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In this paper, we make use of the auxiliary equation and the expanded mapping methods to find the new exact

periodic solutions for (2+1)-dimensional dispersive long wave equations in mathematical physics, which are expressed

by Jacobi elliptic functions, and obtain some new solitary wave solutions (m → 1). This method can also be used to

explore new periodic wave solutions for other nonlinear evolution equations.
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1. Introduction

In recent years, noticeable progress has been
made in constructing the exact solutions of nonlin-
ear evolution equations. When exact solutions ex-
ist, the phenomena modelled by these nonlinear evo-
lution equations can be better understood with the
help of these solutions, and they are also useful for
analysing the stability of these solutions and check-
ing the numerical analysis for these nonlinear evolu-
tion equations. Several powerful methods have been
proposed to construct the exact solutions for nonlin-
ear partial differential equations, such as homogeneous
balance method,[1−3] the tanh function method,[4−6]

sine-cosine method,[7] Jacobi elliptic function expan-
sion method,[8,9] and auxiliary equation method.[10,11]

Very recently, the mapping method [12−14] has been
developed to obtain the periodic solutions of nonlin-
ear evolution equations without much extra effort and
repetitive calculations.

This paper is concerned with the (2+1)-
dimensional dispersive long wave equations and gives
some new periodic wave solutions with the help of the
mapping method. Long wave in shallow water is a
subject of broad interest and has a long, colourful his-
tory. In this paper, we consider the (2+1)-dimensional

dispersive long wave equations in the following form:

uyt + vxx + uxuy + uuxy = 0, (1a)

vt + ux + vux + uvx + uxxy = 0. (1b)

Equations (1a) and (1b) are obtained first
by Boiti et al [15] and have Kac–Moody–Virasoro
type[16] and general symmetry algebras with some
functions.[17] Some kinds of solutions to the (2+1)-
dimensional dispersive long wave equations were given
in Refs.[18,19]. A good understanding of the solutions
for Eqs.(1a) and (1b) is very helpful to coastal and
civil engineers in applying the nonlinear water model
to coastal harbor design. Here we will extend the map-
ping method and seek for some new periodic wave so-
lutions.

2. Method

Consider a given nonlinear evolution equation

N (u, ut, ux, utt, uxt, uxx, . . .) = 0. (2)

We seek after the solutions of Eq.(2) by taking

u(x, t) = u(ξ), v(x, t) = v(ξ),

ξ = kx + ly + ct, (3)

where k, l and c are wave parameters to be determined
later.
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Substituting expressions (3) into Eq.(2) yields an
ordinary differential equation

F (u, u′, u′′, . . .) = 0, (4)

where prime (′) means ‘
d
dξ

’. We assume that Eq.(4)

has the solutions in the following form:

u(ξ) =
n∑

i=0

aif
i(ξ) +

n∑

i=1

bif
−i(ξ) +

n∑

i=2

cif
i−2(ξ)f ′(ξ)

+
n∑

i=1

dif
−i(ξ)f ′(ξ), (5)

where an, bn, cn, and dn are constants to be deter-
mined later and positive integer n can be determined

by considering the homogeneous balance between gov-
erning nonlinear terms and the highest order deriva-
tives of u in Eq.(4), and f(ξ) expresses the solutions of
the following auxiliary ordinary differential equation

[f ′(ξ)]2 = pf4(ξ) + qf2(ξ) + r, (6)

with p, q and r being real parameters to be chosen
and determined by f(ξ). Equation (6) is an ellip-
tic equation which has the solutions constructed by
Jacobi elliptic function. Furthermore, these include
hyperbolic function when m → 1, and trigonometric
function when m → 0. Relations between values of (p,
q, r) and corresponding f(ξ) in Eq.(6) are obtained as
the following mapping method:

