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We study the colour-locked twin-noisy-field correlation effects in the fifth-order nonlinear susceptibility of ultrafast

polarization beats in a cascade four-level system. More importantly, the fifth-order phase-sensitive heterodyne detection

of ultrafast polarization beats has been exploited. The fifth-order nonlinear optical response can be controlled and

modified through the colour-locked correlation of twin noisy fields. Thus, this method with the phase dispersion

information is a good way to measure the real and imaginary parts of the fifth-order nonlinear susceptibility.
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1. Introduction

In the past few years, atomic coherence effects

in multi-level atomic systems have attracted great

attention and many studies on nonlinear optical in-

terference effect have been carried out both theoret-

ically and experimentally.[1−9] Ultrafast polarization

beats are an important nonlinear effect involving in-

terference between macroscopic polarizations which

are excited simultaneously in the medium. With laser

pulse of ns timescale duration, femto- or atto-second

timescale modulations were observed.[10,11] As a time-

domain technique, the main advantage of the ultrafast

polarization technique over the conventional quantum

beat technique is that the temporal resolution is not

limited by the laser pulse width. Thus, we can control

and modify nonlinear optical properties of an atomic

medium through the colour-locked correlation of twin

noisy driving fields.

Owing to the atomic coherence effect, the absorp-

tion and dispersion properties of the fifth-order polar-

ization beats can be controlled by the time delay (τ)

between two pump beams, and this is known as het-

erodyne detection. Coherent heterodyne detection is

now widely used to detect weak scattered or reflected

radiation in many electromagnetic spectral regions in-

cluding radio wave, microwave, infrared, and optical

spectra. In the optical region, heterodyne detection

has been used in coherent laser radar, communica-

tions, spectroscopy, and radiometry due to its advan-

tages, i.e. high sensitivity, frequency selectivity, and

strong directionality. As a detection technique, the

heterodyne detection can measure the amplitude and

the phase of an incident signal field.

In this paper, we study the fifth-order complex

susceptibility of the three-photon six-wave mixing

(SWM) in femtosecond polarization beat (FSPB) in a

cascade four-level system. FSPBs are induced by two-

photon nondegenerate four-wave mixing (NDFWM)

and SWM. We present a novel type of phase-sensitive
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detection, which is somewhat the same as the hetero-

dyne detection. Through changing the time delay τ

between two pump beams of NDFWM and SWM, we

can adjust their relative phase. When the τ -dependent

phase difference approaches to 2nπ or (2n+1/2)π, the

femtosecond polarization beat signal evolves into the

nonlinear dispersion or absorption of fifth-order sus-

ceptibility. The reference signal is the NDFWM signal

and it propagates in a little different direction. The

SWM and the reference NDFWM signals then inter-

fere directly between them at the detector. Our het-

erodyne detection is based on the femtosecond polar-

ization interference between the SWM and NDFWM

processes and this method is a good way to measure

the fifth-order susceptibility directly.

2. Basic theory

2.1. Liouville pathways

A cascade four-level atomic system consists of one

ground state |0〉, two intermediate states |1〉, |2〉 and

one excited state |3〉. States between |0〉 and |1〉, |1〉
and |2〉, |2〉 and |3〉 are coupled through dipole tran-

sitions with resonant frequencies Ω1, Ω2 and Ω3 re-

spectively, while other transitions are dipole forbid-

den (Fig.1(a)). In Fig.1(b), beams 2 consists of two

frequency components ω2 and ω3, beam 3 has only

one frequency ω2 and beam 1 also has only one fre-

quency ω1. We further assume that ω1 ≈ Ω1, ω2 ≈ Ω2

and ω3 ≈ Ω3, therefore ω1, ω2 and ω3 will drive the

transitions from |0〉 to |1〉, |1〉 to |2〉 and |2〉 to |3〉,
respectively (Fig.1(a)). There are two distinct pro-

cesses involved in this system. First, the ω1 frequency

component of beam 1 and the ω2 frequency compo-

nent of beam 2 induce a two-photon coherence be-

tween levels |0〉 and |2〉 (only the ket is promoted

to creating a coherence rather than a population),

which is then probed by the ω2 frequency compo-

nent of the beam 3. This is a two-photon NDFWM

(|0〉 ω1−→ |1〉 ω2−→ |2〉 −ω2−−−→ |1〉) with a resonant interme-

diate state and the frequency of the signal being ω1.

