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In this paper, a rotational invariant of interaction energy between two biaxial-shaped molecules is assumed and
in the mean field approximation, nine elastic constants for simple distortion patterns in biaxial nematics are derived

!
in terms of the thermal average <D,(7?,1><D(l/) ), where Ds,ll)n is the Wigner rotation matrix. In the lowest order

m n/
terms, the elastic constants depend on coefficients I, I/, A, order parameters Qo = QO(D(()%)> + Q2 (D(()g) + D(()QEZ>
and Q2 = Qo (Dé?) + Qg(Dé? + Déz)2>. Here I and I’ depend on the function form of molecular interaction energy
vjs 515 (r12) and probability function fisp/p(r12), where 712 is the distance between two molecules, and A is proportional
to temperature. Qo and @2 are parameters related to multiple moments of molecules. Comparing these results with
those obtained from Landau—de Gennes theory, we have obtained relationships between coefficients, order parameters
used in both theories. In the special case of uniaxial nematics, both results are reduced to a degenerate case where
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1. Introduction

In biaxial nematics, there are two preferred molec-
ular orientations perpendicular to each other (a and
l;) For the convenience of description, a third di-
rection (¢) perpendicular to the former two can be
chosen and they form a triad of orthogonal director
fields.[! Following closely the classical formalism used
in solid state, Saupel!l obtained a free energy den-
sity depending on the distortions of directors a, l;,
and ¢é. Considering all possible rotational invariants
of partial derivatives of directors a, l;, and ¢, Govers
and Vertogen[? derived an equivalent form of elas-
tic energy density. In both Saupe’s, and Govers—
Vertogen’s theories, fifteen independent elastic con-
stants are present: nine for simple distortion pat-
terns (called pure modes), three for coupled modes,
three for surface terms. The equivalence of two sets
of elastic constants is shown and their relationships
are given in Ref.[3]. Generally, the elastic energy for
uniaxial or biaxial nematics should not only depend
on the distortions of director fields,*® but also on
the molecular orientation orders around the preferred
axes. One attempt to derive such an expression is to
use Landau—de Gennes’s theory, and expand the elas-

biaxial nematic liquid crystal, elastic theory

tic energy into a power series of rotational invariant

of order parameter matrix.!

However, in this deriva-
tion, only the macroscopic symmetry of order param-
eter matrix is involved, the molecular interactions are
not considered. In order to obtain an elastic energy
based on molecular interactions, we consider, in this
paper, a rotational invariant of interaction energy be-
tween biaxial-shaped molecules, and by using mean
field approximation, expressions of elastic constants
for nine pure modes are derived. The results will be
analysed and compared with those derived in Landau—

de Gennes’s theory.

2. Interaction energy density

The molecular interaction between molecules 1
and 2 should be a rotational invariant. Generally, the
energy satisfying this requirement has the form

Vig =Y Vijgr(lrizl) D (=DM

3i'3" mM
x C (55" jm, M —m)Qjr m(521)
X Qj//)M_m(\Q2)}<vj7—M(TA12)7 (1)

where 119 = 712712 is the vector between centres of

mass of molecules 1 and 2, C(5'5"j;m, M — m) is
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Clebsch—Gordan coefficient, 2, and (2, are the Euler
angles of molecules 1 and 2 in the laboratory frame
respectively. In a frame fixed on molecule, suppose
the multiple moment of molecule is Qj,, where | =
0,1,2,..., m = 0,£1,+2,...,+l. Moment Q;,,(2)
can be obtained by a rotation transformation,

Qg m -Ql ZDJ) -Ql Qj’na

Qi m—m($%) ZDM mon(22)Qjims — (2)

where 2; = («;,3i,7:) is the Euler angle for the ith
molecule (¢ = 1,2). Quantity D 55,2 is the Wigner ro-
tation matrix element.l® The dipole-dipole interac-
(1,1,2) term, the induced
dipole-induced-dipole and quadrupole—quadrupole in-
(2,2), j = 0,2,4
terms. Odd value terms for j” or j” will vanish for cen-

tion is given by (5, 5", j) =
teractions are given by (j',j") =

trosymmetric molecules (such odd-parity terms can
occur in the cholesteric state). In the Cartesian co-
ordinate system, the quadrupole moment matrix of
a centrosymmetric molecule Q;; (4,7 = 1,2,3) is real,
symmetric and can be chosen as traceless.”) When
it is diagonalized, there are only two independent
diagonal elements. Transforming these matrix ele-
ments into spherical components, we have Q2 +1 = 0,

Q2,2 = Q2,—2

zero elements can be chosen as (2 9 and Q2 2.