f(ξ) p q r,

snξ ; cdξ =
cnξ

dnξ
m2 −(m2 + 1) 1,

cnξ −m2 2m2 − 1 1−m2,

dnξ −1 2−m2 m2 − 1,

nsξ =
1

snξ
; dcξ =

dnξ

cnξ
1 −(m2 + 1) m2,

ncξ =
1

cnξ
1−m2 2m2 − 1 −m2,

ndξ =
1

dnξ
m2 − 1 2−m2 −1,

csξ =
cnξ

snξ
1 2−m2 1−m2,

scξ =
snξ

cnξ
1−m2 2−m2 1,

sdξ =
snξ

dnξ
m2(m2 − 1) 2m2 − 1 1,

dsξ =
dnξ

snξ
1 2m2 − 1 m2(m2 − 1),

mcnξ ± dnξ −1
4

1 + m2

2
− (1−m2)2

4
,

nsξ ± csξ,
cnξ√

1−m2snξ ± dnξ

1
4

1− 2m2

2
1
4
,

ncξ ± scξ
1−m2

4
1 + m2

2
1−m2

4
,

nsξ ± dsξ
1
4

1−m2

2
m4

4
,

snξ ± icnξ;
dnξ√

1−m2snξ ± cnξ

m2

4
m2 − 2

2
m2

4
,

msnξ ± idnξ;
snξ

1± cnξ

1
4

1− 2m2

2
1
4
,
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dnξ√
m2 − 1

m2
± cnξ

1
4m2

1− 2m2

2
m2

4
,

snξ

1± dnξ

m2

4
m2 − 2

2
1
4
,

dnξ

1±msnξ

m2 − 1
4

1 + m2

2
m2 − 1

4
,

cnξ

1± snξ

1−m2

4
1 + m2

2
1−m2

4
,

snξ

cnξ ± dnξ

(1−m2)2

4
1 + m2

2
1
4
,

cnξ√
1−m2 ± dnξ

m4

4
m2 − 2

2
1
4
,

cnξdnξ

snξ
1 2(m2 + 1) (1−m2)2,

snξ

cnξdnξ
(1−m2)2 2(m2 + 1) 1,

snξdnξ

cnξ
1 2(1− 2m2) 1,

cnξ

snξdnξ
1 2(1− 2m2) 1,

snξcnξ

dnξ
m4 2(m2 − 2) 1,

dnξ

snξcnξ
1 2(m2 − 2) m4,

where i2 = −1. Substituting Eq.(5) into Eq.(4),
and using Eq.(6), the left-hand of Eq.(4) can be
converted into a polynomial about f i(ξ) (i =
. . . ,−2,−1, 0, 1, 2, . . .). Setting the coefficients of the
different powers of f i(ξ) to be zero yields a set of al-
gebraic equations for a0, a1, · · · , an, b1, · · · , bn and ξ.
Solving the algebraic equations, we have a0, a1, . . .,
an, b1, . . ., bn expressed by p, q, r. Substituting these
results into Eq.(5) and using the foregoing mapping,
we can obtain the periodic wave solutions of Eq.(4).

3. Application of the method

Substituting expression (3) into Eqs.(1a) and
(1b), integrating Eq.(1a) twice and integrating
Eq.(1b) once, and setting the integration constant to
be zero, yield

lcu +
1
2
klu2 + k2v = 0, (7a)

ku + kuv + k2lu′′ + cv = 0. (7b)

Considering homogeneous balance, the solutions
of Eqs.(7a) and (7b) can be assumed to be

u(ξ) = A0 + A1f(ξ) + B1
1

f(ξ)
+ D1

f ′(ξ)
f(ξ)

, (8a)

v(ξ) = a0 + a1f(ξ) + b1
1

f(ξ)
+ d1

f ′(ξ)
f(ξ)

+ a2f
2(ξ) + b2

1
f2(ξ)

+ c2f
′(ξ) + d2

f ′(ξ)
f2(ξ)

. (8b)

Then substituting Eqs.(8a) and (8b) into Eqs.(7a)
and (7b) with Eq.(6) and setting the coefficients of
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the polynomial to be zero, we can obtain the alge-
braic equations. Solving the algebraic equations, we
can determine the coefficients

case 1

A0 = − c

k
, A1 = ±2k

√
p, B1 = 0,

D1 = 0, a0 =
c2l

2k3
, a1 = 0, a2 = −2klp,

b1 = 0, b2 = 0, c2 = 0, d1 = 0, d2 = 0; (9)

case 2

A0 = − c

k
, A1 = 0, B1 = ±2k

√
r, D1 = 0,

a0 =
c2l

2k3
, a1 = 0, a2 = 0, b1 = 0,

b2 = −2klr, c2 = 0, d1 = 0, d2 = 0; (10)