The two-photon NDFWM process indicates that the

ket is promoted to the excited state |2〉 by two field

actions, one probe photon ω2 is emitted, and then one

phase-matching coherent photon ω1 is emitted along

the beam 4 direction (Fig.1(b)). Second, on the ba-

sis of two-photon NDFWM process, the ω3 frequency

component of beam 2 induces a three-photon coher-

ence between levels |0〉 and |3〉, which is then probed

by the ω3 frequency component of the beam 2 and

the ω2 frequency component of beam 3. This is a

three-photon SWM (|0〉 ω1−→ |1〉 ω2−→ |2〉 ω3−→ |3〉 −ω3−−−→
|2〉 −ω2−−−→ |1〉) and the frequency of the signal equals

ω1 again. The three-photon SWM process indicates

that the ket is promoted to the excited state |3〉 by

three field actions, two probe photons ω3 and ω2 are

emitted, and then one phase-matching coherent pho-

ton ω1 is finally emitted along the beam 4 direction

(Fig.1(b)). In this cascade four-level atomic system

(Fig.1(a)), both polarizations have the same frequen-

cies and the polarization interference of two excita-

tion paths |0〉 → |1〉 → |2〉 → |1〉 (two-photon ND-

FWM) and |0〉 → |1〉 → |2〉 → |3〉 → |2〉 → |1〉
(three-photon SWM) leads to a femtosecond polar-

ization beat (FSPB) phenomenon[10−12] in the homo-

geneously broadened sample.

Fig.1. The ladder diagrams of three-state two-photon NDFWM and four-state three-photon SWM for

perturbation chains I and II in Liouville space (a) and Phase-conjugation geometry of FSPB (b), where the

solid and dash vertical lines correspond to ket interaction and signals of NDFWM and SWM respectively,

with time evolving from left to right.
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The twin composite stochastic fields of beam 2

(Ep2) and beam 3 (Ep3) can be written as

Ep2 = E2 + E3 + E′
3

= ε2u2(t) exp[i(k2 · r − ω2t)]

+ε3u3(t) exp[i(k3 · r − ω3t)]

+ε′3u
′
3(t− τ) exp[i(k′

3 · r − ω3t+ ω3τ)], (1)

Ep3 = E′
2

= ε′2u
′
2(t− τ) exp[i(k′

2 · r − ω2t+ ω2τ)], (2)

where εi and ki(ε
′
i, k

′
i) (i = 2, 3) are the constant

field amplitudes and the wave vectors of the ωi com-

ponent without (with) time delay in beams; ui(t) is

a dimensionless statistical factor that contains fluctu-

ations in phase and in amplitude, and it is taken to

be a complex ergodic stochastic function of t, which

obeys complex circular Gaussian statistics in chaotic

field; τ is the relative time delay between the prompt

(unprimed) and the delayed (prime) fields. To accom-

plish this arrangement the frequency components of

ω2 and ω3 lights are split and then recombined to pro-

vide beams 2 and 3. On the other hand, beam 1 is

assumed to be quasi-monochromatic light (u1(t) ≈ 1),

the complex electric field of beam 1 can be written

as Ep1 = ε1u1(t) exp[i(k1 · r − ω1t)], where, ω1, ε1

and k1 are the frequency, the field amplitude and the

wave vector, respectively. The FSPB scheme diagram

is shown in Fig.1(b).

The atomic polarization and population equations

of motion (atomic response) are considered to have the

terms with different orders of Liouville pathways. To

simplify the mathematics, we neglect the ground-state

depletion (ρ
(0)
00 ≈ 1) and do not consider the propa-

gation characteristics of the pulsed pump, probe and

signal fields. Also, we retain only the resonant dipole

interaction terms in the derivation of the complex sus-

ceptibility, which is known as the rotating-wave ap-

proximation (RWA). Because of the selectivity im-

posed by the RWA, each pulse interaction contributes

in a unique way to the phase-matching direction of

the nonlinear signal. We shall employ the perturba-

tion theory to calculate the density-matrix elements

in the following perturbation chains (Fig.2):

(I) ρ
(0)
00

E1−−→ ρ
(1)
10

E2−−→ ρ
(1)
20

(E′

2
)∗−−−→ ρ

(2)
10 ,

(II) ρ
(0)
00

E1−−→ ρ
(1)
10

E2−−→ ρ
(1)
20

E3−−→ ρ
(2)
30

(E′

3
)∗−−−→ ρ

(1)
20

(E′

2
)∗−−−→ ρ

(2)
10 .