= Q35 = Q3 5. Two independent non-

The probability of finding molecule 2 with orien-
tation (% at position ro when molecule 1 is at 71 with
orientation 2 should also be a rotational invariant,

F=Y" fewn(r) Y (-1

k/k//k pP
x C(K'K"k; p, P — p)Qus (1)
X Q. p—p(122) Yy —p(712). (3)

Combining Egs.(1) and (3), the interaction energy be-

ie.

tween molecules 1 and 2 becomes

Eqo :/// Via($21, £, 712)

X f(Ql, QQ,’I’lg)d.QldQQd’I‘ldT'lQ. (4)

For a N-molecule system, the energy density in a vol-

ume V is

1 a N2
EZWZZEU%WER' (5)

i) =1
Substituting Eqs.(1) and (3) into Eq.(5), and choosing
‘/j’j”j = vj’j”j/Na we have

= ﬂv //// d’!’ldT12d.Qld.QQ

X Z ’Uj/j//j(T'12) Z fk’k”k(ru)

j/j//j k/k//k
X E MO 5;m, M —m)
mpMP

XC(K'K"k;p, P —p)Qjr m (1) Qur p(£21)
XQj1r M—m(2)Qur p—p(§22)
XY (F12)Ye,—p(12). (6)

From Eq.(2) we have

Qjr.m(1)Qr p(f21)

—ZZQ] Qi DY) (1)

Expanding the coupled rotational matrices
pY) (.Ql)Dgfpz(Ql) into linear combination of

m,m’

D,(,Jl?ns, we have

kl
D) ().

Qjrm (1) Qi p(121)
=3 Qi Qo ¥ CUH'Km,p)CG' K m!,p)
/ / l/

D) (). (7a)
Similarly,

Q) m—m ($2)Qrr p—p(£22)
= Z Qj”,m”Qk”,p” Z O(j”kj”l”; M — m, P —p)

m//p// I

xC(j M )Dg\l/f/lp mep. m//+p//(92) (7b)

For the convenience of writing, we change sym-
bols r1 to R, r15 to v, and write (21, (% as 2r, Qrir
respectively. Because the interaction energy is rota-
tionally invariant, we choose {a(R),b(R),é(R)} as a
frame (called the primed frame) where the interaction
energy is calculated. In this frame, the angle 2r4, is
obtained by

(1) Rotating molecule 2 by an Euler angle Af2 =
(Aa, AB, Ay) from {a(R), b(R), ¢(R)} to {a(R + ),
b(R+7), d(R+71)};

(2) Rotating molecule 2 by an Euler angle 2, =
(ar, Bryyr) from {a(R+7),b(R+7),é(R+1)} to
2Ry r.

The rotation matrix is

l//
E\/IJZP m— pm”er”(‘QR‘i‘T)
l
=3 D e (ADE) L (2). (8

Substituting Eq.(7) into Eq.(6), and using Eq.(8), we
have
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////dQ d2rdRdr >~ N e (r) fronen(r)
/ //J klk//k
X Z nM+ECy ”j m, M —m)C(k'k"k;p, P — p)
mpM P
XY Qyrm Qo Y CUHK;m,p)C(GK T m! p’)follp_,m,ﬂ,(QR)
m’p/ I
% Z Qj”,m” K Z C(j”k”l”; M—m,P —p)C(j”k"l";m” //)
m//p// l//
x ZD ") (ADY), (0 (7)Y —p(7) (9)
M+P—m—p,s s,m’’ +p'"’ r)Lj,—M k,—P\T).