case 3

A0 = − c

k
, A1 = ±2k

√
p, B1 = ±2k

√
r,

D1 = 0, a0 =
c2l

2k3
± 4kl

√
p
√

r, a1 = 0,

a2 = −2klp, b1 = 0, b2 = −2klr, c2 = 0,

d1 = 0, d2 = 0; (11)

case 4

A0 = ±
√

2c 4
√

q, A1 = 0, B1 = 0,

D1 = ±
√

2c
4
√

q
, a0 = 0, a1 = 0, a2 = ±

√
2clp
4
√

q
,

b1 = 0, b2 = ±
√

2clr
4
√

q
, c2 = 0, d1 = 0,

d2 = 0, k = ±
√

2c

2 4
√

q
; (12)

case 5

A0 = ±√c 4

√
(q ± 6

√
p
√

r),

A1 = ±
√

c
√

p

4

√
(q ± 6

√
p
√

r)
,

B1 = ±
√

c
√

r

4

√
(q ± 6

√
p
√

r)
,

D1 = ±
√

c

4

√
(q ± 6

√
p
√

r)
,

a0 = ± 2
√

cl
√

p
√

r

4

√
(q ± 6

√
p
√

r)
, a1 = 0,

a2 = ±
√

clp

4

√
(q ± 6

√
p
√

r)
, b1 = 0,

b2 = ±
√

clr

4

√
(q ± 6

√
p
√

r)
,

c2 = ±
√

cl
√

p

4

√
(q ± 6

√
p
√

r)
,

d1 = 0, d2 = ±
√

cl
√

r

4

√
(q ± 6

√
p
√

r)
,

k = ±
√

c

4

√
(q ± 6

√
p
√

r)
. (13)

We can see that all of the coefficients of f ′(ξ) are
zero in cases 1–3, so the simplified form of Eq.(5) can
be described as follows:

u(ξ) =
n∑

i=0

aif
i(ξ) +

n∑

i=1

bif
−i(ξ),

and its application can be found in Refs.[20–22].

Substituting expression (9) into Eqs.(8a) and
(8b), the first concentration formulas of travelling
wave solution of Eqs.(1a) and (1b) are

u(ξ) = − c

k
± 2k

√
pf(ξ), (14a)

v(ξ) =
c2l

2k3
− 2klpf2(ξ), (14b)

where ξ = kx + ly + ct, k 6= 0, and l 6= 0.

Substituting expression (10) into Eqs.(8a) and
(8b), the second concentration formulas of travelling
wave solution of Eqs.(1a) and (1b) are

u(ξ) = − c

k
± 2k

√
r

1
f(ξ)

, (15a)

v(ξ) =
c2l

2k3
− 2klr

1
f2(ξ)

, (15b)

where ξ = kx + ly + ct, k 6= 0, and l 6= 0.

Substituting expression (11) into Eqs.(8a) and
(8b), the third concentration formulas of travelling
wave solution of Eqs.(1a) and (1b) are

u(ξ) = − c

k
± 2k

√
pf(ξ)± 2k

√
r

1
f(ξ)

, (16a)

v(ξ) =
c2l

2k3
± 4kl

√
p
√

r − 2klpf2(ξ)

− 2klr
1

f2(ξ)
, (16b)

where ξ = kx + ly + ct, k 6= 0, and l 6= 0.

Substituting expression (12) into Eqs.(8a) and
(8b), the fourth concentration formulas of travelling
wave solution of Eqs.(1a) and (1b) are



1160 Zhang Wen-Liang et al Vol. 17

u(ξ) = ±
√

2c 4
√

q ±
√

2c
4
√

q

f ′(ξ)
f(ξ)

, (17a)

v(ξ) = ±
√

2clp
4
√

q
f2(ξ)±

√
2clr
4
√

q

1
f2(ξ)

, (17b)

where ξ = kx + ly + ct, k = ±
√

2c

2 4
√

q
, and l 6= 0.

