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We address the existence of surface solitons at an interface in a defocusing cubic medium with an imprinted

one-dimensional (1D) composite Bessel optical lattice. This setting is composed of two Bessel lattices with different

orders and different modulation depths, separated beside both sides of an interface. Stability analysis and numerical

propagation simulations prove that solitons supported by the model are dynamically stable in the entire domain of their

existence. The order of lattice determines the shape of soliton, and the amplitude of soliton depends on the lattice

modulation depth. The experimental realization of the scheme is also proposed. Our results may provide another

effective way of controlling the shapes of surface solitons and thus their evolutions by introducing a new freedom degree.
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1. Introduction

A special class of transversally localized waves,

known as surface solitons or surface modes, can be

supported by an interface separating different phys-

ical media or different refractive index modulations.

The presence of interface substantially modifies the

dynamics of solitons propagating along it. Surface

solitons have attracted special attention these days

due to their novel features in physics, i.e. for explo-

ration of intrinsic and extrinsic surface characteris-

tics, etc, as well as potential applications in optical

sensing and switching. Optical surface waves were

first observed at a nonlinear interface of a photo-

refractive crystal.[1] An interface between a waveg-

uide array and a uniform material allows the forma-

tion of scalar surface solitons.[2,3] Interfaces of peri-

odic media support gap solitons that were predicted

theoretically in Ref.[4] and observed experimentally

in Ref.[5]. Besides scalar solitons, stable vector dis-

crete surface solitons[6] and multi-gap (mixed-gap)

solitons[7,8] have also been reported. More recently,

Siviloglou et al
[9] have observed discrete surface soli-

tons supported by quadratic nonlinearity. Multipole-

mode surface solitons were shown to exist at the inter-

face between two distinct periodic lattices imprinted

in Kerr-type nonlinear media.[10] Polychromatic sur-

face solitons in nonlinear photonic lattices were also

predicted.[11] Moreover, vortex solitons can be cap-

tured stably by an interface between two optical lat-

tices with different modulation depths.[12]

Bessel lattices have received intensive attention

these days due to their ability to capture some kinds

of solitons that cannot be supported by other schemes.

Such lattices support stable vortex solitons,[13] spi-

raling solitons,[14] etc. Ring-shaped, single-site, dis-

crete, and rotary soliton in modulated Bessel lat-

tices were observed.[15,16] Furthermore, vortex solitons

with a winding number larger than unity remained ro-

bust in Bessel lattices under appropriate conditions[17]

and spatiotemporal solitons were also predicted to ex-

ist stably in Bessel lattices.[18] The radial symmet-

ric Bessel lattices can be induced by non-diffracting

Bessel beams. Different order Bessel beams can be cre-

ated experimentally by illuminating a narrow annular

split placed in the focal plane of a lens or axicon[19] or

by using holographic techniques.[20]

However, all the aforementioned studies on Bessel

lattice solitons focus on the two-dimensional cases be-

cause Bessel beams were created naturally in two di-

mensions. Moreover, researches on surface solitons in-

volved mostly the self-focusing medium. So far, sur-

face solitons have been observed only in waveguide

arrays.[3,5,9] Observation of surface solitons in bulk
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media modulated by optical lattices is still an open

and challenge problem. Very recently, we[21] have put

forward a simple but new model, in which an inter-

face separates 1D Bessel optical lattices with different

lattice depths beside both sides of the interface. Such

scheme supports stable surface solitons in the entire

domain of their existence. Nevertheless, this work was

restricted on the discussion about the effects of the

lattice depth on the profile and the stability of soli-

tons. Closely related problems arise: 1. whether this

model supports the stationary solutions when the 1D

Bessel lattices beside both sides of the interface are of

different orders; 2. how the change of lattice order in-

fluences the profile of solitons; 3. whether the solitons

are still stable.

Experimentally, the composite 1D Bessel lattices

with variable orders and lattice depths beside both

sides of an interface may be created by illuminating

them with two Bessel beams with different frequen-

cies and orders and their polarizations orthogonal to

those beams guiding into a slab waveguide. Differ-

ent orders of Bessel beams can be chosen by placing

filters with different frequency responses (correspond-

ing to the wavelength of Bessel beams) in front of the

waveguide. The depth of refractive-index modulation

beside the centre of waveguide can be adjusted by in-

troducing an attenuating plate in front of the input

Bessel beams.

In the present paper, we will investigate in detail

the dynamics of solitons supported by varying the or-

ders and depths of Bessel potential beside the side of

an interface in a defocusing cubic medium. We should

note that the difference between the present work and

Ref.[21] is evident in that it introduces a new freedom

degree for controlling the profile of surface solitons and

thus their evolutions.