Using mean field approximation, the orientations of molecules in the local director frames at R and R+ r are

averaged to <D(j/) v (2r)) 2r and <D(l//)

m-+p,m’+p s,m" +p"

(£2,)) g, . Taking integration of [ df2g [ df2, and absorbing the

result into v/ j»j firks for the sake of simplicity, Eq.(9) becomes

//der Z Z 00 (1) frr ke (1)

3575 k'E"k

<D (=

mpM P

]\{[-i—PC -/ /I.7 m, M — m)C(k'k”k,p,P—p)

< Qirm Qur o Y CUK Y m,p)CG R, p') (D) v (2R))
I/ l/

> Z Qj”,m“Qk“,p” Z O(j”k”l”; M—m,P— p)c(j”k”l”; m//vp//)

m''p’ 1

XZDmpmwmmw&”Mmm%

3. Calculations of elastic con-

stants for pure modes

In Saupe’s theory,[!! neglecting surface terms, the
elastic energy density for biaxial nematics is written
as

1 Loy A2
E, 25 ;{Kaa[(a : vb) ’ C]

+ Kap[(@- Va) - b + Koc(a - Va) - &
+2C(a x V xa)-(bx V xb)}, (11)

where > means a cyclic permutation over a, b, and
a
c. For example, for an arbitrary function f(a,b,c),

> fla,b,c) = f(a,b,¢) + f(b,c,a) + f(c, a,b).

In Eq.(1), there are twelve elastic constants: nine
for pure modes (Ks), three for coupled modes(C'’s).
In order to derive expressions of elastic constants for

M (7)Y, —p (7). (10)

pure modes, we consider the following distortions:

a(r) = 2,
(A) b(r) = cos 0,9 + sin b, 2,

é(r) = —sinf,9 + cos,2, (12a)
where 6, = A, sin(q - 7);

a(r) = cosOpi — sin O 2,
(B) b(r) = 9,

é(r) = sin 0pZ + cos O 2, (12b)
where 0y(r) = Apsin(q - r);

a(r) = cos b & + sin 0.9,
(C) b(r) = —sin 6,2 + cos 0,7,

é(r) = 2, (12¢)

where 0. = A.sin(q - 7).
Substituting a(r), b(r), é(r) in distortion patterns A,
B and C into Eq.(11), we obtain
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E; :% waq2 A2 cos?*(q-T) + %Kbc(qy c0s 0y + q. sin0,)> A2 cos?*(q - r)
+ %ch(qy sinf, — q. cos0,)? A% cos®(q - r),
E, :%Kbbqug cos’(q-r) + %Kca(qz sin 0y + q. cos 0,) A7 cos®(q - r)
+ %Kac(—qx cos By + q. sin6y)2 A? cos®(q - r),
Es :%chquE cos?(q-r) + %Kab(qE cos B, + q, sin0.)2 AZ cos?(q - )
+ %Kba(qE sin 6, — g, cos0,.)? A% cos?(q - 7). (13)

For small angle approximation, i.e. A, < 1, 4, < 1,  Af,, ©/2), Al = (0,A6,,0), A3 = (AH.,0,0) re-
A, < 1, E; (i = 1,2,3) may be expanded into  spectively. In power series of q, Ad,, Aby, Af. can be
the power series of A,, Ay, A.. Keeping only the  expanded as

quadratic terms and integrating over the entire vol-

ume V', we have Aby =0,(R+71)—0,(R)
1
1 - . "R) — Z(g-r)?si .
By = 7 ALV (Kaad; + Koegy + Kad?), = Aalg-rcos(q- R) - 5(q-r)"sin(g - R)], (15)
Lo 2 2 2 h —ab
By = ZAbV(Kbbqy + Keags + Kacqy), where o = a, b, c.
1, ) ) ) In the primed frame (corresponding to rotation pat-
Es = ZACV(KCCQZ + Kap@y + Kpady)- (14) " tern A), the position vector  is
For the three distortions above, interaction energy in .
Eq.(10) will also give similar forms under mean field r=T,
approximation. By comparing the corresponding co- y =1y cosl, — 2 sinf,,
efficients, nine elastic constants for pure modes can be 2z =1'sinf, + 2’ cosf,. (16)

derived.