Substituting expression (13) into Eqs.(8a) and
(8b), the fifth concentration formulas of travelling
wave solution of Eqs.(1a) and (1b) are

u(ξ) =±√c 4

√
(q ± 6

√
p
√

r)±
√

c
√

p

4

√
(q ± 6

√
p
√

r)
f(ξ)±

√
c
√

r

4

√
(q ± 6

√
p
√

r)

1
f(ξ)

±
√

c

4

√
(q ± 6

√
p
√

r)

f ′(ξ)
f(ξ)

, (18a)

v(ξ) =± 2
√

cl
√

p
√

r

4

√
(q ± 6

√
p
√

r)
±

√
clp

4

√
(q ± 6

√
p
√

r)
f2(ξ)±

√
clr

4

√
(q ± 6

√
p
√

r)

1
f2(ξ)

±
√

cl
√

p

4

√
(q ± 6

√
p
√

r)
f ′(ξ)

±
√

cl
√

r

4

√
(q ± 6

√
p
√

r)

f ′(ξ)
f2(ξ)

, (18b)

where ξ = kx + ly + ct,k = ±
√

c

4

√
(q ± 6

√
p
√

r)
, and

l 6= 0.

With the aid of mapping and the concentration
formulas (14a)–(18b) obtained previously, we can ob-
tain the periodic wave solutions expressed by the Ja-
cobi functions. Some similar forms of the solutions to
expressions (14–16) can be found in Refs.[21, 22], but
the solutions to Eqs.(17a)–(18b) have not been found
from the previous studies.

3.1.The first group solutions

Choosing f(ξ) =
snξ

1± dnξ
, then p =

m2

4
, q =

m2 − 2
2

, and r =
1
4
, and inserting them into Eqs.(14a)

and (14b), we can obtain the following periodic wave
solutions of Eqs.(1a) and (1b) associated with case (1):

u1(ξ) = − c

k
±mk

snξ

1 + εdnξ
, (19a)

v1(ξ) =
c2l

2k3
− klm2

2

(
snξ

1 + εdnξ

)2

, (19b)

where ε2 = 1, k 6= 0, and l 6= 0. The plots of u1(ξ)
and v1(ξ) are shown in Figs.1 and 2 at k = 1, l = 1,
c = 1, t = 0, and m = 0.75, and they take ‘+’ in each
sign ‘±’, and ‘1’ in each ‘ε’.

Fig.1. u1(ξ), the periodic wave solution of Eq.(19a).

Fig.2. v1(ξ), the periodic wave solution of Eq.(19b).

When m → 1, we have the bell-type solitary so-
lutions as follows:

u1a(ξ) = − c

k
± k

tanh ξ

1 + εsechξ
, (20a)

v1b(ξ) =
c2l

2k3
− kl

2

(
tanh ξ

1 + εsechξ

)2

; (20b)
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the plots of u1a(ξ) and v1b(ξ) are shown in Figs.3 and
4 at k = 1, l = 1, c = 1, t = 0, and m = 1, and they
take ‘+’ in each sign ‘±’, and ‘1’ in each ‘ε’.

Fig.3. u1a(ξ), the bell-type solitary solution of

Eq.(20a).

Fig.4. v1b(ξ), the bell-type solitary solution of

Eq.(20b).

If inserting the same choice into expressions (16a)
and (16b), we can obtain the following periodic wave
solutions associated with case (3):

u2(ξ) = − c

k
±mk

snξ

1 + εdnξ
± k

1 + εdnξ

snξ
, (21a)

v2(ξ) =
c2l

2k3
± klm− klm2

2

(
snξ

1 + εdnξ

)2

− kl

2

(
1 + εdnξ

snξ

)2

, (21b)

where ε2 = 1, k 6= 0, and l 6= 0. When m → 1, we
have the bell-type solitary solutions as follows:

u2a(ξ) = − c

k
± k

tanh ξ

1 + εsechξ
± k

1 + εsechξ

tanh ξ
, (22a)

v2b(ξ) =
c2l

2k3
± kl − kl

2

(
tanh ξ

1 + εsechξ

)2

− kl

2

(
1 + εsechξ

tanh ξ

)2

; (22b)

the plots of u2a(ξ) and v2b(ξ) are shown in Figs.5 and
6 at k = 1, l = 1, c = 1, t = 0, and m = 1, and they
take ‘+’ in each sign ‘±’, and ‘1’ in each ‘ε’.

Fig.5. u2a(ξ), the bell-type solitary solution of

Eq.(22a).

Fig.6. v2b(ξ), the bell-type solitary solution of

Eq.(22b).

