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In this paper, we make use of the auxiliary equation and the expanded mapping methods to find the new exact

periodic solutions for (2+1)-dimensional dispersive long wave equations in mathematical physics, which are expressed

by Jacobi elliptic functions, and obtain some new solitary wave solutions (m — 1). This method can also be used to

explore new periodic wave solutions for other nonlinear evolution equations.
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1. Introduction

In recent years, noticeable progress has been
made in constructing the exact solutions of nonlin-
ear evolution equations. When exact solutions ex-
ist, the phenomena modelled by these nonlinear evo-
lution equations can be better understood with the
help of these solutions, and they are also useful for
analysing the stability of these solutions and check-
ing the numerical analysis for these nonlinear evolu-
tion equations. Several powerful methods have been
proposed to construct the exact solutions for nonlin-
ear partial differential equations, such as homogeneous
balance method,[!=3] the tanh function method,4~¢
sine-cosine method,[”] Jacobi elliptic function expan-
sion method,[®9 and auxiliary equation method.[10:11]
Very recently, the mapping method 214 has been
developed to obtain the periodic solutions of nonlin-
ear evolution equations without much extra effort and
repetitive calculations.

This concerned with the (2+1)-

dimensional dispersive long wave equations and gives

paper is

some new periodic wave solutions with the help of the
mapping method. Long wave in shallow water is a
subject of broad interest and has a long, colourful his-
tory. In this paper, we consider the (2+1)-dimensional

dispersive long wave equations in the following form:
Uyt + Vg + Ugply + Ulgy = 0, (1a)
Ve + Uy + VU + UV + Ugay = 0. (1b)
Equations (la) and (1b) are obtained first
by Boiti et all'® and have Kac-MoodyVirasoro
typel'®l and general symmetry algebras with some
functions.!'”) Some kinds of solutions to the (241)-
dimensional dispersive long wave equations were given
in Refs.[18,19]. A good understanding of the solutions
for Eqgs.(1a) and (1b) is very helpful to coastal and
civil engineers in applying the nonlinear water model
to coastal harbor design. Here we will extend the map-
ping method and seek for some new periodic wave so-

lutions.

2. Method

Consider a given nonlinear evolution equation

) =0. (2)

We seek after the solutions of Eq.(2) by taking
u(z,t) =u(§), v(z,t)=0(§),
E=kx+ly+ct, (3)

N (U,UhUI,Utt, Ugt, Uz, - -

where k, [ and c are wave parameters to be determined
later.
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Substituting expressions (3) into Eq.(2) yields an
ordinary differential equation

F(u,u/,u”,...) =0, (4)

d
where prime (/) means ‘—’. We assume that Eq.(4)

dé

has the solutions in the following form:
w(€) =Y af O+ D bif )+ Y alf O (©)
i=0 i=1 i=2
+D dif O (), (5)
i=1

where a,,b,,c,, and d, are constants to be deter-
mined later and positive integer n can be determined

by considering the homogeneous balance between gov-
erning nonlinear terms and the highest order deriva-
tives of w in Eq.(4), and f(£) expresses the solutions of
the following auxiliary ordinary differential equation

[F/(€) =pf'(€) +af*(€) +r, (6)

with p, ¢ and r being real parameters to be chosen
and determined by f(£).
tic equation which has the solutions constructed by

Equation (6) is an ellip-

Jacobi elliptic function. Furthermore, these include
hyperbolic function when m — 1, and trigonometric
function when m — 0. Relations between values of (p,
g, r) and corresponding f(&) in Eq.(6) are obtained as
the following mapping method:

f(&) P q T
sn¢ ; edé = (Ciini m? —(m?+1) 1,
cné —m? 2m? —1 1—m?,
dné -1 2 —m? m? —1,
1 dné
— . d — 1 _ 2 1 2
nsg = s dog = T8 1),
1
ncé = —g 1-m 2m? — 1 —m?,
cn
ndgzi m2 —1 2 — m? -1
dn¢ ’
cné 2 2
CS€ = & 1 2—m 1—m s
sné 9
scé = — 1—-m 2—m 1,
cné
sd¢ = sué m2(m? — 1) 2m? — 1 1
dné ’
d
ds¢ = S—ng 1 2m? — 1 m?(m? — 1),
n
1 1+ m? (1 —m?)?
+d —= —
mené né 1 5 1 ,
cné 1 1 —2m? 1
nsé =+ csé, - -,
N T 2 1
1-m 1+m? 1—m?
+
ncé + scé 1 5 1
1 1—m? m*
+d - —
nsé s& 1 5 1
. dné m? m2 —2 m?2
sné + icné; — —_—,
¢ ¢ V1 —m2sné + cné 4 2 4
sné 1 1—2m? 1
=+ idn¢; = =
msng £idngs - T 4 2 ’
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dné 1 1 —2m? mi2
m2 —1 4m? 2 4’
5— T eng
sné mi2 m? —2 1
14 dn& 4 2 4’
dné m?—1 14+ m? m?—1
1+ msn¢ 4 2 4
cné 1—m? 14+m? 1—m?
1+ sné 4 2 4 7
sné (1 —m?)? 1+ m? 1
cné £ dné 4 2 4’
ené m! m2 —2 1
VI—m? +dng 1 2 ’
cnédné
1 2(m? +1 1 —m?)?
o (W +1)  (1-m?),
sng (1 —m?2)? 2(m? +1) 1
cnédné ’
d
sn¢dné 1 2(1 — 2m?) 1,
cné
cné
1 2(1 — 2m? 1
snédné ( m”) ’
snécné 4 9
2 -2 1
dné mn (m ) ’
d
ne 1 2(m? — 2) mt,
snécné
where i2 = —1. Substituting Eq.(5) into Eq.(4),

and using Eq.(6), the left-hand of Eq.(4) can be
converted into a polynomial about fi(¢) (i =
ooy —2,—1,0,1,2,...). Setting the coefficients of the
different powers of fi(£) to be zero yields a set of al-
-, bp, and &.
Solving the algebraic equations, we have ag, a1, ...,

gebraic equations for ag, a1, « -+, Gy, b1, - -

Gy, b1, ..., by expressed by p, g, r. Substituting these
results into Eq.(5) and using the foregoing mapping,
we can obtain the periodic wave solutions of Eq.(4).

3. Application of the method

Substituting expression (3) into Eqgs.(la) and
(1b), integrating Eq.(1la)
Eq.(1b) once, and setting the integration constant to

twice and integrating

be zero, yield

1
leu + §klu2 + k*v =0, (7a)

ku + kuv + k2 lu” + cv = 0. (7b)

Considering homogeneous balance, the solutions
of Egs.(7a) and (7b) can be assumed to be

w(€) = Ao+ AL f(€) + 31% 4 D, J; ((5))’ (8a)
v(§) = a0+ a1 f(§) + 61% +ds J;((g

+asf?(€) + bgf%(o

+enf'(€) + ds ;2((?) (8b)

Then substituting Eqgs.(8a) and (8b) into Eqs.(7a)
and (7b) with Eq.(6) and setting the coefficients of
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the polynomial to be zero, we can obtain the alge-
braic equations. Solving the algebraic equations, we
can determine the coefficients

case 1

Ao = —g, Ay = £2k\/p, By =0,

D1 = 07 apg = 27]{3, ay = O; g = _2klpa

b1:0, b2:0, 02:0, d1:0,d2:0; (9)
case 2

Ay = 7%, Ay =0, B; = £2k\/r, D; =0,

A2l

CLO:TIC?), a1:0, a2:0, blzo,

bo = —2klr, co =0, dy =0, dy = 0; (10)
case 3

Ay = —%, Ay = £2k\/p, By = £2k\/7,

%]
Dy =0, ap = % + 4kl/pVr, a1 = 0,
a9 = —lep, b1 = 0, b2 = —2kl7", Cy = 0,
d1 = 0, d2 = 0; (11)

case 4

Ag=+V2c¥q, Ay =0, B =0,

V2 v 2cl
Dy =+Y2C 40=0, a1 =0, ag = + =P
Va V4
v 2cl
b1:0, b2:iﬁ) 02:0, d1 :0,
a
V2
dy =0, k =+, (12)
23/q
case 5