In distortion patterns A, B and C, the Euler  Substituting the above transformation into Eq.(5), ex-
angles between directors {a(R), b(R), &R)} and  panding it into power series of A, and keeping only
{a(R+7), ((R+7), ¢(R+7)} are, Ay = (—7/2,  the lincar and quadratic terms, we have for

qllz, A0, = A, [qw’ cos(q- R) — %qzx’z sin(q - R) |;
qll§, A, = A qly’ — 2’ Aysin(q - R)]cos(q- R) — %qQ [y? — 242’ Ay sin(q - R)]sin(q - R)};
1
ql|z, A6, = Aa{q[z' +y'Agsin(q - R)]cos(q - R) — qu [2"2 + 22"y’ Ay sin(q - R)] sin(q - R)}
Similarly, for distortions B and C,
qllz, A0, = Ab{q[:v' + 2/ Apsin(q - R)] cos(q - R) — %qQ[xQ + 22’2 Ay sin(q - R)|sin(q - R)};
~ / 1 2,12 :
allg, Ab = Ay [qy cos(q- R) — 5q°y " sin(q - R) ;

1
qllz, A6, = Ab{q[z’ — 2’ Apsin(q - R)]cos(q - R) — §q2[z’2 —22'7' Apsin(q - R)]sin(q - R)}
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1
qllz, Ab.= Ac{q[x’ —y'Acsin(q - R)]cos(q - R) — §q2[x’2 — 22"y’ A.sin(q - R)]sin(q - R)};
1
alli. 86 = Adqle' Acsinia - B) + ) cosla - R) ~ 3720’y Acsinia - R) + ] snla - )}
qllz, Ab.= A, [qz’ cos(q- R) — %q22’2 sin(q- R)|. (17)

Notice that here q is still in the laboratory frame
(unprimed system).

Expanding rotation matrix D§\44)-P mp.s(A82)
into the power series of A#,, Af,, Af. and keep-
ing only linear and quadratic terms, we find that
terms like sin(q - R), cos(q - R). sin(q - R)cos(q - R)
will be zeros after integration over dR and terms like
sin®(q - R), cos?(q - R) will be V/2. So by simply set-
ting

qllz, A8, = Aqa,

Aby = Apgz’ — (Apg)*a'?,

Ab. = Acqx’ + (A,
Ab, = Auqy’ + (Aa
Aby = Ayqy,

Afe = Acqy’ — (Acq)*a"y/,

ql|2, A0, = Auqz' — (Aq)?*y 2,

Aby = Aygz' + (Mpq)*a’?,

Al = Acq?, (18)

q)*z'y,

q|ly, 9)%y'?,

and absorbing 1//2 into coefficient v ;, we will ob-
tain same integration results.
In geometry A, B and C the expansions of

7 N ~ A
DY oo (AR2) for g2, ql|g, ql|2 are

l//
DngZP m— ps(A“Q)
=A%¢%r? [ W) arepo + D (M + Pom + p)

47 .
WYZM+P(T)]= (19)

where o = a,b,¢c, i = x,y,z. Here the ¢° term and
}/Z,m’ (m/
the former one will not contribute to the distortion en-

# M + P) in ¢? order are neglected since

ergy and the latter will be zero after integration over
7. Coefficients K

m—+p,s?
are given in Appendix A.

Substituting Eq.(19) into Eq.(10), one finds that
the energy density has two terms. The one associated
with K% is denoted by EY and has the form

m+p s

Dl(,?‘;) fora=a,b,c,i =1x,y,z

E? :g/ﬂ 27”4d7" Z Z ’UJ/J//J fk’k“k Z ng Qk'p ZO /k l/ / /)

35" k' k" k

X Z Q_]”m”Qk” ,,ZC ”k”l”

m/'p! 1"
U9
X <Ds,m”+p”(‘QT)>QT5jkal'l”

where « = a,b,¢, W(j

W' KK G =

(27 +1)(2' +1)
(2K +1)

\/2g+1 2 +1) Z (73

// //) Z (_1) K(l ") <D((1ln)1 iy (QR)>QR

qs

W (5" k'K 5,1), (20)

"5"K'K": 4, 1') is Racah coefficient(®] and is defined as

5" jsm, M —m)C(jk"K'; M, =M — p)

x C(j'U'K';m, —m—p)C(j”k”l’;M—m,—M—p). (21)

The second term associated with Dl(,o,‘z) (M + P,m +p)(a = a,b,c, i = x,y,2) is denoted by ES? and has the

form
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By =— /Aaq 7°4d7° Z 015 (1) frrer i (r)C (7523 0, 0) Z Qjrm Qrryr

