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spatiotemporal optical solitons in dispersive
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We investigate the energy exchange between (34+1)D colliding spatiotemporal solitons (STSs) in dispersive media

with cubic—quintic (CQ) nonlinearity by numerical simulations. Energy exchange between two (34+1)D head on col-

liding ST'Ss caused by their phase difference is observed, just as occurring in other optical media. Moreover, energy

exchange between two head-on colliding STSs with different speeds is firstly shown in the CQ and saturable media.

This phenomenon, we believe, may arouse some interest in the future studies of soliton collision in optical media.
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1. Introduction

The most fascinating features of soliton phenom-
ena may perhaps be seen in interactions between

solitons.' ~4 Interactional optical spatial solitons[??!

and spatiotemporal optical solitons!®!

even may
have potential applications in optical logic and
switching.[®7 In light of the effects of interference oc-
curring in the processes of soliton collision, interac-
tions between optical solitons can be classified into two

coherent and incoherent interaction.[2:3]

categories:
The first one appears in media for which either the
response time is extremely fast or the response time is
much shorter than the time that the relative phase of
two interactional optical solitons can remain station-
ary. In these cases, the force between optical solitons
is either attractive or repulsive, depending on their
phase difference.?3] On the other hand, if the relative
phase of the two interactional optical solitons varies
much faster than the response time of the medium,
the medium cannot respond to interference effects but
responds only to the time-averaged intensity, which
leads to a simple superposition of the intensities in the
overlapping region. In this case, the resultant force is
always attractive.[23]

For coherent interactions, there is energy ex-
change between two solitons when the phase differ-

ence is intermediate between 0 and w. The energy

is scattered from one soliton to the other because
the phase of the interference pattern in the overlap-
ping region is different from those of both solitons.!?
This phenomenon has been observed experimentally
and demonstrated numerically in interactions between
diverse solitons, such as Kerr solitons,? quadratic

89 and solitons in saturable Kerr media or

solitons
photorefractive media.['?) In these cases, energy ex-
change appears to be sensitive to the phase difference

between interactional solitons.[3:8—10]

interac-
tions between spatiotemporal solitons in (3+1)
dimensions.'"1? (341)D STSs are nondiffracting and

nondispersing wave packets localized in all transverse
(5]

Energy exchange also occurs in

dimensions of space, as well as in time.l”) They are
called light bullets,"3! which will collapse in Kerr
media.['314 To arrest the catastrophic collapse, var-
ious schemes have been proposed.l”) To mention but
a few, the saturable nonlinearity'>!% and the CQ
nonlinearity'”'8 were introduced in the media. In
saturable media, where the varying index saturates
with increasing intensity, energy exchange between
colliding (341)D STSs has been studied.'™12] Tt is
shown that as the phase difference between STSs is
intermediate between 0 and 7, the light bullet leading
in phase grows (due to energy gain) at the expense of
the other.['1:12]
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In this paper, we investigate the energy exchange
between (3+1)D colliding STSs in media with CQ
nonlinearity numerically. Our extensive simulations
revealed that the energy exchange between colliding
(341)D STSs not only depends on the initial phase
difference between the STSs, but also on their initial
velocities. Moreover, the same phenomenon occurs in

saturable media as well.

2. Theoretical model

The evolution of the electromagnetic field enve-
lope F in the dispersive CQ media is governed by the
CQ nonlinear Schrodinger equation:

2ikoE, + V3 E + koDE,; + 2k3(n2/no)|EI*E

— 2k3(na/no)|E|*E = 0. (1)

Here z is the propagation coordinate. The Lapla-
cian V2 (representing the spatial diffraction) acts on
The retarded
time is 7 = t — z/vg, where ¢ is the real time and

the transverse coordinates x and y.
vg is the group velocity of the carrier wave. kg is
the propagation constant; and D > 0 is the coef-
ficient of temporal dispersion. Introducing rescaled
variables U = \/WE, T = TLQ\/WT, 7 =
(kon3/nona)z, and (X,Y) = konav/2/nona(z,y), we

transform Eq.(1) into a normalized form: ‘!

