PDEOCSs). It is of
physical interest in experiment because it is generated
in the process of the two-level excited atoms through
a cavity.[5]

The PDEOCSs are defined as[5,6]

|β, m〉o = Co,m

[(
a+

)−1
]m

|β〉o =
Co,m√
sinh |β|2

∞∑

n=[m/2]

β2n+1
√

(2n + 1−m)!
(2n + 1)!

|2n + 1−m〉 , (1)

|β, m〉e = Ce,m

[(
a+

)−1
]m

|β〉e =
Ce,m√
cosh |β|2

∞∑

n=[(m+1)/2]

β2n
√

(2n−m)!
(2n)!

|2n−m〉 , (2)

where β is a complex number. Co,m and Ce,m are the normalization constants,

|Co,m|2 =
sinh |β|2

∞∑
n=[m/2]

|β|2(2n+1)

[(2n + 1)!]2
(2n + 1−m)!

, |Ce,m|2 =
cosh |β|2

∞∑
n=[(m+1)/2]

|β|4n

[(2n)!]2
(2n−m)!

. (3)
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Using the following relations[5]

ak
(
a−1

)k
=

[(
a+

)−1
]k

a+k = I,
(
a−1

)k
ak = a+k

[(
a+

)−1
]k

= I −
k−1∑

i=0

|i〉 〈i|, (4)

we can easily prove that the states |β, m〉o,e are the

eigenvectors of the operator
[
(a+)−1

]m

a2a+m, i.e.,
[(

a+
)−1

]m

a2a+m |β, m〉o,e = β2 |β, m〉o,e . (5)

Therefore, the states |β, m〉o,e are called as the
PDEOCSs.

2. The Wigner functions for the

PDEOCSs

In the coherent state representation, the Wigner
operator ∆ (α, α∗) is[7]

∆(α, α∗) =
∫

d2z

π
|α + z〉 〈α− z| eαz∗−α∗z, (6)

where |α + z〉 is the coherent state[8] and α is a com-
plex number. Using the technique of integration
within an ordered product (IWOP) of operators,[7] we
can simplify the Wigner operator ∆ (α, α∗) as

∆ (α, α∗) =
2
π

D (2α) (−)N
, (7)

where N = a+a, D (2α) = exp [2 (αa+ − α∗a)] is the
displaced operator.

For an expression of the pure state |ϕ〉 in terms
of the number states |i〉

|ϕ〉 =
∞∑

i=0

fi |i〉 , (8)

its Wigner function is

W (α, α∗) = 〈ϕ|∆(α, α∗) |ϕ〉 =





∞∑
j,i=0

2
π

fif
∗
j (−)i

√
i!
j!

e−|α|
2/2αj−iLj−i

i

(|α|2) , j ≥ i,

∞∑
j,i=0

2
π

fif
∗
j (−)i

√
j!
i!

e−|α|
2/2 (−α∗)i−j

Li−j
j

(|α|2) , j < i,

(9)

where Lρ
n (x) is an associated Laguerre polynomials[9]

Lρ
n (x) =

n∑

l=0


 n + ρ

n− l


 (−x)l

l!
. (10)

By means of simple calculations, we find that the Wigner function Wo,m (α, α∗) of the states |β, m〉o can be
written as a sum of the mixture part WM

o,m (α, α∗) and the quantum interference part W I
o,m (α, α∗):

Wo,m (α, α∗) = WM
o,m (α, α∗) + W I

o,m (α, α∗) , (11)

where the mixture part WM
o,m (α, α∗) has the following form

WM
o,m (α, α∗) =

2
π

∞∑

n=[m/2]

C2
o,m (−)2n+1−m (2n + 1−m)!|β|4n+2

[(2n + 1)!]2 sinh |β|2 L
(0)
2n+1−m

(
4|α|2) exp

(−2|α|2) , (12)

and the interference part W I
o,m (α, α∗) is

W I
o,m (α, α∗) =

2
π

∑

n,k=[m/2]
n 6=k

C2
o,m (−)2n+1−m

β2n+1β∗2k+1

(2n + 1)! (2k + 1)! sinh |β|2 exp
(−2|α|2)×

[
(2n + 1−m)! (2α)2(k−n)