3’3" k'K k m/p/

(2j +D(2k+1) N TR A )
X Z \/ 2l/+ 1)(21// T I)C(] k l ,ym ,p) Z Q]”m”Qk”p”

m//p//

> Z O(j”k”l”; m”,p”)X(j/k’l’;j”k”l”;ij)
l//

l 15 i
xZ DUDY ) 4 (20)) 0n (D) () 0, DY (a), (22)
where D{53) (q) = 3 (—1)*C(1"2l';2 — ¢, —x) D{5 (z, 9),

X (73" KKk 1172) = > C(5'5" 3 m, M = m)C(K'K'k; p, P — p)C(§'K''s m, p)
mpM
x C(j"K"l"; M —m, P — p)C(jk2; M, P)C(I'l"2;m + p, M + P —m — p).
For centrosymmetric molecule we have considered, the average values (D((Z{;ZL, 4 (2R)) 2ps (Difnnz// L (20)) g,
will be zero when I’,1” are odd numbers. In order to express the total distortion energy in terms of orientation
orders at both R + r and R places, the lowest order terms are taken to be I’ = I” = 2. Further restricting
ourselves to quadrupole moment interactions, we simplify Egs.(20), (22) to obtain total energy as

o N A at A A i at at at
By = [ A2¢{IIGRDS 0) + QoQa(DI(0) + DEL(0) + DIY(2) + DI (-2)

+ @%(Déz‘?( > + D5, (2 > + Dé%? (—2) + DS, (~2))]

+ I QIESY + QoQa(KG™ + KM + K$Y + KUP)
+ Q3" + K + K@“) +EE) (23)
|
where a = a,b,¢c, 1 =2y, 2, These definitions of Qg, Q2 are similar to those de-
D) fined by Freiser.[”) Using the tables in Appendix A
= \/;N / Z v225(r) 22k (7) and comparing Eqs.(24) and (23), we have
ik

x X (222;222; jk2)rtdr, . 5 2
Kp=—(T+=I"){Qo—1/=0Q
F' :N/ D () fon (1) (25 + 1) " ( T2 > <Q° \/;Q2> |
i 1 N 2 \°
X W(2222'j, 2)rddr, Koe = Kea=5(I'= T )<Qo - \/%Qz) ,
QO —Q0< >+Q2<Dé§) Dé2—)2>’ ch: _<F+%F/) gan
Q2 =Qo(DS)) + Q2(DS) + D,),
Qo =) C(222;m, —m)QamQ2,—m

m 1\ (A~ 2 - \*
2 Kaa:_(F+§F)(QO+\/;Q2) P
—\/;(262%,2 - Q;o),

1 o~ 2 -\
Q2 =) C(222;m,2 — m)Q2mQ2.2-m Kye=Kep = 5(I' =T )(Qo + \/;Ch) . (25)

8 _
Koy = Kpo = (F - F/)gQg,

N =

2
—2\/;62270@272- (24)  In the uniaxial case, they become
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1 Ko =K, —(2L+L)2P2
Kbb__(F‘i‘EFI)_%, ab —f\ba = 1 2 3 )
2
1 _ 1
Koe =5(I' = I")QG, Kaa —2L1(S+3P> ,
1 b 1\’
Kea =5(I' = I")@s, Kpe —ch—(2L1+L2)<S+ §P> ;
Kap =Kpa = Kee = 07 Oab :Cbc = Oca =0. (28)

Koy =5( ~ @3, (26)

Comparing these with Frank elastic constants, we
have Kbb - Kaa - K227 Kac - Kbc - K117 Kca -
Ku = K33 and K11 = Kaas.
we only considered the molecular interaction energy

In derivations above,

as free energy density. Generally, free energy den-
sity should be F' = E — T'S where T is temperature,
S is entropy. In uniaxial nematics, Priest(® and Gel-
bart and Ben-Shaull® argued that entropy density can
be written as Siot = Srot + Strans Where Syot and
Sirans are rotational and translational entropy den-
sity respectively. Since rotational entropy has the
form of [ f(£2)In f(£2)df2 where 2 is the relative an-
gle between the long axis of molecule and director 7,
it makes no contribution to distortion energy. The
translational entropy Sipans can also be written as a
rotational invariant in a form similar to Eq.(6) with
an additional constant A. For the detailed derivation
see Appendix B. In this case, all K’s will be am-

/
E
plified by a factor (1— \), where A = kT2 L0

. 9(Ep)
E
g (Ey) = g )|E:E07 g(Ep) is the microscopic state

number density at non-distorted energy Ej.