Ag = £Vey/ (¢ 6/pVT),

A -y VP
/(4 £ 6ypyT)
B—t VT
v/ (@ £ 6/pV/r)
D, = :EL,
/(£ 6/pv7)
w0 = £ VIV
/(¢ £6/pyr)
as = + \ﬁlp s bl = 0,

\/ (4 6ypVT)

by ==+

3

Té

/(¢ £6/pVr)

RGN/,
Co=TLT—F————,
i/l +6py7)
di =0, dy = :I:M,
/(4= 6y/pVT)
k= j:L (13)

ax6ypyr)

We can see that all of the coeflicients of f’(§) are
zero in cases 1-3, so the simplified form of Eq.(5) can
be described as follows:

w(€) =D aif (&) + Y bif (&),
i=0 i=1

and its application can be found in Refs.[20-22].

Substituting expression (9) into Eqgs.(8a) and
(8b), the first concentration formulas of travelling
wave solution of Egs.(1a) and (1b) are

u(€) = 1 £ 2kVBf(E). (14a)
o(E) = o — M (E), (14)

where £ = kx +ly+ct, k # 0, and [ # 0.

Substituting expression (10) into Eqgs.(8a) and
(8b), the second concentration formulas of travelling
wave solution of Egs.(1a) and (1b) are

c 1
c?l 1

where £ = kx + ly + ct, k # 0, and [ # 0.

Substituting expression (11) into Eqs.(8a) and
(8b), the third concentration formulas of travelling
wave solution of Egs.(1a) and (1b) are

c 1
WO =~ VB W (160)
02
o€) = S+ AKL/BVT — 2KipS3(E)
oklr—— (16b)

f2(&)
where £ = kx + ly + ct, k # 0, and [ # 0.
Substituting expression (12) into Eqs.(8a) and
(8b), the fourth concentration formulas of travelling

wave solution of Egs.(1a) and (1b) are
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ey VES© \
w(€) = £V2c9/q va FO (17a)
_, VZ2cp V2cr 1

w(€) =+ Ve (g £ 6ypyr) + M)f(&) .

IVACEI VAV

we) =t VIOV VD ey
Yax6ypvr) (g +6pyr)
L VAV O
/(a£6ypv) )
where £ = kx + ly + ct,k = + Ve , and

/(a = 6ypyr)
[ #0.

With the aid of mapping and the concentration
formulas (14a)—(18b) obtained previously, we can ob-
tain the periodic wave solutions expressed by the Ja-
cobi functions. Some similar forms of the solutions to
expressions (14-16) can be found in Refs.[21, 22], but
the solutions to Egs.(17a)—(18b) have not been found
from the previous studies.

3.1. The first group solutions

) sné m?
Choosing f(&§) = T+ dng’ then p = I a=
m?—2

1
,and r = T and inserting them into Eqs.(14a)
and (14b), we can obtain the following periodic wave
solutions of Egs.(1a) and (1b) associated with case (1):

u1(§)=—£:|:m %&fln{’ (19a)
_ 2l klm? sné 2
vi(§) = %8 o (1—1—6dn£) ) (19b)

where €2 = 1, k # 0, and [ # 0. The plots of u (&)
and v1(§) are shown in Figs.1 and 2 at k =1, [ = 1,
c=1,t=0, and m = 0.75, and they take ‘+’ in each
sign ‘+’, and ‘1’ in each ‘e’.

2
Wheregzkx+ly+ct,k:iﬁ,andl#o.

24
Substituting expression (13) into Eqgs.(8a) and
(8b), the fifth concentration formulas of travelling
wave solution of Egs.(1a) and (1b) are

NI B I S N,
Jaxoymvn IO fat oy O
velr 1 VP g
g+ 6ypyr) 7O g+ 6ypyr)
(18b)

X 4“\\/—4

Fig.1. u1(&), the periodic wave solution of Eq.(19a).

Fig.2. v1 (&), the periodic wave solution of Eq.(19b).

When m — 1, we have the bell-type solitary so-
lutions as follows:
c tanh &

Ula(f) = _% + km, (203.)
Al kl [/ tanh¢ \?
i) =5E 3 (1 ¥ ssechg> ’ (200)
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the plots of u1,(€) and v1,(§) are shown in Figs.3 and
datk=1,1=1 c=1,t=0,and m =1, and they
take ‘+’ in each sign ‘+’, and ‘1’ in each ‘e’.

