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The three-dimensional (3D) lattice Boltzmann models, 3DQ15, 3DQ19 and 3DQ27, under different wall boundary
conditions and lattice resolutions have been investigated by simulating Poiseuille flow in a circular cylinder for a wide

range of Reynolds numbers. The 3DQ19 model with improved Fillippova and Hanel (FH) curved boundary condition

represents a good compromise between computational efficiency and reliability. Blood flow in an aortic arch is then

simulated as a typical haemodynamic application. Axial and secondary fluid velocity and effective wall shear stress

profiles in a 180° bend are obtained, and the results also demonstrate that the lattice Boltzmann method is suitable for

simulating the flow in 3D large-curved vessels.
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1. Introduction

Blood flow, especially its characteristics near bi-
furcations or curvature of the arteries, is an important
topic in the study of hemodynamics. There is a num-
ber of evidence that suggests a correlation between
atherosclerosis and regions with low blood velocity,
rotational flow or special shear stress near the walls of
the arteries.!? However, this kind of relation is still
not fully understood, but is currently receiving more
and more attention.

Detailed analysis of the developing fluid flow in
bends of vessels was strongly facilitated by improved
numerical simulations and in vivo experimental meth-
ods for the understanding of blood flow in human arte-
rial system.[®=5 The studies provide excellent insight
on the nature of the secondary flow and the result-
ing skewing of the axial velocity profiles, though the
nature of the flow developed in the real human aorta
is even more complicated, where the pulsatile flow is
extremely complex and unsteady. For simplicity, the
propagation of the flow is usually considered as steady
flows of different Reynolds numbers. And in many
cases numerical simulation is used because in vivo ex-
periments are extremely difficult.

The lattice Boltzmann method!6—1% has recently

been proven to be competitive in studying fluid flows
in various physical systems. Due to its simple imple-
mentation, straightforward parallelization, and easy
grid generation, it might be considered a more suit-
able approach of blood flow simulations.!*1—14

This paper is organized as follows. In Section 2
we briefly describe the 3D lattice Boltzmann method
and the boundary conditions. Section 3 is devoted
to a detailed comparison among three regularly used
3D models under different boundary conditions. In
Section 4, we present our simulation results of flow in

aortic arch. Conclusions are presented in Section 5.

2. The 3D
method

lattice Boltzmann

Lattice Boltzmann method, described by Bhat-
nagar, Gross and Krook (BGK) who simplified the
collision operator, is practically a discretization of a
discrete Boltzmann equation of velocity that describes
the evolution of particles in kinetic theory. Figure 1
shows the various usually used 3D models such as the
D3Q15, the D3Q19 and the D3Q27 models (here D
denotes the dimensionality of the problem and Q is
the number of bonds per lattice point).
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Fig.1. The 3D lattice models. (a) 3DQ15; (b) 3DQ19; (c) 3DQ27.

Let f;(7,t) be a non-negative real number describ-
ing the distribution function of the fluid density at
node r and time ¢ in which the fluid moves in direc-
tion e;. The distribution function evolves the single
relaxation time BGK operator according to the Boltz-
mann equation that is discrete in space—time,

ficq — fl (Tv t)

fi(’l" +e; - 5t,t+ 5t) = fi(’l‘,t) + f

(1)
Define macroscopic density p and velocity u as p =
> fis pu =" fie;. In Eq.(1) 6t is the time step, 7 is
the relaxation coefficient; f;? is the equilibrium dis-
tribution function in direction ¢, which is related to
density p and velocity u = (ug, Uy, u,). A common
choice is

3u?
2¢2 |’

9 (e; - u)?
2

o 3e;-u
fit=pwi |1+ —5—+

(2)

where w; is the weight factor depending on the length
of the vector e;, and e = dx/Jt, with dx = edt being
the lattice constant. Table 1 lists the weight factors
used in the different models.

Table 1. The coefficients w; in the equilibrium distribu-
tion function f;4 for the different lattice Boltzmann mod-

els.
model 0 I II 111
3DQ15 2/9 1/9 0 1/72
3DQ19 1/3 1/18 1/36 0
3DQ27 8/27 2/27 1/54 1/216

Note. A 0 indicates a rest particle, I is for links pointing
to the nearest neighbours, II is for links pointing to the
next-nearest neighbours, III is for links pointing to the
next-next-nearest neighbours.