According to Landau—de Gennes’s theory, elastic
energy density of biaxial nematics is

Fr, :%(81'ij)(ai@jk)
+ %(&'Qik)@@jk% (27)

1 1
géij) + gP(aiaj — blbj)

Substituting @Q;; into Eq.(27), we have

where Q;; = S| ¢;e; —
J 3]

1 2
Ky =21, (s - §P> ,

2
Koo =K., = (2L1 + Lg) (S — %P) s

2 2
ch :2L1 <_P) )
3

Comparing our results of elastic constants with those
in Eq.(28), we have

i N

QOZS, QQZ?Pa
2

(1—)\)F: gLQ,

1
(1=XNI"=—-4(L, + ng).
The two rotational invariants are

oo 1
@ +2Q3 =8+ 2P,

Qo(Qf — 6Q3) = S(5* - P?).

Notice that in simple distortion patterns we have con-
sidered, the coupled terms Cgp, Che, Ceq do not ap-
pear. In order to derive such terms, more complicated
distortions need to be considered.

4. Conclusion

In this paper, we derive nine elastic constants
for simple distortion patterns in biaxial nematics in
terms of thermal average (D%%)(D%L/), where DY),
is Wigner rotation matrix. In the lowest order I,
', the elastic constants depend on coefficients I", I"’
Coeflicients

I' and I depend on the interaction energy function

and A, order parameters Qo and Q.

vjr v j(r12) and probability function fi g (r12) where
r12 is the distance between two molecules. Coefficient
A depends on temperature and the microscopic state
number density at the neighbourhood of non-distorted
equilibrium energy. Q¢ and @ are parameters related
to multiple moments of molecules. Comparing our re-
sults with those obtained from Landau—de Gennes the-
ory, relationships between coeflicients, order parame-
ters used in both theories are obtained. In the special
case of uniaxial nematics, both results are reduced to
a degenerate case where K17 = Ks3.
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Appendix A pattern C,

Since (D) (22 ams (DY), (2 e, will D) ples) _2
m-p,m/+p' \" R}/ 2R s,m/ p\2er )] 2 W1 2(0,2) = D3, (0,-2) = 3

be zero for odd m + p, s, values of m + p, s are

taken to be 0, +2 for I’ = I” = 2. Tables 1- D(cy)(o 2) = D(cy)(o ~9) _ 2

5 list all values of DY (M + P,m + p) and K,(fj_)p s 7 3

where o = a,b, 1 z,y,z. In distortion pat- Déczg(o 2) :Déc;)(O —2) = _4.

terns A and B DY (M + P, —2) = D{*Y(—M — P,2), 3

DY (M + P,—2) =

D (—M — P,2). In distortion

Table 1. Coefficients Dé‘:i)(M + P,0)(i = =z,y, 2) in Eq.(19).

M+ P=(-2-1,0,1,2)

The rests of DS (M + P,m + p) are zeros.