Chain I corresponds to the two-photon NDFWM

process, while chain II corresponds to the three-

photon SWM process. They have phase-matching

conditions kS1 = k1 + k2 − k
′
2 and kS2 = k1 + k2 +

k3 − k
′
3 − k

′
2, respectively. As there exists a little an-

gle between the directions of NDFWM and SWM, the

interference between them leads to the spatial oscilla-

tion. Physically, NDFWM is the sum of two grating

diffraction contributions, i.e. one is the large-angle

moving grating induced by ω1 and ω2, and the other

is the small-angle static grating induced by ω2 and

−ω2, while SWM comes from the sum of the four grat-

ing diffraction contributions i.e. one small-angle static

grating induced by ω3 and −ω3, two small-angle mov-

ing gratings induced by ω2 and ω3 and by −ω2 and

−ω3, and one large-angle moving grating induced by

ω1 and ω2.

Fig.2. Two-photon NDFWM and three-photon SWM of

FSPB. The left and the right vertical lines represent the ket

and the bra, respectively; the applied electric fields are in-

dicated with arrows oriented towards the right or the left if

propagating with a positive wave vector or a negative wave

vector respectively. Time evolves from the bottom to the top

of the diagram.

The third-order and the fifth-order response func-

tions (ρ
(3)
10 and ρ

(5)
10 ) of the perturbation chains I and

II are given by using double-sided Feynman diagrams

(DSFDs) in Fig.2 respectively. The time evolutions

of the density-matrix elements of the optically driven

atoms or molecules can be represented schematically

by either the Liouville space coupling representation

(chains I and II), the DSFDs (Fig.2), or the ladder

diagrams (Fig.1(a)). In the Liouville space coupling

representation (chains I and II), the state of the sys-

tem is designated by a position in Liouville space, with

indices corresponding to the ket-bra ‘axis’. Up and

down transitions on the ket are excited by positive and

negative frequency fields respectively, whereas nega-

tive and positive frequency fields induce up and down

transitions on the bra respectively. The DSFDs shown
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in Fig.2 can be described as follows: the left and the

right vertical lines of the diagram represent the time

evolutions of the ket and bra, respectively; the ap-

plied electric fields are indicated with arrows oriented

toward the left if propagating with a negative wave

vector and toward the right for a positive wave vec-

tor. Each interaction with the electric field produces a

transition between the two electronic states of either

the bra or the ket. The ladder diagrams are shown

in Fig.1(a). In this representation, the solid lines cor-

respond to the ket interaction. The ability to trace

the evolutions of the bra and the ket simultaneously

makes the density matrix representation a most appro-

priate tool for describing many dynamical phenomena

in nonlinear optical processes.

2.2.Colour-locking stochastic correla-

tion

As is well known, lasers are inherently noisy de-

vices and the phase and amplitude of the field can

fluctuate in them. Therefore a noisy laser offers us

a unique alternative to the conventional frequency-

domain cw spectroscopy and ultrashort pulse time-

domain spectroscopy, and it can be used to probe

atomic and molecular dynamics. Colour-locked noisy

light technique is an intermediate way between cw

and short-pulse methods, and this technique results

in the complete cancellation of the spectrally broad

noise carried by the noisy light beams.[13] The funda-

mental difference between them is that the transform-

limited femtosecond laser pulse is phase coherent

(phase locked) while noisy light is phase random and

non-transform limited. For the ‘biatomic’ model[13]

of a macroscopic system where phase matching takes

place, the NDFWM and SWM signals must be drawn

from the third-order polarization P
(3)
F and the fifth-

order polarization P
(5)
S (having time variable t) devel-

oped on one ‘atom’ multiplied by (P
(3)
F )∗ and (P

(5)
S )∗

(having time variable s) that are developed on an-

other ‘atom’ which must be located elsewhere in space

(with summation over all such pairs). Generally, we

assume that the homodyne-detected FSPB signal in-

tensity is proportional to the average of the absolute

square of the sum of the third-order and the fifth-order

polarization (P = P
(3)
F + P

(5)
S ) over the random vari-

able of the stochastic process < |P |2 > (having both

t and s time variables), which involves the fourth-

and the eighth-order coherence functions of ui(t) in

phase-conjugation geometry. Unlike the second-order

and the fourth-order coherence functions at the field-

level averaging, the expansions of the fourth- and the

eighth-order coherence functions at the intensity-level

averaging strongly depend on three different Marko-

vian noisy fields, i.e. chaotic field, phase-diffusion

field, and Gaussian-amplitude field. When the FSPB

signal is dominated in the case in which u2(t) and u3(t)