×L
2(k−n)
2n+1−m

(
4|α|2) + (2k + 1−m)! (−2α∗)2(n−k)

L
2(n−k)
2k+1−m

(
4|α|2)

]
, (13)

where the constant Co,m is given by Eq.(3). Similarly, using Eqs.(2), (3) and (6)–(10) we also obtain the Wigner
functions for the states |β, m〉e. The mixture part WM

e,m (α, α∗) and the interference part W I
e,m (α, α∗) are given

by, respectively
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WM
e,m (α, α∗) =

2
π

∞∑

n=[(m+1)/2]

(−)2n−m
C2

e,m (2n−m)!|β|4n

[(2n)!]2 cosh |β|2 L
(0)
2n−m

(
4|α|2) exp

(−2|α|2) , (14)

W I
e,m (α, α∗) =

2
π

∑

n,k=[(m+1)/2]
n 6=k

(−)2n−m
C2

e,mβ2nβ∗2k

(2n)! (2k)! cosh |β|2 exp
(−2|α|2)×

[
(2n−m)! (2α)2(k−n)

×L
2(k−n)
2n−m

(
4|α|2) + (2k −m)! (−2α∗)2(n−k)

L
2(n−k)
2k−m

(
4|α|2)

]
. (15)

By virtue of the method of numerical computa-
tion we find that, for small values of β (for example,
β = 0.1), the shape of the Wigner function distribu-
tion is the same as those of the Fock states |0〉 and |1〉,
which have an almost Gaussian shape. In fact, it is
clear that the coefficients in the Fock representation of
the state |β, m〉o are rapidly decreasing for small val-
ues of β, so the dominance of the effect of the vacuum
and single-photon state over the effect of the higher
excitations. As β increases, it means that the vacuum
and single-photon state shall begin to lose its higher
probability in the whole number state expansion.

In Figs.1 and 2, we plot the Wigner functions
Wo,m (α, α∗) of the states |β, m〉o against α = Reα +
iImα when we take different values of m and β (m =
2, 3;β = 1.8, 3, 4.5) for the six three-dimensional fig-
ures. From Figs.1(a) and 2(a) it is clearly that, at the
central position, there exists a downward peak when

m is even, however there exists an upward peak when
m is odd. If β is taken smaller values, the results are in
general valid for the state |β, m〉o while for all values
of m. The feature indicates that the two types of the
states are orthogonal. Moreover, we can also see that
the negative parts of Wo,m (α, α∗) rely on the parame-
ters m and β. Since the negativity of the Wigner func-
tion signifies nonclassical effects of the corresponding
state, the nonclassicality is more pronounced when m

is even for the same value of β. But with the increase
of m and β, the negative parts of Wo,m (α, α∗) become
larger for the state |β, m〉o. This shows that the non-
classicality is more pronounced. On the other hand,
as β increases, the Wigner functions Wo,m (α, α∗) in
the phase space are compressed along the Imα (or p)
direction at the expense of an increase along the Reα
(or x). The greater the value of β is, the further the
peak of the Wigner function is compressed. So β is

Fig.1. The Wigner function of the state |β, m〉o with α when (a) m = 2, β = 1.8; (b) m = 2, β = 3; (c) m = 2, β = 4.5.
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Fig.2. The Wigner function of the state |β, m〉o with α when (a) m = 3, β = 1.8; (b) m = 3, β = 3; (c) m = 3, β = 4.5.

equivalent to the squeezed parameter. Thus the phe-
nomenon of squeezing can be well interpreted from
the phase space point of view. When the parameter
β is enough large, the single peak begin to split sev-
eral peaks and form the multi-peak structure. And
the peak values increase and the peaks are further
compressed along the direction p as can be seen in

Figs.1 and 2. The multi-peak structure causes by the
quantum interference part W I

o,m (α, α∗) for the state
|β, m〉o. In conclusion, the behaviour of the Wigner
functions Wo,m (α, α∗) is in a good agreement with the
quantum features of the state |β, m〉o.