s D{*™) (M + P,0) i) (M+P 0) D$) (M + P,0)
0 _17073707 ! 17_1 l 1 0717_17170
4" "2 4 4" 2 274 2 2
6 6 6 6 6 6 V6
2 070,£70’_£ 0’07£,_£77 0,0, £7£’0
12 1 1 6 12 6 6
-2 <_@707 \/6707(]) (@7_@7 \/6707(]) (07@7_@707())
12 12 12 6 " 12 6 6
Table 2. Coefficients D;‘;”(M + P,2)(i = x,y, 2) in Eq.(19).
M+ P=(-2-1,0,1,2)
s DS (M + P,2) DS (M + P,2) DS (M + P,2)
6 6 6 1 6 1
0 0.0 Y6 o V6 0.0 V6 1 V6 0.0 Y61,
12 4 12 2" 4 6’2’
1 1
2 <O,O,O,O,—Z) <O,O,O,O7 Z) (0,0,0,0,0)
1 1 1 6 1 1
-2 07077707_7 070777_£77 O O f
6 4 6 6 4 3 6
Table 3. Coefficients Dgl;i)(l\/[ + P,0)(i = z,y, 2) in Eq.(19).
M+ P=(-2,-1,0,1,2)
s D(b‘)(M—i-P 0) D(by)(M+P o) D (M + P,0)
1 1 1 1 1
0 R a0 4 7_7 ) 07_7_17_70
4 4 4 2 2
2 070,_@ ﬁ’_ﬁ 0,0,—~—,0 6 070,ﬁ7_ﬁ’0
12° 6 12 12 6 6
_92 _@7ﬁ7 \/67070 \/67 \/6 ,0,0 07_@7@7070
12 6 12 12 6 6
Table 4. Coefficients Dégi)(l\/l + P,2)(i = z,y, 2) in Eq.(19).
M+ P=(-2,-1,0,1,2)
s DL (M + P,2) DY (M + P,2) DL (M + P,2)
1 1
0 0707_£7_7_£ 0707 \/_ 0 £ 0707@7__70
12 2 4 1 4 6 2
1 1
2 (0,07 0,0, Z) (0,0,0,0,—1) (0,0,0,0,0)
1 1 1 1 1
-2 0707_7_ﬁ7_ 0707_707__ 0 0 \/_7
6 6 4 6 4 36
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Table 5. Coefficients Kfnjr)p s(t =a,b,c) in Eq.(19).
2a) 2b 2¢
S 7(n+p.,s K'r(nJr)p s K'r(nJr)p,s
0 (_@7_17_@) (\/6 \/_) (0,0,0)
12 2 12 12 2712
: (-6-329) (-5:30) (=5:00)
6 12 127 3
B B () B (0 B
12 6 6 3
Appendix B lational entropy
1
Consider a liquid crystal system contacting a heat Strans =7 p(ri,ra, ..., TN)
reservoir of temperature 7. Suppose the probabilit.y K Vi(r1,79, e )dridry . dry + ki In Z
for molecule 1, 2, ..., N at position r1,72,...,7N i8S 1
p(r1,72,...,7n). The corresponding entropy is :T<Vt(r1,r2, e s PNy o,y FEBIDZ
1
=5= (Vig(risrj, 25, 25) )vs vy 2,2,
Strans:_kB/p(r1;r25-'-arN) T;; ! !
1
x Inp(ry,ra,...,ry)dridrs...dry. (B1) ZTE-i-kBan, (B5)

Suppose the interaction energy between molecules 1,
2 at positions r1,ro with orientations (2, {25 respec-
tively is Via (71,72, 21, (). Averaging over all possi-
ble orientations of (21, {2 gives the interaction energy
between molecules 1, 2 depending on positions only,
ie.,

(Via(r1,72, 81, 2)) 0, 0,

Vig(r1,m2) = (B2)

The total interaction energy of the system depending

on positions 71,7y, ..., TN i
1
‘/15(7’1,7’2,...,’!’]\[) = 5;;‘/“(7'1',7’]'). (B3)
i#j

The probability function p(ry,ra,...,rN) is given by

the Boltzmann distribution

p(r1,r2, ..., TN)
_%exp{_ Vl(?‘h?}“{zf.,rw)} (B4)
where partition function
7 = /exp {—Vt(rl’f']?};f - ’TN)]drldrg ...dry.

Substitute Eqgs.(B4) into Eq.(B1), we have the trans-

where E is the total internal energy of the system.
Suppose in the energy interval dV;, the number of mi-
croscopic states is g(V;)dV;. The partition function

can be rewritten as

7= / expl— —V]g(Vi)dVi.

T (B6)

According to the statistical theory, for a large-

number-molecule  system, integration function

Vi
exp [—ﬁ} (Vi) has a sharp peak value in a nar-

row energy interval AV at energy E. Consequently,

E _
Hence
InZ ~ —% + In(g(E)) + In(AV;). Compared with
B

the first two terms, the last term In(AV}) can be ne-
glected. So

Strans

1
ZTE—F/CBIHZ

1

B %E +kpln(g(E)).  (BS)

According to the statistical theory, E = E where
So Strans =
Expanding F in the neighbourhood of

FE is the internal energy of the state.
ks In(g()).
uniform state energy Ey (where there is no director
distortion), we have
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1
Strans = kB ln(g(EO)) + kB mgl(Eo)Eél,

where E = AE = FE — FEjy is the distortion energy.
The free energy density of the system is then

gl(Eo)}
F =F —TSirans = EX |1 — kT
' ¢ { B 9(Eo)

=(1-MNE?, (B9)

where

dg(E
"(By) = 2

~
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