The lattice Boltzmann models presented here
yield the correct hydrodynamic behaviour for an in-
compressible fluid in the limit of low Mach and Knud-
sen numbers. The macroscopic continuity equation

and the Navier—Stokes equation can be obtained by

Taylor expansion of the lattice Boltzmann equation
up to o(6t?) together with application of a multi-scale
Chapman—Enskog procedure,

Oep + 6a(pua) =0, (3)

O (pua) + 0s(puaup)

= Jap + I/ag[p(aa’Uﬁ + 6Bua)]7 (4)

where p and v are the pressure and viscosity defined
by

(5)
(6)

p=cp,
21 —1
v= QCQ(%,
6
¢s being the sound speed and ¢? = ¢?/3.
The stress tensor[!”] can be obtained from the
non-equilibrium parts of the distribution function,

Ta = —PC30ap— (1 - %) D (fimfieia-€is, (7)

i=0
which gives a- and (- components of the stress tensor.
The effect of the boundary conditions is very im-
portant in many fluid dynamical simulations. In lat-
tice Boltzmann method, the bounce-back boundary
rule is the simplest and computationally efficient way
to impose solid walls. However, it can attain second-
order accuracy only if the boundary is fictitiously
placed halfway between two nodes. Fillippova and
Hanel (abbreviated as FH) curved boundary condi-
tion using the interpolation technique can achieve the
second-order accuracy in the simulation of a flow with
a curved boundary.'®! But when the relaxation co-
efficient 7 is near unity, it induces the computational
instability. Afterwards, Mei et all'™ improved the sta-
bility of the scheme. Due to its better computational
accuracy and robustness in handling curved walls, the
boundary treatment usually is used to deal with the
complex geometry problem.
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3. Comparisons among the 3D
lattice Boltzmann models un-
der different boundary condi-
tions by simulating a Poiseuille

flow in a circular cylinder

In this work, the problem of Poiseuille flow with
z axis along the channel direction is used as a bench-
mark. In this case the analytical solution for the ve-
locity profile is known. The computational accuracy
of the 3DQ15, 3DQ19 and 3DQ27 lattice Boltzmann
models is investigated under different Reynolds num-
ber, boundary conditions, distribution of boundary
nodes and number of nodes. Figure 2 shows the 2D
projection of the discretized domain and the bound-
ary nodes (denoted by solid symbols) on the xy plane
for the flow inside a circular cylinder with a radius
R = 14.0 lattice units.
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Fig.2. The 2D projection of the discretized domain and
boundary nodes.

The relative error between the simulated and the-
oretical exact solutions was given by

1/2
{ Z [ULBM(xivyj)_ucxact(xivyj)]z}
(zi,y5)€R

E =

3

1/2
[ ugxact (xi? y])‘|
(z4,y;)ER
(8)
where {2 is the set of the discrete lattice grids inside
the pipe cross section, urem (i, y;) and Uexact (Ti, Y;)

are the simulated and exact axial velocity functions of
the tube, respectively.

3.1. Simulating accuracy of the 3DQ15
and 3DQ19 models under different
boundary conditions

The 3DQ15 and 3DQ19 lattice Boltzmann models
are usually used in simulations of 3D flow in a cylin-
drical pipe because they have higher computational
effect than the 3DQ27 model has. In the following,
test will be made for their simulation errors under
three different boundary conditions, i.e, the bounce-
back boundary condition, Filippva and Hanel curved
boundary condition and its improved boundary con-
dition.

Simulations are first performed by using the
3DQ15 model under the bounce-back condition, the
FH curved boundary and its improved boundary con-
dition, separately, with different Reynolds numbers.
The pipe radius R is set at 5.0 lattice units and the
length is 20. At the inlet and outlet of the tube,
the predetermined values of density are imposed on
and the common pressure boundary conditions are
used.!'®! The pipe wall is not slippery. By changing the
relaxation coefficient 7, the flow distributions in the
pipe are simulated for different Reynolds values. The
dependence of the relative error on the Reynolds num-
ber and wall boundary conditions is shown in Fig.3.
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Fig.3. Relative error under different boundary conditions
and relaxation coefficient 7 using 3DQ15 and 3DQ19 mod-
els. (Q15 is for the 3DQ15 and Q19 is for 3DQ19 model,
BB for bounce-back boundary, FH for FH curved bound-
ary, and MEI for its improved one).