(field 1 is quasi-monochromatic) field actions on sin-

gle atom are correlated and the cross-atom-correlated

actions are not important (which is usually true for

atomic vapour systems), the FSPB signal intensity can

be approximated by the absolute square of the non-

trivial stochastic average of the polarization |< P >|2

(averaging at the field level), which involves only the

second- and the fourth-order coherence functions of

ui(t). This works because for this particular spec-

troscopic technique the τ -dependent terms have only

intra-atomic correlations but no inter-atomic correla-

tions in the τ -dependent terms. In dealing with the

gas-phase atomic medium, we make an approximation

by averaging at the field level, which only needs the

second- and the fourth-order correlation functions for

the noise fields. The spatiotemporal second-order co-

herence function of noisy field is < ui(t1)u
∗
i (t2) >=

exp(−αi |t1 − t2|) for a Lorentzian line shape. Here,

αi =
1

2
δωi with δωi being the line width of ωi fre-

quency component, is the autocorrelation decay of the

noisy field. On the other hand, noisy light is colour-

locked; because each colour is coherent only with itself

(it is uncorrelated with any other colour).

For a Doppler-broadened atomic system, the non-

linear polarizations PF and PS responsible for the

phase-conjugate FWM and SWM signals are given

by stochastic averaging over the velocity distribution

function w(v) = exp[−(v/u)2]/
√
πu, where v is the

atomic velocity, u =
√

2kBT/m with m being the

mass of an atom, kB is Boltzmann constant and T the

absolute temperature. The polarizations of NDFWM

and SWM are given in the bare-state basis. PF(v, t)

and PS(v, t) correspond to the third-order and the

fifth-order polarizations of the perturbation chains I

and II, respectively. The formulas below indicate how

the initial density-matrix elements are transformed

into higher-order elements through interactions with

the electric fields:

PF(v, t) = Nµ1

∫

dvw(v)ρ
(3)
10 (v)

= A

∫

w(v) exp
[

−iθ(I)
]

H1(t1)H2(t2)H3(t3)

× < u2(t− t2 − t3)u
∗
2(t− t3 − τ) > dΣ1,(3)
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PS(v, t) = Nµ1

∫

dvw(v)ρ
(5)
10 (v)

= B

∫

w(v) exp
[

−iθ(II)
]

×H1(t1)H2(t2)H3(t3)H2(t4)H1(t5)

× < u∗2(t− t5 − τ)u3(t− t4 − t5)

×u∗3(t− τ − t3 − t4 − t5)

×u2(t− t2 − t3 − t4 − t5) > dΣ2, (4)

where, A = S1(r) exp[−i(ω1t + ω2τ)]; B =

S2(r) exp{−i[ω1t + (ω2 + ω3)τ ]}; S1(r) =

− iNµ2
1µ

2
2

~3
ε1ε2(ε

′
2)

∗ exp{i[k1 + k2 − k
′
2] · r}; S2(r) =

iNµ2
1µ

2
2µ

2
3

~5
ε1ε2ε3(ε

′
3)

∗(ε′2)
∗ exp{i[k1 + k2 − k

′
2 + k3 −

k
′
3] · r}; θ(I) = v[k1(t1 + t2 + t3) + k2(t2 + t3)− k

′
2t3];

θ(II) = v[k1(t1+t2+t3+t4+t5)+k2(t2+t3+t4+t5)−
k
′
3(t3 + t4 + t5) + k3(t4 + t5) − k

′
2t5]; H1(t) = e−d1t;

H2(t) = e−d2t; H3(t) = e−d3t; d1 = Γ10 + i∆1;

d2 = Γ20 + i∆a; d∗2 = Γ20 − i∆a; d3 = Γ30 + i∆b;

∆a = ∆1 + ∆2; ∆b = ∆1 + ∆2 + ∆3; µ1(µ2, µ3)

and Γ10(Γ20, Γ30) are the dipole-moment matrix

element and the transverse relaxation rate of the

transition between |0〉 and |1〉 (|1〉 and |2〉, |2〉 and

|3〉), respectively. The detunings are represented by

∆1 = Ω1 − ω1, ∆2 = Ω2 − ω2 and ∆3 = Ω3 − ω3.
∫

dΣ1 is defined as the four-fold integration:
∫

dΣ1 =
∫ +∞

−∞
dv
∫ +∞

0
dt3
∫ +∞

0
dt2
∫ +∞

0
dt1 and

∫

dΣ2 is de-

fined as
∫

dΣ2 =
∫ +∞

−∞
dv
∫ +∞

0
dt5
∫ +∞

0
dt4
∫ +∞

0

dt3
∫ +∞

0 dt2
∫ +∞

0 dt1.