2. The surface model

We assume that a beam propagates along an in-

terface separating two 1D Bessel lattices imprinted in

a slab waveguide with Kerr-type defocusing nonlinear-

ity. The generic equation describing the evolution of

optical wave packets in this setting is the nonlinear

Schrödinger equation for dimensionless complex am-

plitude of light field A(x, z)

i
∂A

∂z
+

1

2

∂2A

∂x2
− |A|2 A + R(x)A = 0, (1)

where x = X/X0, and z = Z/Ld are the normal-

ized transverse and longitudinal coordinate respec-

tively, with X0 being an arbitrary scale, Ld = k0X
2
0

the diffraction length, and k0 the wave number. We

suppose that optical lattices are created by nl(x ≤ 0),

nr(x > 0)-order Bessel beams, whose field is governed

by the functions prJnr
[
√

2βx] exp (−iblinz) at x > 0

and plJnl
[
√

2β(−x) exp (−iblinz) at x ≤ 0, where pl

and nl (pr, nr) describe the depth and the order of the

refractive-index modulation on the left (right) hand

of the interface located at x = 0, β determines the

transverse scale of the Bessel lattice. Accordingly the

lattice profile is determined by the beam intensity in

the form of R(x) = pJ2
n

[√
2β|x|

]

. Since the lattice is

now composed of two Bessel lattices with different pa-

rameters, we term it “composite Bessel lattice”. The

surface scheme will degenerate into a non-surface one

if pl = pr = p and nl = nr = n. Equation (1) con-

serves several quantities, including the power P and

the Hamiltonian H , expressed as:

P =

∫ ∞

−∞

|A|2dx

and

H =
1

2

∫ ∞

−∞

[

|∂A/∂x|2 − 2R(x)|A|2 + |A|4
]

dx. (2)

We search for stationary solutions in the form of

A(x, z) = q(x) exp(ibz), where b is the real propaga-

tion constant, q(x) is the real function which must

vanish at |x| → ∞ and converge to the same value

at the interface. Substitute the expression of A into

Eq.(1), then we will obtain the following equation:

d2q

dx2
− 2bq − 2q3 + 2Rq = 0. (3)

The soliton profiles are found numerically by using

a standard relaxation method. Mathematically, the

soliton families are defined by the propagation con-

stant b and lattice parameters, i.e. nl(r), pl(r), and

blin. Since one can always use the scaling transfor-

mation q(x, z, p) → χq(χx, χ2z, χ2p) to obtain vari-

ous families of solitons from a given one,[13] we fix the

transverse scale by setting β ≡ 2, and vary the lattice

parameters, i.e. nl(r), and pl(r) and the propagation

constant b without loss of generality.

The stability of the solitons can be analysed

by considering the perturbed stationary solution

to be in the form of A(x, z) = q(x) exp(ibz) +

u(x) exp [i(b + λ)z] + v(x) exp [i(b − λ)z], where the

perturbation components u and v could grow with a
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complex rate λ during propagation. The soliton is

stable if all imaginary parts of eigenvalues (λ) equal

zero. The eigen-vector corresponding to the real part

of λ is the so-called ‘internal mode’ which may lead

to the rotating, stretching, or oscillating effects on the

evolution of solitons if they are stable.[22,23] Substi-

tute the perturbed solution into Eq.(1) and linearize

the perturbation functions u(x), and v(x) around the

stationary solution q(x), then we will obtain the linear

eigen-equations as follows:

λu =
1

2

d2u

dx2
− q2(2u + v) + Ru − bu,

and

λv = −1

2

d2v

dx2
+ q2(u + 2v) − Rv + bv, (4)

which can also be solved numerically by the relaxation

algorithm.

3. Stationary solutions and prop-

agation of surface solitons

First we discuss the properties of surface solitons

in a composite Bessel lattice with fundamental or-

der on the left side of the interface and higher or-

der on the other side for fixed p (Fig.1). The power

of such solitons decreases monotonically with the in-

crease of propagation constant (Fig.1(a)) and vanishes

at the upper cutoff (bcutoff) which determines the re-

gion where solitons exist. One can immediately find

that the power of solitons with nr = 0 is larger than

with nr = 2, 4. The reason is that the potential in-

duced by 0th-order Bessel lattice is higher than by

higher-order ones for the same parameters b and p,

thus more energy can be captured. Also shown in

Fig.1(a) is that the power curve of nr = 2 coincides

with that of nr = 4. This implies that the energy

captured is dominated by the lowest order lattices.