On the other hand, by virtue of Figs.3 and 4 we
can find that, for the state |β, m〉e, there exists an

Fig.3. The Wigner function of the state |β, m〉e with α when (a) m = 2, β = 1.8; (b) m = 2, β = 3; (c) m = 2, β = 4.5.
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Fig.4. The Wigner function of the state |β, m〉e with α when (a) m = 3, β = 1.8; (b) m = 3, β = 3; (c) m = 3, β = 4.5.

upward peak when m is even, however there exists a
downward peak when m is odd. This is just contrary
to the features of the states |β, m〉o. But it also shows
that the two types of the states are orthogonal. And
when m is even (or odd) , the states |β, m〉e are also
orthogonal. Moreover, the nonclassicality is more pro-
nounced when m is odd for the states |β, m〉e. Com-
parison of Figs.3 and 4 shows that, as β increases, the
negativity parts increase for m taking even numbers
and decreases for m taking odd numbers. Namely,
with the increase of β the nonclassical effects increase
when m is even and decreases when m is odd. This is
completely different from the variations of the Wigner
functions for the states |β, m〉o with the parameter β.
Otherwise, the other variations of the Wigner func-
tions of the states |β, m〉e with respect to m and β are
the same as those of the states |β, m〉o.

In the following section we shall obtain the
marginal distributions of the PDEOCSs. For given

matrix element ρ, the marginal distributions of its
Wigner function are[1]

P (q) =
1
2π

∫
dpW (p, q) = 〈q| ρ |q〉 , (16)

P (p) =
1
2π

∫
dqW (p, q) = 〈p| ρ |p〉 , (17)

where |q〉 and |p〉 are the standard eigenvectors of the
coordinate operator Q and the momentum operator
P , respectively. Eqs.(16) and (17) are the marginal
distributions of its Wigner function in the q and p

directions, respectively.
In Eqs.(12) and (13), if setting α = (q + ip)/

√
2,

then using Eq.(16) we can obtain the marginal distri-
bution of the Wigner function of the state |β, m〉o in
the q direction,

Po,m (q) =
1
2π

∫
dpWo,m (p, q) = | 〈q| β, m〉o |2. (18)

Since the amplitude of Po,m (q)

〈q| β, m〉o =
Co,m√
sinh |β|2

∞∑

n=[m/2]

β2n+1
√

(2n + 1−m)!
(2n + 1)!

〈q| 2n + 1−m〉
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=
Co,m√
sinh |β|2

∞∑

n=[m/2]

β2n+1

(2n + 1)!

∫
dq′ 〈q| a+(2n+1−m) |q′〉 〈q′ |0〉

=
Co,m√
sinh |β|2

∞∑

n=[m/2]

β2n+1

(2n + 1)!
√

22n+1−m

∫
dq′

(
q − d

dq

)2n+1−m

δ (q − q′) 〈q′ |0〉

=
Co,m√
sinh |β|2

∞∑

n=[m/2]

β2n+1

(2n + 1)!
√

22n+1−m
√

π

(
q − d

dq

)2n+1−m

e−q2/2

=
Co,m√
sinh |β|2

∞∑

n=[m/2]

β2n+1

(2n + 1)!
√

22n+1−m
√

π
e−q2/2H2n+1−m (q) , (19)

where we have used the formula for Hermite polynomials[9]

Hn (q) = eq2/2

(
q − d

dq

)n

e−q2/2. (20)

Thus

Po,m (q) =
1
2π

∫
dpWo,m (p, q) = | 〈q| β, m〉o |2

=
C2

o,me−q2

π1/2 sinh |β|2

∣∣∣∣∣∣

∞∑

n=[m/2]

β2n+1

(2n + 1)!2(2n+1−m)/2
H2n+1−m (q)

∣∣∣∣∣∣

2

. (21)

Using Eqs.(1) and (16), we obtain another marginal distribution of the Wigner function in the p direction,