3. Nonlinear response at field

level

In lifetime-broadened atoms (Doppler-free ap-

proximation ki ·v ≈ 0 and k
′
i ·v ≈ 0) the polarization

expressions (3) and (4) of FWM and SWM reduce to

(i) when τ < 0

PF = A
1

d2
1

exp[α2τ ]

α2 + d2
, (5)

PS ==
B exp[(α2 + α3)τ ]

d2
1[α2 + d2]2[α2 + α3 + d3]

, (6)

(ii) when τ > 0

PF =
A

d2
1

(

e−α2τ − e−d2τ

d2 − α2
+

e−d′

2
τ

d2 + α2

)

, (7)

PS = B

{

−e−(α2+α3)τ

d2
1(α2 − d2)2(α2 + α3 − d3)

+ e−(α3+d2)τ

[

(d2 − 3α2)τ

d2
1[α

2
2 − d2

2](α3 + d2 − d3)

−2α2[α
2
2 − d2(2α3 + 3d2 − 2d3)]

d2
1(α

2
2 − d2

2)
2(α3 + d2 − d3)2

]

+ e−d3τ

[

1

d2
1(α2 + d2)2

(

α2 + α3 + 2d2 − d3

(α3 + d2 − d3)2

+
1

α2 + α3 + d3

)

+
1

d2
1(α3 + d2 − d3)2(α2 + α3 − d3)

]}

. (8)

When τ < 0 expressions (7) and (8) present that

both PF and PS show light response only (with eα2τ

and e(α2+α3)τ being τ -dependent decay factors). How-

ever expressions (5) and (6) indicate that when τ > 0,

both PF and PS with radiation-matter detuning os-

cillation (RDO) terms (Table 1(a)) show both atom

and light responses together (with e−d2τ , e−d′

2
τ and

e−(α3+d2)τ , e−d3τ being τ -dependent decay factors).

Specially, with RDO terms the NDFWM and SWM

spectra are not symmetrical with respect to τ = 0.

Figures 3(a) and 3(b) present the NDFWM and SWM

signal intensities versus time delay Γ10τ . Here, the

maximum of the signal intensity is normalized to 1.

The figures show that when τ > 0 there are dra-

matic RDOs with many terahertz detuning frequen-

cies shown in Table 1(b).

Table 1(a). RDO frequency terms of the polarizations of NDFWM and SWM.

NDFWM(PF) SWM(PS)

time delay τ > 0 τ < 0 τ > 0 τ < 0

frequency terms −ω2, −ω2 ± (∆1 + ∆2) −ω2
− (ω2 + ω3) ,− (ω2 + ω3)−(∆1 + ∆2),

− (ω2 + ω3) − (∆1 + ∆2 + ∆3)
− (ω2 + ω3)
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Table 1(b). Asymmetry and RDO frequencies of the NDFWM and SWM signal intensities

versus time delay τ .

NDFWM(|PF|
2) SWM(|PS|

2)

RDO Asymmetry RDO Asymmetry

time delay τ > 0 τ < 0 τ > 0 τ < 0 τ > 0 τ < 0 τ > 0 τ < 0

frequency and

asymmetry

“

∆+
1 ∆2

”

, 2
“

∆+
1 ∆2

”

No Yes No

(∆1 + ∆2),

(∆1 + ∆2 + ∆3),

∆3

No Yes No

Fig.3. NDFWM |PF|
2 with asymmetry with respect to τ = 0 and RDO for ∆1/Γ10 = 0.15, ∆2/Γ10 = 0.4,

α2/Γ10 = 0.1 and α3/Γ10 = 0.1 (a) and SWM |PS|
2 with asymmetry with respect to τ = 0 and RDO for ∆1/Γ10 = 6,

∆2/Γ10 = 5, ∆3/Γ10 = 10, α2/Γ10 = 1, and α3/Γ10 = 1.5 (b), with the Doppler effect neglected, Γ20/Γ10 = 0.1,

Γ30/Γ10 = 0.1, and the maximum of the signal intensity normalized to 1.