Fig.1. Properties of surface soliton in 1D composite Bessel lattice with different orders beside the side of the

interface. (a) Power of surface soliton versus lattice depth with nl = 0, pl(r) = 15 for different values of nr. (b)-(d)

Profiles of surface soliton with pl(r) = 15, nl = 0 and (b) nr = 0. (c) nr = 2. (d) nr = 4. (e) nl = 0, nr = 4, and

pl(r) = 25. (f) Typical bcutoff curve versus lattice depth for nl = 0 and different values of nr.

The soliton with a symmetrical profile corre-

sponds to the ground-state soliton if nl = nr

(Fig.1(b)). The solitons reside mainly in the centre of

nth-order Bessel lattice if the value of b is large. They

will extend and cover several nodes of Bessel function

with the decrease of propagation constant. On the

other hand, the soliton profiles are asymmetric when

nl 6= nr (Figs.1(c)–1(e)). The asymmetry becomes ap-

parent when the value of |nl−nr| is larger. The peaks

of soliton profiles are located at the peaks of composite

Bessel lattice. This indicates that the shapes of soli-

tons are determined by the shapes of composite lat-

tices, i.e. the orders of the Bessel functions. Minor dis-

similarity cannot be seen clearly from Figs.1(c)–1(e)

in that the presence of lattice with larger-nr slightly

modulates the left part of soliton profiles. We should
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emphasis that it is the interface and the lattice to-

gether that support such modes in the present scheme,

that is, either component of surface soliton beside the

interface cannot exist alone if the other component

varnishes or is deformed seriously. We show in Fig.1(f)

that those stationary solutions exist only on the up-

per side of bcutoff curves. The region where the sur-

face solitons exist slightly shrinks when the parameter

nr 6= 0. Again, the bcutoff curve of nr = 2 completely

coincides with that of nr = 4. This result is in agree-

ment with the power curves shown in Fig.1(a). The

difference in bcutoff between the case nr = 0 and the

case nr 6= 0 slowly increases with the growth of p.

Linear stability analysis (Eq.(4)) is implemented

on such stationary solutions and the results show that

surface solitons are stable in the entire domain of their

existence (Fig.1(f)), i.e. all maximal imaginary parts

of eigenvalues (λ) equal zero. To confirm the results

of instability analysis, we perform extensive numeri-

cal simulations by inputting the perturbed initial so-

lutions A(x, z = 0) = q(x)[1+ρ(x)] into Eq.(1), where

ρ(x) is the white noise with a variance σ2
noise. Some

examples of evolution of the perturbed solitons are

shown in Fig.2. Although the stationary solutions are

subjected to a strong perturbation, they can propa-

gate stably.

Fig.2. Stable propagation of the surface solitons with pl(r) = 15, and nl = 0. (a) b = 0.3, and nr = 0. (b) b = 0.3,

and nr = 2. (c) b = 6.3, and nr = 4. The white noise with a variance (σ2
noise) of 0.01 was added into the initial input.

Next, we consider the properties of surface soli-

tons supported by the composite lattice with nl, nr >

0. The power of surface solitons also decreases mono-

tonically with the growth of propagation constant

(Fig.3(a)). The domain where solitons exist is smaller

than that with nl = 0 if other lattice parameters re-

main the same. Some typical soliton profiles are shown

in Fig.3. One can see clearly the influence of the dif-

ferent lattices beside the interface on soliton profiles.

Similar to case nl = 0, the profile of soliton is sym-

metrical with nl and nr being equal but asymmetrical

with nl and nr being different. Since the Bessel po-

tential now has a local minimum at x = 0, the profile

of soliton has a dip at the interface for relatively small

Fig.3. (a) Power of surface soliton versus lattice depth with nl = 2, and nr = 4. (b)–(f) Profile of surface solitons.

(b) nl = 1, nr = 3, pl(r) = 15; (c) pl(r) = 15; (d) pl(r) = 25; (e) pl(r) = 35. nl = 2, and nr = 4 in (c)–(e); (f)

nl = 1, nr = 4, and pl(r) = 25.
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values of b. Energy of soliton resides mainly at the

min(nl, nr) side and the dip is almost invisible when

the value of b is larger. Notice that the profiles for

b = 0.8 in Figs.3(d) and 3(e) have the same shapes

but with different amplitudes because the values of

nl(r) are the same but the values of p are different.

Stable evolution of some examples are displayed in

Fig.(4).