Similar simulations are performed using the
3DQ19 scheme and the simulated results are shown
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in Fig.3. for comparison. The results show that with
the decrease of Re, that is, the increase of 7, the error
first decreases and subsequently increases after certain
optimal value of the relaxation parameter under all
the three kinds of boundary conditions. The curved
boundary conditions can give better results than the
bounce-back condition in dealing with the flows of the
The modified FH bound-
ary condition can improve the computational stabil-

complex boundary walls.

ity and accuracy when the relaxation parameter 7 is
close to unity. But the bounce-back boundary con-
dition has much higher computational efficiency and
system stability. In fact, if the simulating error is
met, the bounce-back condition is considered a bet-
ter method for simple geometries. On the other hand,
the 3DQ19 model is obviously superior to the 3DQ15
model in accuracy and stability. Although the 3DQ15
model requires 21% less CPU time and storage than
the 3DQ19 model does, it is not as robust as the 19-bit
model and may actually requires more CPU time and
memory to obtain a reasonable solution since more

nodes are needed.

3.2. Dependence of computational error
on the lattice resolution when us-
ing the 3DQ15, 3DQ19 and 3DQ27
models

To test the dependence of computational error on
the lattice resolution in 3DQ15, 3DQ19 and 3DQ27
models, the radius of the 3D cylinder is set at R =
5.0, 10.0, 15.0, 20.0, 25.0, 30.0, 40.0, here, R denotes
the cylinder radius, and the length of cylinder is en-
larged accordingly while the Reynolds number of the
flow is always set at a certain fixed value by chang-
ing the predetermined density at the tube inlet. In all
the simulations, the improved FH curved boundary
condition is adopted.

Figure 4 shows the relative errors € as a function
of lattice spacing N, for the three different 3D lattice
Boltzmann models. As demonstrated by Mei et al,'7]
the total error (including both the flow field and the
boundary condition errors) of the simulation decays
quadratically. Moreover, the 3DQ19 lattice Boltz-
mann model is better than the 3DQ15 and 3DQ27
models in accuracy and computational and memory
requirements. Thus, it represents a good compromise

of both computational efficient and reliability.
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Fig.4. Relative error € as a function of lattice spacing Ng
and cylinder radius for the three different 3D LBM models,
R = 5.0, 10.0, 15.0, 20.0, 25.0, 30.0, and 40.0 respectively,
here, R denotes the cylinder radius.

3.3. Dependence of computational error
on the distribution of boundary rel-
ative to the local for the 3DQ19
model

Finally, we investigate the dependence of simu-
lation error on the distribution of boundary relative
to lattices using the 3DQ19 model under the three
boundary conditions stated above. The simulations
performed only change the place of the centre of the
circular cross-section relative to the local lattice ev-
ery time, that is, the centre of the circle moves to the
corner of the local lattice along its diagonal, and the
offset equals a = 0.1, 0.2, 0.3, 0.4, and 0.5 respectively.

As seen in Fig.5, computational error varies with
the cylinder boundary relative to the local lattices,
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Fig.5. Simulation error by 3DQ19 model for different
boundary places relative to the local lattices under the
three boundary conditions (1 is for the bounce-back, 2 is
the FH, and 3 is improved FH boundary condition).

but the difference of the errors is limited within the
same order of accuracy. Furthermore, the simulating
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accuracy of the curved boundary conditions is an or-
der of magnitude higher than that obtained using the
bounce-back.

4. Simulation of blood flow in
aortic arch by lattice Boltz-
mann method with improved
FH curved boundary condition
for 3DQ19

4.1. Arch model

The studies on the flow development in curved
tubes have gained an insight of the nature of the sec-
ondary flow and the resulting skewing of the axial ve-
locity profiles in aortic arch, though the nature of flow
development in the human aorta is further compli-
cated by the noncircular cross-section, the secondary
and tertiary curvature, tapering, distensibility of the
wall, and the branch vessels emanating from the mid-
arch region.