The NDFWM and SWM complex susceptibilities

χF and χS are obtained from the polarizations PF and

PS, respectively, as follows:

(i) when τ < 0

χF =
PA

ε0 < E2(E′
2)

∗ > E1
=

ψF

d2
1(d2 + α2)

, (9)

χS =
PB

ε0 < E2(E′
2)

∗E3(E′
3)

∗ > E1

=
ψS

d2
1[α2 + d2]2[α2 + α3 + d3]

, (10)

(ii) when τ > 0

χF =
PA

ε0 < E2(E′
2)

∗ > E1
=
ψF

d2
1

{

1 − exp{−(d2 − α2)τ}
d2 − α2

+
exp{−(d′2 − α2)τ}

d2 + α2

}

, (11)

χS =
PB

ε0 < E2(E′
2)

∗E3(E′
3)

∗ > E1

= ψSe(α2+α3)τ

{

−e−(α2+α3)τ

d2
1(α2 − d2)2(α2 + α3 − d3)

+ e−(α3+d2)τ

[

−2α2
2 + d2(α3 + d2 − d3) + α2(α3 + 3d2 − d3)

d2
1(α2 − d2)2(α2 + d2)(α3 + d2 − d3)2

− d2 − α2[1 + 2τ(α2 + d2)]

d2
1(−α2 + d2)(α2 + d2)2(α3 + d2 − d3)

]

+ e−d3τ

[

1

d2
1(α2 + d2)2

(

α2 + α3 + 2d2 − d3

(α3 + d2 − d3)2
+

1

α2 + α3 + d3

)

+
1

d2
1(α3 + d2 − d3)2(α2 + α3 − d3)

]}

, (12)
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where ψF = −iN µ2
1 µ

2
2/ ε0 ~

3 and ψS = iN µ2
1 µ

2
2

µ2
3/ε0~

5.

The complex susceptibilities are greatly modified

by the colour-locked noisy fields. Specifically, χF and

χS strongly depend on the line width αi and τ in

broadband, while they become independent of them

in narrowband. In the cw limit (αi = 0), the imagi-

nary part and the real part of χF and χS can corre-

spond to non-modified nonlinear absorption and dis-

persion. For the absorption curves, positive (negative)

values indicate absorption (gain). Close inspection of

Eq.(10) shows that for τ < 0 when α3/Γ10 control-

lably reduces to the cw case (α3 = 0), the absorption

will increase (Fig.4(a)), and the slope of the normal

dispersion curve will dramatically increase near res-

onance ∆3/Γ10 = 0, too (Fig.4(b)). The absorption

and dispersion for τ > 0 have the reverse behaviours

with respect to those for τ < 0. The absorption and

the slope of the dispersion curve will decrease with

α3/Γ10 decreasing (Figs.4(c) and 4(d)). Moreover, the

NDFWM and the SWM complex susceptibilities χF

and χS show atom and light responses together. Fig-

ures 4(c) and 4(d) present RDO versus ∆3/Γ10 and

the RDO is dramatically improved with decreasing

α3/Γ10. The RDO frequencies of the NDFWM and

the SWM dispersion and absorption versus ∆3/Γ10

are listed in Table 1(c).

Fig.4. Nonlinear absorption ((a) and (c)) and dispersion ((b) and (d)) versus ∆3/Γ10 for Eqs.(10) and (12) with Γ20/Γ10 = 0.1,

Γ30/Γ10 = 0.1, ∆1/Γ10 = ∆2/Γ10 = 0, and α2/Γ10 = 1 for the values of α3/Γ10 : 5 (solid curve), 1 (dash curve), 0.2 (dot-dash

curve) in (a) and (b); for Γ10τ = 0.525, and the values of α3/Γ10 = 5 : 5 (solid curve), 3.5 (dash curve), 1 (dot-dash curve) in

(c); for Γ10τ = 0.472 and the values of α3/Γ10 : 5 (solid curve), 3.5 (dash curve), and 1 (dot-dash curve) in (d).

Table 1(c). RDO frequencies of complex susceptibil-

ity of NDFWM and SWM versus ∆3/Γ10.

NDFWM(χF) SWM(χS)

time delay τ > 0 τ < 0 τ > 0 τ < 0

Doppler free 0 0 Γ10τ 0

The expression for χB is responsible for the mod-

ification to the non-modified nonlinear absorption-

dispersion profile. The phase dispersion θF =

tan−1(ImχF/ReχF) of χF = |χF| eiθF and θS =

tan−1(ImχS/ReχS) of χS = |χS| eiθS can be obtained

simply from Eqs.(9)–(12).

4. Nonlinear response at inten-

sity level

The phase-sensitive detection of three-photon

SWM is based on the polarization interference be-

tween NDFWM and SWM processes. Since optical

fields oscillate too quickly for direct detection, they

must be measured by beating with another field with
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the same frequency. There are two ways to measure

the nonlinear susceptibility of SWM experimentally.