Fig.4. Stable propagation of the surface solitons with different lattice depths and different values of nl and nr . (a)

pl(r) = 15, b = 0.3, nl = 1, and nr = 3. (b) pl(r) = 25, b = 1.3, nl = 2, and nr = 4. (c) pl(r) = 35, b = 2.8, nl = 2,

and nr = 4. The white noise with a variance (σ2
noise) of 0.01 was added into the initial input.

Now, we focus on the cases in which pl 6= pr and

nl 6= nr simultaneously. Some soliton solutions are

shown in Fig.5. Although the profiles in Fig.5(a) look

symmetrical, they are really surface solitons as long as

we notice that the centres of profiles shift away from

the interface. Compare Fig.5(a) with Fig.5(c), then

we will see that the amplitudes of solitons with oppo-

site pl, pr differ obviously from each other while the

shapes of solitons remain the same if other parameters

are fixed (e.g. b = 0.3). Thus, the amplitude of soli-

ton is mainly determined by the lattice depth, and the

shape of soliton is governed by the order of lattice be-

side the interface. The energy distribution of soliton

beside the interface is proportional to the ratio be-

tween plκl and prκr, where κl and κr denote the maxi-

mal peak values of the left and the right Bessel lattices

respectively. This can be explained in physics as the

fact that the deeper the refractive-index is modulated,

the more energy is trapped. The profile extends with

the increase of pr when other parameters remain the

same. Figure 5(e) displays the region where surface

solitons exist with pl and pr varying. The domain

shrinks with the decrease of pl. Another important

result is that the bcutoff is determined by the value of

max (plκl, prκr). The bcutoff remains the same when

prκr < plκl but increases almost linearly with b when

prκr > plκl. All bcutoff curves converge to a collec-

tively asymptotic line and increase linearly with the

increase of b for a sufficiently large value of pr.

Fig.5. (a)–(d) Profiles of surface solitons with different lattice depths beside the interface. (a) pl = 15, pr =

25, nl = 1, and nr = 3. (b) pl = 15, pr = 25, nl = 2, and nr = 4. (c) pl = 25, pr = 15, nl = 1, and nr = 3. (d)

pl = 15, pr = 35, nl = 2, and nr = 4. (e) Domain where surface solitons exist with the value of pl fixed and the

value of pr varying, nl = 2, nr = 4.
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We perform again the instability analysis on the

stationary solutions with lattice parameters varying

and find the results to be similar to those in the for-

mer cases, that is, the solitons are stable in the domain

of their existence. Numerical simulations also verify

the theoretical analysis results but they are not shown

here.

Furthermore, to explore the effect of Bessel po-

tential on the stabilization of solitons, we examine the

surface solitons supported by a higher depth of Bessel

lattice with nl = 2, and nr = 5, and we find that it

also supports the stable surface solitons. The prop-

erties of these solitons are similar to those discussed

above. The only difference is that the domain of their

existence decreases when the n value increases for the

same parameters pl and pr. Some examples of stable

solitons and their propagation simulations are shown

in Fig.6. Surface solitons still propagate stably. Note

that the soliton profiles with pl = 50 and pr = 100 are

very different from those with pl = 100 and pr = 50 be-

cause the profile of soliton is determined by both pl(r)

and bl(r). We perform instability analysis and propa-

gation simulations for even larger values of nl(r) and

pl(r) and prove that the stationary solution is stable

in the domain of its existence.

Fig.6. Profile and evolution of the solitons with strong lattice modulation for nl = 2, and nr = 5. (a) and (c)

pl = 50, and pr = 100. (b) and (d) pl = 100, pr = 50 and b = 0.3 in (c) and 0.6 in (d). The white noise with

σ2
noise = 0.01 was added into the initial input in (c) and (d).

4. Conclusions

We investigate the existence and dynamics of soli-

tons supported by a 1D composite Bessel optical lat-

tice in a defocusing Kerr medium. This composite lat-

tice is composed of two 1D Bessel lattices with differ-

ent orders and different modulation depths, separated

beside both sides of an interface. Power of solitons

decreases monotonically with the increase of propaga-

tion constant, and solitons no longer exist when the

propagation constant exceeds a threshold value. The

varying of lattice order leads to the varying of soliton

shape and thus the soliton energy distribution. The

lattice depth determines the amplitude of soliton when

other parameters are fixed. All stationary solutions we

found are dynamically stable in the entire domain of

their existence. We propose a method of experimen-

tally realizing the presented scheme. Our theoretical

results may enrich the concept of surface soliton by

providing another way to control the shapes of soli-

ton. They can also be easily generalized to the case

of Bose–Einstein condensates trapped in a 1D Bessel

potential with repulsive interatomic interactions.
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