If inserting the same choice into expressions (18a)
and (18b), we can obtain the following periodic wave
solutions associated with case (5):

u3(ξ) = ±√c
4

√
m2 + 3εm− 2

2

± m
√

c
4
√

8m2 + 24εm− 16
snξ

1 + εdnξ

±
√

c
4
√

8m2 + 24εm− 16
1 + εdnξ

snξ

±
4
√

2
√

c
4
√

m2 + 3εm− 2
cnξ

snξ
, (23a)

v3(ξ) = ±
√

clm
4
√

8m2 + 24εm− 16

±
√

clm2

4
√

64m2 + 192εm− 128

(
snξ

1 + εdnξ

)2

±
√

cl
4
√

64m2 + 192εm− 128

(
1 + εdnξ

snξ

)2

±
√

clm
4
√

8m2 + 24εm− 16
cnξ

1 + εdnξ

±
√

cl
4
√

8m2 + 24εm− 16
cnξ(1 + εdnξ)

sn2ξ
,

(23b)
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where ε2 = 1, ξ = kx+ly+ct, k = ±
4
√

2
√

c
4
√

m2 + 3εm− 2
,

and l 6= 0; the plots of u3(ξ) and v3(ξ) are shown in
Figs.7 and 8 at k = 1, l = 1, c = 1, t = 0, and
m = 0.75, and they take ‘+’ in each sign ‘±’, and ‘1’
in each ‘ε’.

Fig.7. u3(ξ), the periodic wave solution of Eq.(23a).

Fig.8. v3(ξ), the periodic wave solution of Eq.(23b).

When m → 1, we have the bell-type solitary so-
lutions as follows:

u3a(ξ) = ±√c
4

√
3ε− 1

2
±

√
c

4
√

24ε− 8
tanh ξ

1 + εsechξ

±
√

c
4
√

24ε− 8
1 + εsechξ

tanh ξ

±
4
√

2
√

c
4
√

3ε− 1
sechξ

tanh ξ
, (24a)

v3b(ξ) = ±
√

cl
4
√

24ε− 8
±

√
cl

4
√

192ε− 64

(
tanh ξ

1 + εsechξ

)2

±
√

cl
4
√

192ε− 64

(
1 + εsechξ

tanh ξ

)2

±
√

cl
4
√

24ε− 8
sechξ

1 + εsechξ

±
√

cl
4
√

24ε− 8
sechξ(1 + εsechξ)

tanh2 ξ
. (24b)

3.2.The second group solutions

Choosing f(ξ) =
snξ

cnξdnξ
, then p = (1 −

m2)2, q = 2(m2 + 1), and r = 1, inserting them
into expressions (15a) and (15b), we can obtain the
following periodic wave solutions of Eqs.(1a) and (1b)
associated with case (2):

u4(ξ) = − c

k
± 2k

cnξdnξ

snξ
, (25a)

v4(ξ) =
c2l

2k3
− 2kl

(
−cnξdnξ

snξ

)2

(25b)

where k 6= 0, and l 6= 0, when m → 1, we have the
bell-type solitary solutions as follows:

u4a(ξ) = − c

k
± 2k

sech2ξ

tanh ξ
, (26a)

v4b(ξ) =
c2l

2k3
− 2kl

(
sech2ξ

tanh ξ

)2

(26b)

If inserting the same choice into expressions (17a)
and (17b), we can obtain the following periodic wave
solutions associated with case (4):

u5(ξ) = ±
√

2c 4
√

2(m2 + 1)

±
√

2c
4
√

2(m2 + 1)

× cn2ξdn2ξ + m2sn2ξcn2ξ + sn2ξdn2ξ

snξcnξdnξ
,

(27a)

v5(ξ) = ±
√

2cl(1−m2)2
4
√

2(m2 + 1)

(
snξ

cnξdnξ

)2

±
√

2cl
4
√

2(m2 + 1)

(
cnξdnξ

snξ

)2

, (27b)

where ξ = kx + ly + ct, k = ±
√

2c

2 4
√

2(m2 + 1)
, and l 6=

0; the plots of u5(ξ) and v5(ξ) are shown in Figs.9 and
10 at k = 1, l = 1, c = 1, t = 0, and m = 0.75, and
they take ‘+’ in each sign ‘±’, and ‘1’ in each ‘ε’.

Fig.9. u5(ξ), the periodic wave solution of Eq.(27a).
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Fig.10. v5(ξ), the periodic wave solution of Eq.(27b).