The first way is the conventional detection in which

the SWM polarization PS is measured at its own abso-

lute square, PS(PS)∗. The three-photon SWM signal

intensity is proportional to |χS|2 and all phase infor-

mation of χS has been lost. The second way to mea-

sure χS is to introduce another NDFWM polarization

PF (called a reference signal or local oscillator) de-

signed in frequency and wave vector to conjugate in

its complex representation with the PS polarization

of interest. Thus, in this heterodyne case, the sig-

nal photons are derived from (PF +PS)[(PF)∗ +(PS)
∗]

or Iheterodyne ∝ χS (the signal is linear rather than

quadratic). In heterodyne detected FWM, phase in-

formation is retained and one can take a full measure-

ment of the complex susceptibility, including its phase.

The FSPB intensity can be obtained as follows:

I(τ,∆i, αi) ∝ PFP
∗
F + PFP

∗
S + PSP

∗
F + PSP

∗
S

= η1 |χF|2 e−2α2|τ | + η2 |χS|2 e−2(α2+α3)|τ |

+2η12 |χF| |χS| e−(2α2+α3)|τ |

× cos(θF − θS + θR), (13)

where χF = |χF| eiθF = |χF| cos θF + i |χF| sin θF,

χS = |χS| eiθS = |χS| cos θS + i |χS| sin θS, θR =

∆k · r + ω3τ , ∆k = k
′
3 − k3, η1 = ε20ε

2
1ε

2
2(ε

′
2)

2,

η2 = ε20ε
2
1ε

2
2(ε

′
2)

2ε23(ε
′
3)

2 and η12 = ε20ε
2
1ε

2
2(ε

′
2)

2ε
(
3ε

′
3)

∗.

Equation (13) shows that three types of signals con-

tribute to the FSPB intensity. They are the NDFWM

signal induced by χF, the SWM signal induced by χS

and the coherent signal induced by χF and χS. The

NDFWM and SWM signals present terahertz detun-

ing frequencies without ω3 term listed in Table 2. The

coherent signal presents the oscillation on a femtosec-

ond time scale with ω3 term listed in Table 2. It means

that the FSPB is induced by the coherence between

NDFWM and SWM. Figure 5(a) presents the FSPB

signal intensity versus Γ10τ for α2/Γ10 = 10, α3/Γ10 =

4, ∆20/Γ10 = 0.1, ∆30/Γ10 = 0.1, ω3/Γ10 = 30, and

∆10/Γ10 = 0.5 (solid curve). In this figure there exist

two types of oscillations with different frequencies ap-

parently. Moreover, Fig.5(b) is the fast Fourier trans-

form (FFT) of FSPB spectrum curve. It shows two

groups of frequencies. The low frequency group cor-

responds to RDO terahertz detuning frequencies, and

the high frequency group corresponds to polarization

beat on a femtosecond time scale. All the oscillation

frequencies are listed in Table 2. From the list we can

see high frequency with component ω3 and low fre-

quency with component detuning terms Σ∆i. Mean-

while, when τ < 0 there exists only the polarization

beat with one high frequency ω3, while when τ > 0

there exist the polarization beat and RDO with many

high and low frequencies. Thus when τ < 0 the FSPB

signal only shows the light response to the polariza-

tion beat form, while when τ > 0 the signal shows the

interplay between the material and light responses to

both polarization beat and RDO forms.

Fig.5. FSPB, RDO, and their Fourier transforms, where the FSPB signal intensity versus Γ10τ with

α2/Γ10 = 10, α3/Γ10 = 4, ∆20/Γ10 = 0.1, ∆30/Γ10 = 0.1, ω3/Γ10 = 30, and ∆10/Γ10 = 0.5 is shown

in (a) and the FFT of FSPB and RDO for solid curve is indicated in (b).

Table 2. Polarization beat frequencies and RDO frequencies of the FSPB signal intensity.