Here a 3D arterial arch is considered, which is
represented by a curved tube with constant radius
R = 2mm and bend radius R. = 6mm. Figure 6
shows the 2D projection of the discretized domain and
the boundary nodes (denoted by dots) on the symmet-
ric yz plane of the arch. Blood is regarded as homo-
geneous and Newtonian fluid because the scale of the
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Fig.6. The symmetric yz projection of the discretized do-
main and the boundary nodes (denoted by dots) of the 3D
aortic arch.

suspended microstructure is much smaller than that
of the flow in arterial vessels though it is well known
that blood is a suspension. The density and kine-

matic viscosity of the blood flow are taken to be

p = 1.05g/cm3, v = 0.0381 cm?/s, respectively. By
changing the relaxation coefficient 7, a lot of steady
laminar flow simulation is carried out with Reynolds
number (Re = 2Ru/v, where u is the average velocity
in the whole tube) varying from 200 to 1000. At the
inlet and outlet of the tube, the FH curved bound-
ary conditions are used, and the velocity of the in-
let and outlet is specified by their predetermined den-
sity along the axial direction at halfway between the
first and second lattices. Furthermore, the improved
FH curved boundary condition is also used for all the
curved vessel walls.

In the simulation, in order to eliminate the in-
stability of solutions, a converged solution for a rel-
atively small value of Reynolds number is first used
as the initial condition for a larger value of Reynolds
number, and then the value of Reynolds number is in-
creased gradually so that the converged solutions for
the new larger values of Reynolds number can be ob-
tained. Moreover, to improve the simulation precision
and guarantee the flows next to the inlet and outlet
to be fully developed, the inlet and outlet lengths of
the simulated vessel should be increased and the lat-
tices should be refined with larger Reynolds numbers.
In actual computation, the length and node number
are evaluated so that the velocity relative error be-
tween the simulated and analysed values on the cross
sections near the inlet and outlet is kept at 2%.

4.2. Simulating results

4.2.1. Axial velocity

The development of the axial flow in the plane of
symmetry for y = 21.5 as in Fig.6 (the abscissa of the
bend centre) is shown in Fig.7. Velocity measurements
are performed at seven axial stations in the bend: 0 =
0°, 30°, 60°, 90°, 120°, 150°, and 180° along curved
axis of the bent tube of the projection, and 8 = 0° is
the inlet and § = 180° is the outlet of the curved tube.

oute

------------- S E

inner~ 30 60 90 120 150 180

Fig.7. Development of the axial flow in the yz plane of
symmetry; Re = 500.
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In the velocity profiles at § = 0° and 30°, the
influence of the curvature is hardly visible and the
parabolic velocity profile persists. Further along the
downstream the maximum of axial velocity has shifted
towards the outer bend, and at # = 90° the shift
reaches its maximum. A region of relatively low axial
velocity appears near the inner bend, where the sepa-
ration zones of the flow may exist with the increase of
Re. Then the maximum of axial velocity shifts tardily
towards the tube centre. At # = 120° this region has

developed into a plateau, in which the axial velocity
becomes slow toward the centre of the tube. But grad-
ually the plateau disappears and at # = 150° a local
minimum in the axial velocity is present at the tube
centre.

A more complete picture of the axial flow devel-
opment in the tube bend is given in Fig.8, in which
the flow fields in the half circular cross-section along
the tube axis at # = 0°, 30°, 60°, 90°, 120°, 150°, and
180° are given by iso-velocity contours.
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Fig.8. Development of axial flow represented by isovelocity contours at & = 0°, 300°, 60°, 90°, 120°, 150°, and 180° cross-

sections respectively; Re = 500. (O: outer bend; I: inner bend.)

4.2.2. Secondary velocities

In Fig.9 the development of the secondary flow in
the cross section of the bend at = 0°, 30°, 60°, 90°,
120°, 150°, and 180° is shown respectively by vector
plots.

At 0 = 0°, the secondary flow is completely di-
rected from the outer towards the inner wall as a re-
sult of high pressure gradient near the outer wall of the
bent tube. At § = 5°, the secondary flow moves from
the inner wall to outer wall along the symmetric plane
and the paired vortexes formed cover the whole cross-
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section, where the fluid flows circumferentially back
to the inner bend. The strength of the secondary flow
increases gradually with the development of the flow,
and the low-velocity fluid is carried to the inner wall
side at 8 = 30°. At 8 = 60°, the secondary flow has its
highest velocity. But near 8 = 90°, it is clearly that
the strength of the secondary flow is conversely atten-
uated. Then, it increases a little at 8 = 150°. It should

be pointed out that the strength of the secondary flow
decreases rapidly in the downstream straight portion
of the tube. Figure 9 also shows the secondary flows
in the downstream straight tube part 48 lattice units
away from the outlet of the bend, and the vortex that
develops a ‘tail’.  With the increase of Re, the sec-
ondary flow enhances too.
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Fig.9. Development of secondary flow depicted in vector plots in the cross-sections of the bend; Re = 500.