Po,m (p) =
1
2π

∫
dqWo,m (p, q) = | 〈p| β, m〉o |2

=
C2

o,me−p2

π1/2 sinh |β|2

∣∣∣∣∣∣

∞∑

n=[m/2]

(−i)2n+1−m
β2n+1

(2n + 1)!2(2n+1−m)/2
H2n+1−m (p)

∣∣∣∣∣∣

2

. (22)

From Eqs.(21) and (22), we find that Po,m (q) (or Po,m (p)) is the probability of finding the particles with given
value q of the position (or the value p of the momentum) in the state |β, m〉o. Similarly, using Eqs.(2) and
(14)–(17) we have

Pe,m (q) =
1
2π

∫
dpWe,m (p, q) = | 〈q| β, m〉e |2

=
C2

e,me−q2

π1/2 cosh |β|2

∣∣∣∣∣∣

∞∑

n=[(m+1)/2]

β2n

(2n)!2(2n−m)/2
H2n−m (q)

∣∣∣∣∣∣

2

, (23)

Pe,m (p) =
1
2π

∫
dqWe,m (p, q) = | 〈p| β, m〉e |2

=
C2

e,me−p2

π1/2 cosh |β|2

∣∣∣∣∣∣

∞∑

n=[(m+1)/2]

(−i)2n−m
β2n

(2n)!2(2n−m)/2
H2n−m (p)

∣∣∣∣∣∣

2

, (24)

which are the marginal distributions of the Wigner
functions of the states |β, m〉e. Similarly, Pe,m (q)
(or Pe,m (p)) is the probability of finding the particles
with given value q of the position (or the value p of
the momentum) in the state |β, m〉e. Therefore, these

marginal distributions give the probability of finding
the particles with given position (or the momentum)
in the state |β, m〉o,e. This is also the physical mean-
ing of the Wigner functions of the PDEOCSs.
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3. The tomograms of the

PDEOCSs

The use of tomograms in quantum mechanics and
quantum optics provides the possibility of describing
a quantum state with a positive probability distribu-
tion. A direct description of quantum states by means
of quantum tomograms for the system observables is
interesting from both the theoretical and experimental
points of view. Therefore, in recent years, tomogram
approach has brought much interest of physicists. In
this section we want to derive the tomogram func-
tions of |β, m〉o,e. The tomogram function of the state
|β, m〉o,e is defined as

T (q, f, g)

=
∫∫

dp′dq′δ (q − fq′ − gp′)W (q′, p′) , (25)

where W (q′, p′) given by Eqs.(12)–(15) are the Wigner
functions for the states |β, m〉o,e. However, it will
usually be very difficult to evaluate the integration
if we directly substitute Eqs.(12)–(15) into Eq.(25),
fortunately we use the following relation between the
Wigner operator and the projector of intermediate
coordinate-momentum state[10]

|q〉f,g f,g 〈q|

=
∫∫

dp′dq′δ (q − fq′ − gp′)∆ (q′, p′) , (26)

where the state |q〉f,g is expressed as

|q〉f,g =
1

[π (f2 + g2)]1/4
exp

[
− q2

2 (f2 + g2)

+
√

2a+ q

f − ig
− f + ig

2 (f − ig)
a+2

]
|0〉 , (27)

which is the eigenvector of the operator (fQ + gP )
corresponding to the eigenvalue q, f and g are two
real parameters. Thus the tomograms of the states
|β, m〉o,e are

T (q, f, g)

=
∫∫

dp′dq′δ (q − fq′ − gp′)o,e〈β, m|
× 〈β, m|∆(q′, p′) |β, m〉o,e

= |f,g 〈q |β, m〉o,e |2, (28)

which show that for tomographic approach there
exists the intermediate coordinate-momentum state
|q〉f,g, and the Radon transforms of the Wigner
operator are just the pure-state density matrices
|q〉f,g f,g 〈q|. As a result, the tomogram functions
for quantum states can be considered as the module-
square of the states’ wave function in this represen-
tation. This is a new way to derive the tomogram
functions for quantum states. Using the completeness
relations of the coherent states and Eqs.(1) and (27),
we can obtain the tomogram amplitude of the state
|β, m〉o,e

f,g 〈q| β, m〉o
= f,g 〈q|

∫
d2z

π
|z〉 〈z| β, m〉o

=

[
π

(
f2 + g2

)]−1/4
Co,m√

sinh |β|2
∞∑

n=[m/2]

β2n+1

(2n + 1)!