iUz + (Uxx + Uyy + Urpr)

+|UPU - |U*U = 0. (2)

Spherically symmetric solitary wave solutions to
Eq.(2) in the form of U(X,Y, Z,T) = V(r)exp(ikZ),
where r = VX2 4+ Y2+ T2 and k is a real propaga-
tion parameter, has been obtained.'” Tt is assumed
that the real amplitude V reaches its maximum value
at r =0and V, — 0 as r — oco. With this assumed
form, Eq.(2) can be reduced to an ordinary nonlinear
differential equation:

V" 4+ (2/r)V' —kV + V3 - V5 =0. (3)

The above equation is usually solved by means of
shooting method.!'”) Figure 1 shows a set of solutions

corresponding to different values of k.[17]
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Fig.1. Radial solitary wave profiles V(r). The values of
k are indicated near the curves.

The energy of these (3+1)D zero-spin STSs is de-
fined as

E(k) =4r /000 V2(r, k)rdr. (4)

Figure 2 displays the energy of (3+1)D STSs ver-
sus k.17l There appears a distinctive U-shaped energy
curve, where the minimum energy is Eni,/(47) =~
15.08 at key =~ 0.026.117 In light of the well-known
Vakhitov—Kolokov criterion,51 the curve is divided
into two branches. The stable and unstable branches
correspond to the ones where k., > 0.026 and k. <
0.026, respectively. In our numerical simulations, we
choose (3+1)D STSs in the stable branch.
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Fig.2. The energy of 3D STSs versus their propagation
constant k.

3. Numerical method

With the obtained stable (34+1)D STSs, one
can study the interaction processes between STSs
by numerical simulations using the split-step Fourier
method that is acknowledged to be one of the most
efficient ways for solving the NLS equation.[?*-2! The
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second-order derivative with respect to X, Y and T
are solved in Fourier space, so periodic boundary con-
ditions are used in X, Y and T'. Most of our numerical
simulations are carried out on a 256 x 256 x 128 (or
512 x 256 x 256 when necessary) mesh and the step size
is taken to be 0.005. For the Eq.(2), total energy is

[22] We monitor this quantity in

a conserved quantity.
simulations to check the numerical accuracy. More-
over, we also change the step size to minimize the

numerical artifacts.

4. Results

Here, the propagation constant is chosen to be
k = 0.07 in the dispersive CQ media in order that

X

the selected STSs stay in the stable branch. To in-
troduce initial constant phase factor and initial ve-
locity, one can multiply individual initial input pro-
file U(X,Y,Z =0,T) by a factor exp(ivT + igy),?
where v denotes the velocity relative to the group
velocity and ¢g represents the initial phase factor
(for simplicity, we choose 0 < ¢y < 2w in this pa-
per). Because of the spherical symmetry of the so-
lutions, it is informative to draw the contour plots
of [UX, T,Y =0,Z=2p)] in X — T plan, where
Zy is a constant. However, to clearly show the
whole interaction process between the two STSs, plot
of [UX =0,T,Y =0,Z)| is necessarily presented,
where distribution of light intensity in cross section

cannot be shown.

Fig.3. The contour plots of [U(X,T,Y = 0,Z = Zp)| in the X — T plane displaying three head-on collisions
of two STSs in the CQ media. In (a) and (d), The two colliding STSs have equal initial speeds, but the
initial phase differences are m and /2, respectively. In (g), the two colliding STSs have different initial

speeds and the initial phase difference is . Luminosity is proportional to the intensity of the light.
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Figures 3(a), 3(b) and 3(c) are the contour plots
of [UX,T,Y =0,Z = Zy)| in X — T plane to demon-
strate the evolution of two repulsive STSs in the CQ
media. The two STSs are initially moving in oppo-
site directions with equal speed and their initial phase
difference is 7 (the phase of the top light bullet in
Fig.3(a) is chosen to be 0, the same for other fig-
ures). They firstly move head on, a repulsive force
arising and increasing between them as they get nearer
causes them to slow down and obviously change the
light intensity distribution (i.e., change the shape of
light bullets). As they rebound away from each other,
they accelerate in opposite directions and regain their
origin shapes approximately at Z = 30.0. It turns
out to be almost no energy exchange between the two