When m → 1, we have the bell-type solitary so-
lutions as follows:

u5a(ξ) = ±2
√

c±√c
sech2ξ + (1 + m2) tanh2 ξ

tanh ξ
,

(28a)

v5b(ξ) = ±√cl

(
sech2ξ

tanh ξ

)2

. (28b)

3.3.The third group solutions

Choosing f(ξ) =
snξ

dnξ
, then p = m2(m2 − 1),

q = 2m2 − 1, and r = 1, inserting them into expres-
sions (17a) and (17b), we can obtain the following pe-
riodic wave solutions of Eqs.(1a) and (1b) associated
with case (4):

u6(ξ) = ±
√

2c
4
√

2m2 − 1±
√

2c
4
√

2m2 − 1
cnξ

snξ
, (29a)

v6(ξ) = ±
√

2clm2(m2 − 1)
4
√

2m2 − 1

(
snξ

dnξ

)2

±
√

2cl
4
√

2m2 − 1

(
dnξ

snξ

)2

, (29b)

where ξ = kx + ly + ct, k = ±
√

2c

2 4
√

2m2 − 1
, and l 6= 0,

and when m → 1, we have the bell-type solitary solu-
tions as follows:

u6a(ξ) = ±
√

2c±
√

2c
sechξ

tanh ξ
, (30a)

v6b(ξ) =
√

2cl

(
sechξ

tanh ξ

)2

, (30b)

the plots of u6a(ξ) and v6b(ξ) are shown in Figs.11 and
12 at k = 1, l = 1, c = 1, t = 0, and m = 1, and they
take ‘+’ in each sign ‘±’, and ‘1’ in each ‘ε’.

Fig.11. u6a(ξ), the bell-type solitary solution of

Eq.(30a).

Fig.12. v6b(ξ), the bell-type solitary solution of

Eq.(30b).

If inserting the same choice into expressions (18a)
and (18b),we can obtain the following periodic wave
solutions associated with case (5):

u7(ξ) = ±√c
4
√

(2m2 − 1± 6
√

m2(m2 − 1))

±
√

c
√

m2(m2 − 1)
4

√
(2m2 − 1± 6

√
m2(m2 − 1))

snξ

dnξ

±
√

c

4

√
(2m2 − 1± 6

√
m2(m2 − 1))

dnξ

snξ

±
√

c

4

√
(2m2 − 1± 6

√
m2(m2 − 1))

cnξ

snξ
,

(31a)
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v7(ξ) = ± 2
√

cl
√

m2(m2 − 1)
4

√
(2m2 − 1± 6

√
m2(m2 − 1))

±
√

clm2(m2 − 1)
4

√
(2m2 − 1± 6

√
m2(m2 − 1))

(
snξ

dnξ

)2

±
√

cl

4

√
(2m2 − 1± 6

√
m2(m2 − 1))

(
dnξ

snξ

)2

±
√

cl
√

m2(m2 − 1)
4

√
(2m2 − 1± 6

√
m2(m2 − 1))

cnξ

dn2ξ

±
√

cl

4

√
(2m2 − 1± 6

√
m2(m2 − 1))

cnξ

sn2ξ
,

(31b)

where ξ = kx + ly + ct, k =

±
√

c

4

√
(2m2 − 1± 6

√
m2(m2 − 1))

, and l 6= 0, and

when m → 1, we have the bell-type solitary solu-
tions as follows:

u7a(ξ) = ±√c±√c
sechξ

tanh ξ
±√c

sechξ

tanh ξ
, (32a)

v7b(ξ) = ±√cl

(
sechξ

tanh ξ

)2

±√cl
sechξ

tanh2 ξ
. (32b)

4. Conclusion

By the use of extended mapping method and the
auxiliary equation (6), we have constructed a wealth
of new periodic wave solutions and solitary wave solu-
tions for the (2+1)-dimensional dispersive long wave
equations. And with the help of new function trans-
formation (5), some complex periodic wave solutions
and solitary wave solutions are obtained, especially
the solutions of Eqs.(17a), (17b), (18a) and (18b)
have not been found from the previous studies. When
m →1 and m → 0, the solutions reduce to hyperbolic
and trigonometric function solutions respectively. The
method is promising and can be a useful guidance to
solving a broad class of nonlinear problems in the the-
ory of solitary waves.
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