FSPB between NDFWM and SWM

time delay τ > 0 τ < 0 combination of τ > 0 and τ < 0

frequency

(∆+
1 ∆2), 2(∆+

1 ∆2), (∆1 + ∆2 + ∆3), ∆3,

ω3 + (∆1 + ∆2), Ω3 + ∆1 + ∆2, ω3,

ω3 + 2(∆1 + ∆2), Ω3, Ω3 + 2∆1 + 2∆2, ω3 −

(∆1 + ∆2)

ω3

(∆+
1 ∆2), 2(∆+

1 ∆2), (∆1 + ∆2 + ∆3), ∆3,

ω3 + (∆1 + ∆2), Ω3 + ∆1 + ∆2, ω3, Ω3, ω3 +

2(∆1 + ∆2), Ω3 +2∆1 +2∆2, ω3 − (∆1 + ∆2)
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Although the complex susceptibilities (nonlinear

responses) are greatly modified by the colour-locked

noisy fields, they can still be obtained effectively in

an ideal limit. The higher-order nonlinear optical pro-

cesses are usually much smaller in amplitude than

the lower order ones. In the heterodyne detection,

we may assume that |PF|2 ≫ |PS|2 at intensity level

(|χF| ≫ |χS| at field level), so the reference signal

(NDFWM) originating from the ω2 frequency compo-

nents of the twin beams 2 and 3 is much larger than

the SWM signal arising from the ω2 and ω3 frequency

components of the twin beams 2 and 3 as shown be-

low:

I(τ,∆i, αi)

∝ PFP
∗
F + PFP

∗
S + PSP

∗
F

= η1 |χF|2 e−2α2|τ | + 2η12 |χF| |χS|
×e−(2α2+α3)|τ | cos(θF − θS + θR). (14)

Equation (14) indicates that the FSPB signal of het-

erodyne detection is modulated with frequency ω3 as

τ varies. Owing to the high frequency factor ω3 of

θR the phase coherent control of light beams in FSPB

is subtle. The phase of the FSPB signal strongly de-

pends on the phase angle θS of χS. Such a FSPB

can effectively be employed via optical heterodyne de-

tection to yield the real and the imaginary parts of

χS. If we adjust the time delay τ and r such that

θF + θR = 2nπ (i.e. τ = [2nπ − θF(τ) − ∆k · r]/ω3,

∆k · r = 0, and the value of integer n depends on the

sign of τ sensitively), then

I(∆3) ∝ η1 |χF|2 e−2α2|τ | + 2η12e
−(2α2+α3)|τ |

× |χF|Re[χS(∆3)]. (15)

However, if θF + θR = (2n + 1/2)π (i.e. τ = [2nπ +

π/2 − θF(τ) − ∆k · r]/ω3, and ∆k · r = 0), we have

I(∆3) ∝ η1 |χF|2 e−2α2|τ | + 2η12e
−(2α2+α3)|τ |

× |χF| Im[χS(∆3)]. (16)

In other words, by changing the time delay τ be-

tween components in beams 2 and 3, we can obtain the

real and the imaginary parts of χS(∆3) (Figs.6(a) and

6(b)). The subtle value of τ is generally determined

by the gradual approach method from θF(τ)+θR(τ) =

2nπ or (2n+1/2)π. Owing to adding the local oscilla-

tor intensity to Eqs.(15) and (16), Figs.6(a) and 6(b)

show the positive values of absorption and dispersion

profiles compared with the solid curves in Figs.4(c)

Fig.6. The heterodyne detection spectra versus ∆3/Γ10 of the FSPB with Γ20/Γ10 = 0.1, Γ30/Γ10 = 0.1, ∆1/Γ10 = 0.01,

∆2/Γ10 = 0.02, α2/Γ10 = 1, α3/Γ10 = 5 and ω3/Γ10 = 30, in which the nonlinear dispersion profile is presented when

Γ10τ = 0.525 in (a), the absorption profile when Γ10τ = 0.472 is shown in (b) and the FFT of heterodyne detected signal

curve is indicated in (c) for the values of Γ10τ : 0.525 (solid curve) and 0.472 (dash curve).
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and 4(d). Figure 6(c) shows the FFT of the hetero-

dyne detection spectra in Figs.6(a) and 6(b). It means

that those spectra each have one oscillation frequency

and these frequencies are different from each other.

5. Discussion and conclusion

Ma et al [14] have reported the application of the

FSPB induced by the third-order susceptibility χ(3) to

measuring the phase of χ(3) in a filmy solid, they ob-

tain the phase through simultaneously recording the

signal beams radiating in the two different directions

to obtain the difference in phase.

We have studied the colour-locked twin-noisy-field

correlation effects in the fifth-order nonlinear suscepti-

bility of ultrafast polarization beats in a cascade four-

level system. More importantly, the effects are ex-

ploited as the fifth-order phase-sensitive heterodyne

detection of ultrafast polarization beats. The fifth-

order nonlinear response can be controlled and mod-

ified through the colour-locked correlation with twin

noisy fields. Thus, such a method is a good way to

measure the real and the imaginary parts and the

phase dispersion of the fifth-order nonlinear suscep-

tibility.
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