Z

STSs in this process. We show the whole interaction
When the two head on collid-
ing STSs with equal speeds and 0 phase difference,

process in Fig.4(f).

they attract each other and fuse to one soliton after
a finite number of oscillations of decreasing amplitude
and period. Meanwhile, a small amount of energy
of STSs is lost to radiation. Figure 4(a) shows this
interacting process. It is clearly that the two STSs al-
most merge to one after the third oscillation. A num-
ber of cases of other phase differences are shown in
Figs.4(b)-4(e) and Figs.4(g)-4(i). Figures 3(d), 3(e),
3(f) and Fig.4(d) show the collision of two STSs with
equal and opposite initial velocities and 7/2 initial

phase difference.
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Fig.4. The whole interacting processes of two STSs are shown by plots of [U(X =0,T,Y =0, Z)|.
(a)—(h) display the evolution of two head on colliding STSs with equal initial speeds, in which the
initial phase differences are 0, 7/8, w/4, 7/2, 37 /4, m, 57 /4, 3w /2, 157 /8, respectively.
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The energy is seen to be transferred from the
light bullet initially lagging in phase to the one ini-
tially leading in phase. When the phase difference be-
tween the two STSs is 37/2 (in Fig.4(h)), it is found
that the energy exchange is reversed. Energy is trans-
ferred from the light bullet leading in phase to the one
lagging in phase. Extensive simulations reveal that
when the phase difference between two colliding STSs
of equal and opposite velocities varies from 0 to 7, the
light bullet leading in phase gains energy. While the
phase difference varies from 7 to 27, the one leading
in phase loses energy.

Head on colliding STSs with different initial
speeds have received little attention in previous stud-

s

ies. Here, we consider collisions of two STSs with dif-
ferent initial speeds and w-phase difference. Initially,
we set the bottom optical bullet in Fig.3(g) at speed
of 0.2, the top one 0. Figures 3(g)-3(i) and Fig.5(a)
show that the bottom optical bullet moves towards the
top one firstly. The top one, which is initially still, ac-
celerates gradually at the expense of the bottom one
slowing down. Interestingly, the energy is transferred
from the bottom one to the top one. Another case
of STSs with different speeds has also been consider,
see Fig.5(b).
energy depends on the difference of initial speeds of
the two STSs.

~

In addition, the amount of transferred
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Fig.5. In (a)—(c), the two head on colliding STSs all have the same phase difference 7, but the initial
speeds of STSs are different. The speeds in the left hand side are 0.2, 0.3 and 0.5, and in the right hand
side are 0, 0.1 and 0. The case of (c) is calculated in saturable media.

Moreover, as is shown in Fig.5(c), the same phe-
nomenon occurs in the saturable media, where the
propagation constant is chosen to be k = 6 to ensure
the STSs being stable.

5. Conclusion

To summarize, we investigate energy exchange be-
tween two (34+1)D colliding STSs in dispersive media
with CQ nonlinearity numerically and provide clear
pictures for the processes. Extensive simulations re-

veal that there exists energy exchange between two
head on colliding STSs with the same initial speeds.
There appears to be two energy transfer modes, de-
pending on whether the phase difference is intermedi-
ate between 0 and 7 or 7 and 27. Importantly, energy
exchange caused by the difference of the initial speeds
of two head on colliding STSs is firstly shown in CQ
media, and then in saturable media, which not only is
helpful for a full grasp of properties of colliding ST'Ss,
but also may be instructive for future applications of

STSs.
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