∫
d2z

π
z∗2n+1−m

× exp

[
− |z|2 − q2

2 (f2 + g2)
+

√
2q

f + ig
z − f − ig

2 (f + ig)
z2

]

=

[
π

(
f2 + g2

)]−1/4
Co,m√

sinh |β|2
∞∑

n=[m/2]

β2n+1

(2n + 1)!
∂2n+1−m

∂λ2n+1−m

∫
d2z

π

× exp

[
− |z|2 − q2

2 (f2 + g2)
+

√
2q

f + ig
z − f − ig

2 (f + ig)
z2 + λz∗

] ∣∣∣∣∣
λ=0
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=

[
π

(
f2 + g2

)]−1/4
Co,m√

sinh |β|2
∞∑

n=[m/2]

β2n+1

(2n + 1)!
∂2n+1−m

∂λ2n+1−m
exp

[
− q2

2 (f2 + g2)
+

√
2q

f + ig
λ− f − ig

2 (f + ig)
λ2

] ∣∣∣∣∣
λ=0

=

[
π

(
f2 + g2

)]−1/4
Co,m√

sinh |β|2
∞∑

n=[m/2]

(√
f − ig

2 (f + ig)

)2n+1−m

β2n+1

(2n + 1)!
H2n+1−m

(
q/

√
f2 + g2

)

× exp
[
− q2

2 (f2 + g2)

]
, (29)

where we have used the following integral formula[10]

∫
d2z

π
exp

(
ζ|z|2 + ξz + ηz∗ + fz2 + gz∗2

)

=
1√

ζ2 − 4fg
exp

[−ζξη + ξ2g + η2f

ζ2 − 4fg

]
, (30)

with

Re (ζ ± f ± g) < 0, Re
(

ζ2 − 4fg

ζ ± f ± g

)
< 0, (31)

and the generating function of Hn (x)[9]

Hn (q) =
dn

dqn
e2qt−q2

∣∣∣
t=0

. (32)

Then using Eq.(12) we get the tomogram of |β, m〉o

To,m (q, f, g) =
C2

o,m

[π (f2 + g2)]1/2 sinh |β|2

∣∣∣∣∣∣

∞∑

n=[m/2]

(√
f − ig

2 (f + ig)

)2n+1−m
β2n+1H2n+1−m

(
q/

√
f2 + g2

)

(2n + 1)!

∣∣∣∣∣∣

2

× exp
[−q2/

(
f2 + g2

)]
. (33)

In the same way, we can derive the tomogram functions of the states |β, m〉e,

Te,m (q, f, g) =
∫∫

dp′dq′

2πh
δ (q − fq′ − gp′)e 〈β, m|∆(p′, q′) |β, m〉e

=
C2

e,m

[π (f2 + g2)]1/2 cosh |β|2

∣∣∣∣∣∣

∞∑

n=[(m+1)/2]

(√
f − ig

2 (f + ig)

)2n−m
β2nH2n−m

(
q/

√
f2 + g2

)

(2n)!

∣∣∣∣∣∣

2

× exp
[−q2/

(
f2 + g2

)]
. (34)

It is a good function of describing a quantum state
with a positive probability distribution function like
Husimi Q-function. Therefore, in experiment if only
we can measure |f,g 〈q |β, m〉o,e |2 in the intermediate
coordinate-momentum representation, the tomogram
functions for the states |β, m〉o,e shall be obtained and
further the states |β, m〉o,e shall be measured.

In summary, we have used the coherent state rep-

resentation of Wigner operator and the intermediate
coordinate-momentum representation to derive the
Wigner functions and tomograms of the PDEOCSs.
This is a new way and it is suitable to obtain the
Wigner functions and tomograms of other quantum
states. Moreover, the results in this paper may be
useful for experiments as reference.
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