Fig.3. ui14(£), the bell-type solitary solution of
Eq.(20a).

the bell-type solitary solution of

Fig.4. v15(§),

Eq.(20b).

If inserting the same choice into expressions (16a)
and (16b), we can obtain the following periodic wave
solutions associated with case (3):

o sn& 1+ edné
uz(€) = Eimk1+sdn£ik a (21a)
2l klm? sné \?
v2(8) = gy EMIm = =5 <1+£dn§>
kl (14 edng?
2 ( sné ) ’ (21b)

where e2 = 1, k # 0, and [ # 0. When m — 1, we
have the bell-type solitary solutions as follows:

c tanh & 1 + esech¢

a =——= + 9
w2al8) =~ e T e

2l kl [ tanh¢ \?
L T R e N
vn(8) = o T -5 (1 ¥ Esechf)

kl (14 eseché 2
=) . 22b

2 < tanh & ) ’ (22b)
the plots of ug, () and vg(§) are shown in Figs.5 and
6atk=1,1=1, c=1, t=0, and m =1, and they
take ‘4’ in each sign ‘+’, and ‘1’ in each ‘c’.

(22a)

Fig.5. u24(§), the bell-type solitary solution of
Eq.(22a).

Fig.6. v9,(£), the bell-type solitary solution of
Eq.(22b).

If inserting the same choice into expressions (18a)
and (18b), we can obtain the following periodic wave
solutions associated with case (5):

2 _
uz(€) = £/ct/ %

my/c sné
V8m?2 + 24em — 16 1 + ednf
n Ve 1+ edné
V8m2 +24em — 16 sn¢
Vaye o eng

4 Vive o o 923a
vm?2 + 3em — 2sné (232)

0y(€) = +-— YOI
V8m?2 + 24em — 16

N Velm? ( sné >2

V64m? + 192em — 128 \ 1 + edné
N Vel ( 1+ 6dn§> >
V64m?2 + 192em — 128 sné
n Velm cné
V8m?2 +24em — 16 1 + ednf
" Vel cné(1 4 ednf)
VBm? +24em — 16 sn%

(23b)
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4 .
2 2.
where €2 — 1, € — ka+ly-+ct, k — £ V2\/c ’ 3.2. The second group solutions
vm?2 + 3em — 2 sné
and [ # 0; the plots of u3(€) and v3(¢) are shown in Choosing f(§) = enEdng’ then p = (1 —
Figs7and 8 at k =1, I =1, ¢ =1, t = 0, and m?)2, ¢ = 2(m? + 1), and r = 1, inserting them

m = 0.75, and they take ‘+’ in each sign ‘£’, and ‘1’
in each ‘e’.

Fig.8. v3(&), the periodic wave solution of Eq.(23b).

When m — 1, we have the bell-type solitary so-
lutions as follows:

3e—1 \/E tanh &
= +/c{ +
u3a(§) Ve 2 Y24e — 81 + eseché
Ve o 1+ esech

T VT 8 tamhe
Vv2y/c sech¢ 7 (24a)
/3¢ —1tanh¢
vanE) = & Ve, < tanh ¢ )2
V24 —8  /192¢ — 64 \ 1+ esech¢
Vel 1+ esech¢ >
V192 — 64 ( tanh & >
n Vel sech¢
245 — 8 1 + eseché
Vel seché(1 + eseché) (24D)
V24 —8 tanh? &

into expressions (15a) and (15b), we can obtain the
following periodic wave solutions of Egs.(1a) and (1b)
associated with case (2):

wi(§) =~ £ 2T, (25a)
2 2
va(€) = % — 2kl (— Cniin€> (25b)

where k # 0, and [ # 0, when m — 1, we have the
bell-type solitary solutions as follows:

2
Uaa(€) = —% + 2k%, (26a)
2 24\ 2
val€) = b~ 2H (ijj; : ) (26b)

If inserting the same choice into expressions (17a)
and (17b), we can obtain the following periodic wave
solutions associated with case (4):

us(€) = £V2cy/2(m? + 1)