4.2.3. Wall shear stress

Shear stress for a Newtonian fluid is usually esti-
mated from gradients of measured or simulated veloc-
ity components, and the fluid viscosity. In many ap-
plications, especially in biological flows, the wall shear
stress (WSS) plays a critical role. Early atheroscle-
rotic lesions, for example, are thought to develop pref-

erentially in arterial regions exposed to low and/or
oscillatory WSS.

With the lattice Boltzmann model, the nine
Cartesian components of local stress tensor are di-
rectly obtained using Eq.(7). The stress at any given
point can be completely determined by this stress ten-
sor. A real benefit of the lattice Boltzmann solver is
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that these components are computed independently
from the velocity gradients. Here, we compute and
visualize the von Mises effective stress,[!9! defined as

A+6B
S = |/ 5 ©)

A= (822 — Syy>2 + (syy — SZZ>2 + (822 — Scm)27 (10)
2 2 2
B =s5, + 5, + 8%, (11)

where

The effective WSS distribution at the bend is pre-
It should be noted that the flow
along the inner wall of the entrance retains a high

sented in Fig.10.
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WSS. Also, along the outer wall, about one diame-
ter in from the entrance, there is an area where the
shear stress has a rather low value. This condition is
caused by the tendency of the flow to take the shortest
path along the inner wall. Near the exit of the pipe,
in the area where the bend becomes straight section,
another special interaction of the flows occurs, which
tends to increase the wall shear along the outer wall
and decrease it along the inner wall. This change in
WSS can be simply explained by the continuation of
the centrifugal tendency of the flow. The values of
the wall shear at places away from the pipe entrance
and at the exit agree quite well to those obtained by
Hamakiotes and Berger.[2’]
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Fig.10. Effective shear stress distribution on the walls (WSS) of the bend; (a) Re = 500; (b) Re = 960.

As Re decreases and the flow decelerates, in a gen-
eral sense, the WSS patterns are similar to each other
except that the level of WSS is significantly lower. The
entrance region of the flow is longer, and as the flow
develops, there is a tendency for the wall shear to be
higher along the outer wall relative to that along the
inner wall. It should also be noted that the entrance
region experiences quite low WSS as the flow adjusts
itself to the pipe curvature.

5. Conclusions

In this paper we have addressed various issues re-
lated to 3D lattice Boltzmann method which are im-
We first dis-
cussed the effects of the bounce-back boundary con-

portant in a practical point of view.

dition, FH curved boundary condition, and the im-
proved FH curved boundary condition under differ-

ent Reynolds numbers for the 3DQ15 and 3DQ19 lat-
tice Boltzmann models by simulating Poiseuille flow in
a circular cylinder. The curved boundary conditions
can give better results than the bounce-back boundary
condition does, but the latter has much higher compu-
tational efficiency and system stability. Moreover, the
3DQ19 model is clearly superior to the 3DQ15 model
in accuracy and stability.

In addition, we also study the dependence of com-
putational error on the lattice resolution for 3DQ15,
3DQ19 and 3DQ27 lattice Boltzmann models. The
3DQ19 represents a good compromise in both compu-
tational efficient and reliability.

Besides the evaluation of the boundary conditions
and the 3D lattice Boltzmann models, we have in-
vestigated the dependence of simulating error on the
distribution of boundary relative to its local lattices.
Although the computation error varies, the difference
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in the error is limited in the same order of accuracy.

Finally, a numerical analysis has been performed
for 3D aortic arch flow for different Reynolds numbers
using the 3DQ19 lattice Boltzmann model with the
Detailed
description is given of the axial and secondary fluid
velocities and the effective WSS in a 180° bend. The
results show that a region of relatively low velocity and

improved FH curved boundary condition.

WSS appears near the inner wall of the bend, where
the separation zones of the flow might exist with the
increase of Re, and deposition of particular blood con-

tents might occur and form arteriosclerosis. The re-
sults are also consistent with the previous studies by
other methods, and are helpful for the understand-
ing of the relationships among the arterial geometric
complexity, arterial biomechanics, and arterial wall bi-

ology.
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