V2e
v/2(m? +1)
en26dn?¢ + m2sn2&en2€ + sn2¢dn’¢
% snéenédné ’
(27a)
CV2d(1—m?)? ( sné )2
) = A1) \onédng
2
V2l (cn§dn§> 7 (27h)
v2(m?2 4+ 1) sng
B B V2e
where £ = kx + ly + ct, k—:l:—24 2(m2—|—1)’ and [ #

0; the plots of u5(&) and v5 () are shown in Figs.9 and
Datk=1,1=1,c=1, t =0, and m = 0.75, and
they take ‘4’ in each sign ‘£’, and ‘1’ in each ‘¢’.

Fig.9. us(§), the periodic wave solution of Eq.(27a).
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Fig.10. v5(€), the periodic wave solution of Eq.(27Db).

When m — 1, we have the bell-type solitary so-
lutions as follows:

sech®¢ + (1 +m?) tanh? ¢
tanh & ’
(28a)

U5 (§) = :|:2\/E + \/E

9.\ 2
vsnl€) = /el (i‘;‘;ﬁlg) . (28b)

3.3. The third group solutions

Choosing f(¢) = cslinﬁ’

q = 2m? — 1, and r = 1, inserting them into expres-

then p = m?(m? — 1),

sions (17a) and (17b), we can obtain the following pe-
riodic wave solutions of Egs.(1a) and (1b) associated
with case (4):

ug(f)::t\/2_c42m2—1:t\4/%%, (29a)
e =+ ()
wheref:kx+ly+ct,k:iw%,andl#(),

and when m — 1, we have the bell-type solitary solu-
tions as follows:

Uga(€) = £V/2¢ + @% (30a)
2
vnl€) = V2l (jﬁi) , (30b)

the plots of ug, (§) and vg(€) are shown in Figs.11 and
12atk=1,1=1, c=1, t=0,and m = 1, and they
take ‘4’ in each sign ‘+’, and ‘1’ in each ‘e’.

Fig.11. wugq(§), the bell-type solitary solution of
Eq.(30a).

Fig.12. vgp(€), the bell-type solitary solution of
Eq.(30b).

If inserting the same choice into expressions (18a)
and (18b),we can obtain the following periodic wave
solutions associated with case (5):

ur(€) = £V i) (2m2 — 1 £ 6\/mZ(m? — 1))
L D e

i @m? —1+6y/m2(m? 1)) ¢

. % i

V(@m? — 14 6/m2(mz 1))

. i

{em? =1 £ 6 /mr(m? — 1)) ¢
(31a)
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orl€) = + 2y/cly/m?(m? — 1) Ura(€) = 1/ & ﬁtsae;:iff N ﬁ:jﬁﬁiv (32a)
</(2m2 o Gm) sech& 2 sech&

v (§) = £/l (tanhf) + ﬁltanh2£~ (32b)

Velm?(m? — 1) sné 2

* \4/(2m2—1i6 mZ(mZ — 1)) (dn5>

Vel dng)”

- Y@m? —1+6y/m2m? 1)) (Sn§>
N Vely/m2(m? — 1) cng

</(2m2 14 6y/m2(m? 1) W€

n Ve cné
{em? — 1+ 6\/m2m? — 1) ¢
(31b)
where 13 = kx + ly + ct, k =
Ve

+ ,and I # 0, and

V@m? — 1+ 6\/m2(m? 1))
when m — 1, we have the bell-type solitary solu-
tions as follows:

4. Conclusion

By the use of extended mapping method and the
auxiliary equation (6), we have constructed a wealth
of new periodic wave solutions and solitary wave solu-
tions for the (2+1)-dimensional dispersive long wave
equations. And with the help of new function trans-
formation (5), some complex periodic wave solutions
and solitary wave solutions are obtained, especially
the solutions of Egs.(17a), (17b), (18a) and (18b)
have not been found from the previous studies. When
m —1 and m — 0, the solutions reduce to hyperbolic
and trigonometric function solutions respectively. The
method is promising and can be a useful guidance to
solving a broad class of nonlinear problems in the the-
ory of solitary waves.
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